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The initial-boundary value problem 
of thermodiffusion in solid body 

with mixed boundary condition for displacement and stresses

Abstract. The proofs o f the existence and the uniqueness of the weak solution o f the initial­
boundary value problem of thermodiffusion in a solid body with a mixed boundary condition 
for a displacement and stresses and the Dirichlet boundary condition for a chemical potential 
and temperature are presented. These proofs have been obtained by using the Faedo-Galerkin 
method in suitable chosen Sobolev spaces.

1. Statement of the problem. In the case of an r-dimensional (r = 1, 2, 3) 
linear thermodiffusion theory the equations of thermodiffusion in Solid Body 
(cf. [4], [6H10]) have the following form:

2

дд2 и = fj.Au + (A + /х) V{ V • и) — £  у,- Р0,- — X ,
i = 1

(1.1) côt0{ = кЛО^—jx êt V•u — ddt02 + Q1,

ndtd2 — DA02 — y2 ôt V-u — ddt0t +Q 2,

where: и = [ul9 ..., ur] — the displacement vector field of the medium, X 
= [Xx, ..., Xr] — the vector of body force, — temperature of the 
medium, 02 — the chemical potential, Qx — the intensity of the heat source, 
Q2 — the intensity of the source of diffusing mass are functions of a point x 
and time t. The concentration field 03(x, t) is related to the displacement 
vector u{x, t), the temperature 0x(x, t) and the chemical potential 02{x, t) as 
follows:

03 (x, t )  =  y2v-u (x, f )  + d0x (x, t) + П02(x, t).

The constants: q, /i, A, y2, c, d, D, k, n are given real constants and have 
the physical meaning. Moreover, nc > d2.

With system (1.1) we associate the following initial conditions:

(1.2) u(0) = (px, (dtu)(0) = <p2, 0,(0) = ^  (/ = 1,2)

and the following boundary conditions:
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(1.3) x/ — Фи (7jivj\eG2*I ~ iÎ» @l\pG x /  — 0,

where: (i* = 1, , « ~ ( dui , duJ ...,r; /=l,2),(7,,v,. = / ^ - -  + v,.— ^J+(ÀV-u~yl 0l - y 2 02) V,-,

G — the bounded domain with the smooth (cf. [1]) boundary dG in an r- 
dimensional Euclidean space, / = (0, T) — a bounded time interval (T < oo), 
dG x / — the Cartesian product of dG and /, v — the unit external normal to 
dG, dG = dGx u dG2, dGx n dG2 = 0.

Definition 1 (a weak solution). The system of functions

(и, 0t , 02)e L2(I, V0) x L2(/, Vf) x L2(7, Vx)

will be called a weak solution of problem (1.1)—(1.3) if it satisfies the following 
identities:

g(dfu, co) +  a(u, co) = yl (0l , V-co) + y2(02, Pco) + (£?(f), со);

V c o e  F0,

(1.4) c(dt0u v) =  k{A0x, v ) - y l (d, V u, v ) -

-d (d t02, v) + (Qu v ) -y 1(dt V-Ф, v); VveVu 

n(d, в2, v) =  D(A02, v) — y2(d, V-u, v ) -

-d (d ,0 1 ,  v )  + {Q2, v ) -y 2{dt V-Ф, r); VveVu

with the initial conditions

(1.5) и{0) =  фх, {дги){0) = ф2, 0,(0) = ,9, (/ = 1,2),

where:

а (и, со)
du: du;
— -H---- -
dxj dx{ +  A ( F - m) ^ . #

dujj

dXi
dx,

(Q(t), со) = (X, eo)+ j coWds — gid? Ф, со) — а{Ф, со),
Ж 2

ф1= (р1 — Ф(0), ф2 = cp2 — (dt0)(0), Ф еН1(С)г and satisfies the condition 
Ф\ж1 = Vo = {со: (oeHl (G)r л = 0}, Vx = [u: veH l0(G)} (cf. [5]).

Let us notice that the spaces V0, L2(G)r, V* and Vx, L2(G), V* (where 
V*, Vf denote the dual spaces to the spaces V0, Vx (cf. [11])) form the 
Gelfand triples.

