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The initial-boundary value problem
of thermodiffusion in solid body
with mixed boundary condition for displacement and stresses

Abstract. The proofs of the existence and the uniqueness of the weak solution of the initial-
boundary value problem of thermodiffusion in a solid body with a mixed boundary condition
for a displacement and stresses and the Dirichlet boundary condition for a chemical potential
and temperature are presented. These proofs have been obtained by using the Faedo-Galerkin
method in suitable chosen Sobolev spaces.

1. Statement of the problem. In the case of an r-dimensional (r = 1, 2, 3)
linear thermodiffusion theory the equations of thermodiffusion in Solid Body
(cf. [4], [6}-[10]) have the following form:

2
002 u = pdu+(A+wV(V-u— ) 7 V0,—X,

i=1
(1.1) Cat 01 = kAgl — %t (3, V‘u—d@,02+Q1,
n@,@z = DAOZ_’)"Z a' V'M——-dﬁ,()] +Q2,

where: u = [u,, ..., u,] — the displacement vector field of the medium, X
=[X,, ..., X,] — the vector of body force, 0; — temperature of the
medium, 6, — the chemical potential, Q; — the intensity of the heat source,
Q, — the intensity of the source of diffusing mass are functions of a point x
and time t. The concentration field 6;(x, t) is related to the displacement
vector u(x, t), the temperature 0, (x, t) and the chemical potential ,(x, t) as
follows:

03()(, t) =72 V'u(x, t)+d61 (X, t)+n62(xa t)'

The constants: g, u, 4, ¥y, V2. ¢ d, D, k, n are given real constants and have
the physical meaning. Moreover, nc > d>.
With system (1.1) we associate the following initial conditions:

(1.2) u)=9;, @uwO =9, 00=9 (=12

and the following boundary conditions:

2 — Pracc matematyczne 26.1
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(1.3) “|ml x1 = Py, Oji vjlﬁszI =¥, Olgx=0,
du; ou;
where: (i=1,...,r; I=1,2),0;v; = #(:IT-H"F_YJ)_’—MV'“—% 0, —7,0,)v;,

G — the bounded domain with the smooth (cf. [1]) boundary éG in an r-
dimensional Euclidean space, I = (0, T) — a bounded time interval (T < o0),

0G x I — the Cartesian product of dG and I, v — the unit external normal to
66, aG = aGl |V an, aGl A an = @.

DeFiniTioN 1 (a weak solution). The system of functions
(u, 0y, 03)e L2(1, Vo) x L2(1, Vy) x L*(I, Vy)
will be called a weak solution of problem (1.1)1.3) if it satisfies the following
identities:
0(0Fu, w)+a(u, w) =7y,0,, V-0)+7,(0,, V' 0)+(2(1), );
Yowel,,
(14) ¢(0,0,, v) =k(48y, v)—7,(6, V- u, v)—
—d(0,0;, v)+(Q, )=y, (0, V- P, v); Vvel,
n(0,0,, v) = D(40,, v)—7,(0, V- u, v)—
—d(&,0,, 0)+(Q;, v)—7,(8, V-, v); Vovel,

with the initial conditions

(1.5) u@=a,, @QuwO0=¢, 60=9 (=12,

where:
Ou;  Ou; ' | fw;
a(u, w) = J[y (—3&;+5}:)+MV 14)6,.,-Ja—xjdx,
G

Q@, o) =(X, o)+ | wWds—o(0? ®, w)—a(P, w),

G,

G,=0,—20), ¢, =0,—(6,9)(0), e H'(GY and satisfies the condition
Blog, = Py, Vo=l 0e H(G) Aol =0}, V, = {v: ve H5(G)} (cf. [5]).

Let us notice that the spaces V,, L2(GY, V¢ and V;, L*(G), V;* (where
Vg, V¥ denote the dual spaces to the spaces V,, V; (cf. [11])) form the
Gelfand triples.

Symbol (-, ) denotes the form of duality on Vg, V, and V¥, V,,
respectively, which on the Cartesian product L?(G)" x L*(G)" and L*(G) x
x L?(G) becames the scalar product in the spaces L?(G)" and L?(G), respectively.
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2. Existence theorem.
Tueorem L. If Xe Wy (I, H(GY): Qie L*(1, V*)I(').
Pe W) (I, H@GY), ®eW])(I, HV*(6GY), a2de W, (I, H V*(8GY),
GeVo. @eH(G), SeVy (i=1,2),
then there exists the weak solution of problem (1.1}(1.3) with the properties:

ue L*(I, H(GY), O0ruel*(1,Vy), 0,0,el*, V¥ (i=1,2).