Symbol (•, •) denotes the form of duality on K0*, V0 and Vf, Vx, 
respectively, which on the Cartesian product L2(G)r x L 2(G)r and L2(G)x 
x L2 (G) becames the scalar product in the spaces L2 (G)r and L2 (G), respectively.
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2. Existence theorem.

Theorem 1. I f  Xe W2X (/, H(G)r): £ ,eL 2(/, F*)/1),

H(dGY), H ll2{dG)r), df<PeW2l (I, H~xl2(dGY),

<P,eF0. V2eH(GY, e V1 (/=1,2), 

then there exists the weak solution of problem (1.1)—( 1.3) with the properties:

f  ue L2(l, H(GY), dfueL2( I , F0*), 0f0,eL2(/, V?) (i = 1, 2).

Remark 1. By Ф, and Ф we denote the extension of the functions Ф 
and Ф for dG with the properties Ф\д0х х/ = Фц \̂sg2 î = '̂•

Sketch of the proof. Using the Faedo-Galerkin method we prove 
the existence of the solution of problem (1.l>-( 1.3). The proof is divided into 
three steps:

1° the approximation of the solution by the sequences {um, 0™, 02],
i.e., the so-called Galerkin approximations,

2° the estimations of the Galerkin approximations,

3° the convergence of the sequence !um, 0?, 0?! to the weak solution of 
problem (1.1H1.3).

Ad 1°. First let us notice that the spaces V0, V1 are separable. Let {a>m} 
and {vm) be linearly independent and complete systems in V0 and V1 
respectively. We define the Galerkin approximations of the solution of the 
above problem by:

m m

(2.1) n"(f) = X  o?(t) = X  Kj(t)vj (i =  1, 2),
j=t j=1

where gj*(f), /i'mj(0  are chosen in such a way that they satisfy the following 
system of equations:

g{dfu, со1)нг + а{ит, со1) = X У.(^Г* Р ’й>')я + (й(г), a>1),
;=  l

(2 .2 ) c (d t 0 ? , Vl) H =  к {А в ? ,  v ù n - y M  V - u m, ih) H -

d(dt 02, Vi)H + (Qlf i?i) — yi(5t V-Ф, iff, 

/1(5.0?, Vi)h = 0 (^ 2 ,  Ь'дн-У2 & vùu-

- d ( d te?, vl)H +  (Q2, v d - y 2tft Г-Ф, iff,

0) H — L2(G).



20 J. Gawineck i  and K. S ierp inski

with the initial conditions
m m

(2.3) мт (0) = Ф? = £  afaï; (d,i/")(0) = ffî = £  bjœt,
j= i 7 = i

0Г(О) = ВТ = I  P>7*
7=1

where: (i =  1, 2); ф?-+Vi in 1̂ , ф™-> Фг in L2(G)r, and in Vx if m
-> oo.

The system of equations (2.2) with the initial conditions (2.3) is a system 
of ordinary linear differential equations and has a global solution of /. Thus 
the Galerkin approximation sequences (2.1) are uniquely determined by 
system (2.2).

Ad 2°. Multiplying system (2.2) by dtgT(t), hlmi(t) (i = 1, 2) respectively, 
taking the sum over l (for 1 ^ ^ m), integrating on the interval (0, t), and 
performing a simple transformation we obtain:

(2.4) e\\S,uXr+a(W”, um) + c\m\2H + n \ m 2H + 2k]\\ve'!\\2HrdT +
0

+ 2D JII F0?|| 2H, dx = 2 J (a (t), S, и” ) dx — 2d (ОТ, 0J)H +
2°  °

+ 2 I  J(&, 0r)*+el№"IIJr+c||97|||+n||9î||J+
i= 10

+ о($Г, W ) + 2d(9?, 9J)- £  у,](У-д,Ф, 0T)dx.
i=  1 0

It is easy to see that the following estimates are true in identity (2.4):

2 (£2(t), dx um)dx <

t

C, e, ||u"||?0 + c3г3 L"||?0(/t+ Î1 IIOWIIJ. +

h—-||Q(0)IIfj+—£2 0 ез
||гтО(т)||^^Т + С2£2||̂ Г11к0,

ЦО(011и*о =  sup |Я(Г), Um \ (cf. [2]),
ll“mllK0^ 1

2 i(6 i. 0T)i «  c4 («4 110711?, + 2 це,ц?Д

where
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21(6 2 . 0")l «  C5 (e5 IIOJIÎ  +~||ег11и Д

-2 d (e r ,0 ï)„«d e ||0 'r ilâ+ - ira ià ;e

2rf(£>r, ЗЭн«*||9Т1и+Дади,

I  ъ(г-г,Ф,вп<к
i -  1

У1 c6 ̂ e6 II^IIk! + ~  114 Ф\\Ь^+Ъ c7 ê7 II^IIkj + ~  114 Щ v0 

a(ffî, Ф?) ^ c8\m\2y0.

£7
dx,

Moreover, in view of the Poincare inequality, and the second Korn 
inequality (cf. [3]) we get: || Р0ГИ̂ г ^ 4 НЯГНк, , 4 -  positive constants 
0‘ = 1, 2), a(wm, nm) ^ Hi ||nw|lv0-^ i \\um\\2Hr, Ah, >4 ~ positive constants (cf.
[2]). In the above estimates we denote: e = yjcjn, — arbitrary
positive constants, cb ...,c8 — suitable chosen positive constants. Taking 
into account the above estimates and using the inequality:

\\um\\2Hr ^ 2\\um(0)\\2Hr + 2T$\\dzum\\2Hrdx,
0

in view of (2.4), we get:

(2-5) ^|l4^ll^ + (^ i-^ £ i) l l «mllKo + (c-^£)||0* + ( « - ^ ) r a i â  +

t t

+ (2fc<S1- c 4£4.r-y1c6£6) \ \ m i dx + (2Dô2- c ses- y 2c1 e7) dx

0 0

^ 2 Т л !

t
(•

\\drum\\2Hrdx + c3 £3
t

||и“||20Л + (2Л1+с2е2+с8)||ет,|1к0 +
0 0

t

0
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t i

+ |  j i i e 2 i i ^ * + e i r a ^ + ( ~ - + £ £ )  jW<p|tè0rfT+
о о

t

+ - l lo w i l fc + - l ia (0) l l? ;+ -  |iia,fi(T)ii^t.
fil ° £2 ° £3 J °

O

We take the constants £,, £4, e5, £6, and £7 so that the following 
conditions will be satisfied : /i} — сц > 0, 2kô1 — c4 £4 — yx c6 e6 > 0, 2D62 — c5 £5 — 
— y2 c7 £7 > 0 and we denote by :

cg = min[^, — c1 £b c — dE, n — d/s, 2kôi — c4e4 — yl c6£6,

2DÔ2 — c5 £s — y2 c7 £7],

c10 = max 2TXU c3£3, 22-j +  C2 £2 +  Cg, de + c, -  + w, 
£

£4 £5 

£4 £5

У1 Сб У2 C7 C 1 C2 C3
* 9 9 ?

£6 £ 7  £j £2 £3

a = —  , ft = a(cn ||<Pil|£0 + Ci2 НфгНнг+ ci3 P i IIh + ci4 Рг11н +
Сц

+ i  + \\ф 11̂ (, н1(о о + №Uh'.r'o>+ m o , l , h  + m М|У  •te[0,T]

Using the above symbols we can write inequality (2.5) as follows:

t 2

(2.6) ||3,u"||Jr +  ||ii"||?0+  £  ||0П1н+ .f I  m i d t
i = 1 0 i= 1

t

0 + «J(||5tu"|£, + ll«"IIÊo + £  Р П 1н )*.
0 i — 1

Applying the Gronwall inequality (cf. [5]) for (2.6) we get:

(2.7) l | S , « X  +  ll«” ll?0+  I  ^  C(T, <X)P,
1= 1

where C(T, a) is a constant independent of m.
Estimates (2.6), (2.7) imply that the sequences {um}, {d,um}, {0"} are 

bounded in the spaces L 2{], V0), L 2( I , H r), L 2( / , H)  n L 2{ I , k)) for any 
me A and fe[0, Т].