Remark 1. By &, and ¥ we denote the extension of the functions @
and ¥ for 0G with the properties @, «; = D1, Plog,xi = P.

Sketch of the proof. Using the Faedo-Galerkin method we prove
the existence of the solution of problem (1.1}«1.3). The proof is divided into
three steps: '

§ m m

1° the approximation of the solution by the sequences {u™, 07, 07,
ie, the so-called Galerkin approximations,

2° the estimations of the Galerkin approximations,

3 the convergence of the sequence (u™, 07, 05} to the weak solution of
problem (1.1)}H1.3).

Ad 1°. First let us notice that the spaces V,, V; are separable. Let {w™)
and {v,} be linearly independent and complete systems in V¥, and V,
respectively. We define the Galerkin approximations of the solution of the
above problem by:

(2.1) ur(t) =Y gr@e’, Or@m =) Mty (i=1,2),
j=1 j=1

where g7 (1), hy,;(t) are chosen in such a way that they satisfy the following

system of equations:
2
Q(alz u, wl)Hr+a(um’ wl) = Z Vi (0?’1’ V.wl)H+(Q(r)’ wl)a
i=1
(22) (0,07, v)y = k(407, v)y— 7y, (&, V- u™, v)y—
_—d(at 9'2"’ UI)H+(Q1’ Ul)_)’1 (0r V- (p’ Ul)’

n(¢, 03, v)y = D(46%, ) — 720, V- u", v)y—
~d(8,07, v)g+(Q2, v)—72(0, V- D, 1)),

(") H = [2(G).
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with the initial conditions
23 w(0)=¢7= ) d'e’; (GuM0)=¢F =) blw,
=1 j

=1

J
2 N
07 (0) = 9" = ). P Vs
j=1

where: (i=1,2); 7 — @, in Vy, §7— $, in L*(G), and 9" - 3, in V; if m
— 00.

The system of equations (2.2) with the initial conditions (2.3) is a system
of ordinary linear differential equations and has a global solution of 1. Thus
the Galerkin approximation sequences (2.1) are uniquely determined by
system (2.2).

Ad 2°. Multiplying system (2.2) by 4,97 (1), hiu(t) (i = 1, 2) respectively,
taking the sum over [ (for 1 << m), integrating on the interval (0, t), and
performing a simple transformation we obtain:

t
24)  olldumiE, +a™, u™) +cllOTlE+nllO5NE + 2k IIVOTHE, dT+
0

t t
+2D [|IVO32, dt = 2 [(2 (), & u™)dr—2d (0, OF)y +
0 0

H
2t
+2% [(Qi, 0 dr+ell@3l5, +cl9TIE+nII93IE+
i=10

2 t
i=1 O

1

It is easy to see that the following estimates are true in identity (2.4):

t

tZ f (2(1), o, u™)dr

o]

t
c
<y 7l +es f i3 o+ QN +
1
0

t
c c -
#2120+ J 12, QNIE de+ 262 15513,
2 3
0

where

1200y = sup Q@ u" (. [2]),

iy o < 1

1
200, 09 < e (s 071, + 1.1 ) _
4
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m mjt 2 1 2
20(Q,, 09 < cs5 | 85116711y, +£_”Q2”V’; )
5
m Ogm m|(2 d m2 .
—2d(07, 67)p < d3||01”11+;“92”m

d
2d(37, 9)u < daII9TII§+EII9’z"II?;,

vi(V'ar¢7 Otn)dt

i=1

|
OQ___;-.
T e

t -
1 1
< ﬂvl Ce (86 exiy, +—llé: 45”5(,)4.- 72€7 (87 163117, +—11: ¢|l;2/0>Jdr,
= 6 7
0

a(@T, 37 < cs 1377,

Moreover, in view of the Poincare inequality, and the second Korn
inequality (cf. [3]) we get: ||l70{"l|f,,>5,-||0,?"||,2,1,6,~ — positive constants
(i=1,2), a@", u") > p W}, — A ™2, py. 4, — positive constants (cf.

[2]). In the above estimates we denote: ¢ = ./c/n, &, ...,&; — arbitrary
positive constants, ¢, ..., cg — suitable chosen positive constants. Taking
into account the above estimates and using the inequality:

t
lu"llz, < 2llu™(OMIZ, +2T 110, u"|Z, dr,
0
in view of (2.4), we get:

(2.5) ello,u™lg, +(uy —cye) ™7, +(c —de) 10711 + (n—d/e) 105117 +

t t
+(2ké; —c4€4—71 Co 86) J”g'x"”xz/l dt+(2Dd;—cs&s5—732¢187) JHOE"H‘Z/I dr
0 0

t t

<2TH Jllat |5 dr+c3 € J”“m”lzfod‘f +(24 28+ o) G717+

0 0

t
d C
F(de+ 01973+ (;+")”95"”f'+ o f“Ql”%'l o
4
0
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t 1

cs . —_ Y1C6  V2C
+—5quznéldr+gn<p2u§,,+(¢i+ : ) j 1|0, DI, dr +
s £e &y
0 0

t

C c C
+ IO, + 1RO, += J 3. Q@IF: de.
&1 &2 &3

0

We take the constants &,, &, &5, &, and & so that the following
conditions will be satisfied: u; —ce; > 0, 2kd; —c, 84—y C666 > 0, 2Dd; — 585 —
—7,¢767 >0 and we denote by:

o = minfp, u; —¢, &y, c—de, n—dfe, 2kd, —c 64—, C6 €6,
2Do; —cs 85—y ¢r87],

C4 Cs

» ’
&4 &5

d
Cio = max[ZT/ll, C3&3, 24, +cy 85+ ¢y, detc, ;+n,

?1cé+}’207 €1 €2 G

> > ’ )
&6 &q &y &3 &

¢ ~ ~ 112 .
a=-2 B=alc, @1ll7,+ 12 i@l +c1s 901+ crallFalli +

2
2 2 2 2 2
+ l.=Z‘ “Qi“LZU'V"i) + “(puwiu.ul(c)r) + ”Q”W;(I,VB) + “Q(O)“V:) + tIEI[lQa,¥] ”Q(I)”VB).
Using the above symbols we can write inequality (2.5) as follows:

167117 de

1

2
i=

2 t
(26) O, u™g, +luIF o+ X N071IE+ |
i V]

i=1

t 2
< B+a f(I8umig, +llumiF,+ X 1107117) dr.
0 i=1

Applying the Gronwall inequality (cf. [5]) for (2.6) we get:
2

27 N6, w™lIZ, +lu™llF o+ Y. 10717 < C(T, a) B,
i=1

where C(T, a) is a constant independent of m.

Estimates (2.6), (2.7) imply that the sequences {u™}, {0,u™}, |0} are
bounded in the spaces L*(I, V), L*(I, H"), L*(I, HynL*(I, V;) for any
me N and te[0, T].

Ad 3°. Consequently, there exist weakly convergent subsequences of the
sequences {u”}, {du™}, {07} (i =1, 2). Without loss of generality we may
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assume that:

u®—z (weakly) in L*(I, V,), @& u*—z' (weakly)in L2(I, H"),

0! —y,; (weakly) in L2(I, V))n L*(I, H) ifv—o0 (i=1,2).
Obviously (cf. [11]), z' = ¢,z and since u*(0)— z(0) in V;, if v— oo, we get
z(0) = @,. Let us take e C*®(l) with the property &(T)=0. We put ¢
=) w' and & = E(f)v,. Multiplying (2.2) by &(1), taking m=v > and
integrating by parts on the interval [0, T], and next taking v — oo, in view
of the weak convergence (2.8), we have:

(2.8)

T T
—0[(8z, 8,¢Ydt+ fa(z, &)dt
0 0

2 T T
= Y % [ V-E)dt+ [(Q(0), E)dt+0(F2, £(0),
i=1 0 0

T
—c [, & &)dt
0

T T T
=k [(4y, &)dt—v, j(a: Vez, &)dt—d [(8,y,, &)dt+
(29) 0 ] 0 . 0
+[(Qy, E)dt—y, [(V-0, P, Edr+c(84, &(0)y,
0 0

T
—n f()’z, 6: él)dt
(4]

T T T
=D [(4y,, &Ydt—7, f(ax Vez,&)dt—d [(0,y,, E)dt +
0 0 0

T

T
+ [(Q2, &)dt~y, f(r-oo, E)dt+n(8, £(0)y.
0 0

In particular, equations (2.9) are satisfied for any e C§(I). Thus it follows
from (2.9) (after integrating by parts) that the following identities are
satisfied:

2
0(2z, W) +a(z, o)=Y p(n, V o)+ (Q0), oY),
i=1

c(0y1. v)

(2.10) .
=k(4dy,, ) =98,V oz, v)—d(C, y2, ) +(Qy, ) =71 (V- C, @, )y,

n(atyZ, Ul)
= D(A4y,, ) —72(8, V-2, v)—d(0, y1, v) +(Q2, v) =72V 6, P, v)y.
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As I, ', v, are arbitrary, (2.10) implies that the system of the functions
(z, ¥1, y2) is a weak solution of problem (1.1)~(1.3). From (2.10) and (2.9) after
a simple transformation we have:

211 ((82)(0), @), £(0) = (G, @), £(0);
(yi(O)a Ut)Hf(O) =, vel0) (=1,2)

for any I, @', v;, s0 (8,2)(0) = @,, y;(0) = 9; (i = 1, 2). Therefore the functions
(z, ¥1, o) satisfy the initial conditions (2.1) and, moreover, from (2.8) and
(1.1) we obtain:

dzeL*(I, H(GY), @&*zeLl*(I, V), &yel*U,VH (i=1,2).
This completes the proof of Theorem 1.