Ad 3°. Consequently, there exist weakly convergent subsequences of the 
sequences {um}, {dtum}, {0J"] (/ = 1, 2). Without loss of generality we may
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assume that:

uv — z (weaklv) in L2(/, L0), d,uv-^z' (weakly) in L2( I , Hr),
( 2.8)

0 * (weakly) in L2(/, K ,)nL2(/, H) if v -* oo (/ = 1, 2).

Obviously (cf. [11]), z' = dtz and since uv(0)-»z(0) in V0 if v-> oo, we get 
z(0) = ф\. Let us take £eC°°(/) with the property £(T) = 0. We put Ç1 
— ç{l)u)1 and ^(f)I?,. Multiplying (2.2) by ç(r), taking m = v>/  and 
integrating by parts on the interval [0 , T], and next taking v ->• oo, in view 
of the weak convergence (2.8), we have:

-Q  j(dtz, dt çl)dt + f a(z, cl)dt 
о b

=  x  У, jte, r - f l d t  +  J(Q(f), f l d t + e f a ,  £'«>))„„
i = 1 O Ô

- c  ((>•,-<?, (,)dt

= kj{Ayi, j(d, V-z, i , )d t -d  j(d,y2, i,)dt +
o o  b

+ W t - y i  Цг -г ,Ф,  { , )Л + с (9 „  ш ) „ ,
О О

-и  J(y2, dt£i)dt
О

т т т

= D \{Лу2, Çt)dt-y2 |(д, V-Z, Çddt — d {(d,)^, çt)dt +
O O  O

+ ] (Q 2, ï i )d t -y2] (V-dt<P, ïùdt + nf i2, Ш ) н -
о о

In particular, equations (2.9) are satisfied for any çgCq {I). Thus it follows 
from (2.9) (after integrating by parts) that the following identities are 
satisfied:

(2.9)

q (df z , col) +  a(z, col) =  £  ft O',-» V-col) +  (Q(t), col),
i = 1

( 2. 10)
c(d,yu Vi)

= k{Ayu t'|) —7i {dt V-z, v,)-d(dty2, ^) +  (ôi, t'i)-*/i (V -Г, Ф, v,)H, 

n(dty2, vt)

= D(Ay2, v i ) -y2(ôt V-z, v^-did^i,  tf/) + (02> vJ -y^V  - д,Ф, г,)„.
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As /, со1, vt are arbitrary, (2.10) implies that the system of the functions 
(z, Уi> У 2) is a weak solution of problem (1.1)—(1.3). From (2.10) and (2.9) after 
a simple transformation we have:

(2.11) ((dtz)(0), col)HrÇ(0) = (ф2, col)Hrt ( 0);

(^ (0) ,^ )н^(0) = (01.,г,)я ^(0) (/ = 1, 2)

for any l, col, vh so (dfz)(0) = ф2, y,(0) = (/ = 1, 2). Therefore the functions
(z, yl5 y2) satisfy the initial conditions (2.1) and, moreover, from (2.8) and
(1.1) we obtain:

dtzeL2( I , Я(СГ), dfzeL2(I, V0*), dtyie L 2(I, *?) (/ = 1, 2).

This completes the proof of Theorem 1.

3. Uniqueness theorem.
Theorem 2. Let X e W22 ( I , H (G)% QteWi (I, Vf), 4* e W}(I, H(dG)r),

Ф г е к о ,

(3.1) QiWeHKG),  Фе W2 (/, H " 2(dG)% d ^ E W } ( I ,  H~^2(dG)r),

V ^ H ^ G fn V o ,

9iSHl(G) (/=1,2).
Under the above assumptions problem (1.1)—(1.3) possesses a unique weak 

solution with the properties:

(3.2) df u e L2 (I, H (GY), Ôf u e L2 (/, K0*), df 0, g L2 (/, V?) (/ =  1,2).

Sketch o f the proof. First we consider the following initial 
boundary-value problem for the equations

gdf P = pAP + {X + p) V ( V P ) - y l VS, — y2 VS2 + dt X,

(3.3) cd, St = kASl -  y, dt ( V • Py-  ddt S2 + dtQu 

ndt S2 = D AS 2-  y2 dt( V P ) ~  ddt St + dtQ2,

with the initial conditions:

p (0) = <?2, ( г , р ) ( = p (P 4 » i ) - ! i  p9,+1a-(0),
Q Q Q i = 1 Q

(3.4) SJ0) = 4 -dDAS2 + (dy2-nyi) Fq>2 + n6i(0)-</Q2(0)],
0

S2(0) = \ l -dkAS1 +cDAS2 + (yl d - y 2c) Vcp2-d Q 1{0) + cQ2(0)] 
о

(where ô = cn — d2) and the boundary conditions:

(3-5) P \ê G l х/ = Ôt ^11 a i j  Vj \dG2 x/ == dt  ^ i , 5/|0Gx/=O.
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In view of Theorem 1 and conditions (3.1) it is easy to see that equations
(3.3) with conditions (3.4), (3.5) has a weak solution with the properties

(3.6)
ê,PeL2(I, H(GT), % P e L 2(I,Vg), гДе/Л/, f?) (/ = 1,2).

Now, we introduce the functions:

(3.7) w(t) = (pt + $P{T)dr, Ci(t) = &i+ jS,(i)dT (i = 1, 2).
о 0

From (3.7) we get:

(3.8) d,w = P, ô,t, = S„ w( 0) = Vu {,(0) = 8„

(0, vv)(0) =  q>2 (/ = 1, 2).

Integrating equations (3.3) on the interval (0, t) and taking into account 
conditions (3.4), (3.8) it is easy to verify that functions (3.7) satisfy equations
(1.1) with conditions (1.2), (1.3). Therefore in view of Theorem 1 and formulas 
(3.6), (3.7), (3.8) we conclude that:

(3.9)
weL2(/, K0), С/бТ2 (/, Kj), dtwe L2 (I, K0), 8fweL2(l, H(G)%

df weL2(/, V*), ôtCieL2(I, Vl), df^eL2{I, V*) (i = 1, 2).

From (3.9) we conclude that the functions (w, l2) satisfy conditions (3.2).
Now, we assume that there exist two different solutions (u, 0l , 02) and 
(w, Ci, Ci) of equations (1.1) with conditions (1.2), (1.3). Their difference U = 
u — w, xt = Oj — Cj (/ = 1, 2) satisfies the homogeneous equations

QÔ2 U  -  n A U 4-(Я +  /х) V(V-  t / ) - y ,  Vxx — у2 Vx2,
(ЗЛО )

cd,xx = kAxx —yx dt VU — dctx2, nc,x2 = DAx2 — y2 dtVU — ddtxx,

with initial and boundary conditions equal to zero. From (3.10) in view of 
Definition 1 we get:

Q(ôfU,dt U)r + a{U,dt U) = yl (xl , V■ ôt U)Q + y2(x2, V dt U)0,

(3.11) c(dtx ly xx)0 = k{Axx, X i)o -7i(d, V U ,  xx)0-d (ô tx2, xx)0, 

n(dtx2, x2)0 =  D(Ax2, x2)0- y 2(dtV-U, x2)0-d{dtxt , x2)0,

where (•, )r, (•, -)o denote the form of duality on (V0, F0*) (cf. [ 11]) and 
(^1> У*)- Performing simple calculations (the same as in the proof of 
Theorem 1) we obtain the following estimates:

iis,i/iij,+iii/iu0+ I  inih  ̂o.(3.12)
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From inequality (3.12) we get \\dt U||*r = 0, ||t/||j>o = 0, ||x,||J = 0 
(i — 1, 2). Therefore и = w, 0! = £i, 02 = <=2- This completes the proof of 
Theorem 2.
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