3. Uniqueness theorem.
TheoREM 2. Let Xe WZ(I, H(GY), Qie Wi (I, V;¥), ¥e WE(I, H(3GY),
(52 € V0>

G.1)  Q(0eHLG), FeWz(I, HU2(0GY), & de Wi (I, H™2(3GY),
e H*(G) NV,

%eH3G) (i=1,2).
Under the above assumptions problem (1.1)H1.3) possesses a unique weak
solution with the properties:

(32) 2uel?(I, HGY), &uecl(I, Vg, &6,eLl*(,Vy) (i=1,2).

Sketch of the proof. First we consider the following initial
boundary-value problem for the equations

0P = pAP+(A+wV(V-P)—y, VS, =, VS, +0, X,
(3.3) c0,S; = kA4S, —v,0,(V-P)—dé, S, + 6,04,
n(‘,:,SZ = DASZ-‘;'Z (3,([7‘P)—d5,51+(7,Q2,

with the initial conditions:

A+ 12 1
PO) =, (3 P)0) =§A<p1+——g" P = ¥ Ph+X (),
i=1

1
(34)  $,(0) =5 [nkd3, —dDAI; +(dy; = ny1) Voo + 101 (0) —dQ,(0)],

1
S2(0) = 5[ —dkA3, +cDA%; + (71 d=12¢) Vo —dQ, (0)+¢Q2(0)]

(where 6 = cn—d?) and the boundary conditions:

(3.5 P|061 <1 =0 Py, Oij VanGz «1 =0 ¥, Silac x1 = 0.
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In view of Theorem 1 and conditions (3.1) it is easy to see that equétions
(3.3) with conditions (3.4), (3.5) has a weak solution with the properties

(3.6)
& PeL*(I, HGY), @&PeLl*(, V¥, 8Sel*0, Vv (i=1,2).

Now, we introduce the functions:
t t
3.7 w(t)= @+ [P()dr, (i) =9+ [S;(r)dt (i=1,2).
0 0

From (3.7) we get:
(38) atw = P’ at Cl’ = Sis W(O) = ¢4, C((O) = 91',
@wO) =9, (i=12).

Integrating equations (3.3) on the interval (0, ¢) and taking into account
conditions (3.4), (3.8) it is easy to verify that functions (3.7) satisfy equations
(1.1) with conditions (1.2), (1.3). Therefore in view of Theorem 1 and formulas
(3.6), (3.7), (3.8) we conclude that:

(3.9)
WELZ(Ia VO)’ CI‘ELZ(I, I/l), 6‘W€L2(1, V0)9 (‘;'2 WELZ(I’ H(G)r)’
0,3weL2(I, V(;k): atCieLz(I, I/l)’ a}(;ELZ(I, Vl*) (l = 1’ 2)
From (3.9) we conclude that the functions (w, (. {,) satisfy conditions (3.2).
Now, we assume that there exist two different solutions (u, 0,, 6,) and

(w, {;, {,) of equations (1.1) with conditions (1.2), (1.3). Their difference U =
u—w, x; = 0,—{; (i =1, 2) satisfies the homogeneous equations

00} U = pAU +(A+ ) V(V-U)—p, Ve, — 9, Vi,

(3.10)
Oy =kdn;—y,0,VU—dd,xy, noxy=DA%,—y,0,VU—déo,x,,

with initial and boundary conditions equal to zero. From (3.10) in view of
Definition 1 we get:

@@ U, 8, U)+a(U, ,U) =y,(xs, V0, U)o +7, (%2, V8, U)o,
B (&%, %1)o = k(dxy, #)o—71(6, VU, 31)o—d (6, %3, #,)o,
n(0,%,, %2)0 = D(d%3, #2)o—72(8V - U, #3)o —d(0, %1, %2)o,
where (-, *),, (-, *)o denote the form of duality on (V,, Vg¥) (cf. [11]) and

(V4, V;¥). Performing simple calculations (the same as in the proof of
Theorem 1) we obtain the following estimates:

2
(3.12) 18, UlI2, +IIUIIZ o+ X Il < 0.
i=1

1
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From inequality (3.12) we get || Ul =0, ||Ul}, =0, [xilz =0

(i=1,2). Therefore u=w, 0, =¢,, 0, ={,. This completes the proof of

Theorem 2.
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