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Separability of Hardy-Orlicz spaces of analytic functions 
in the half-plane, I

Abstract. In this paper we present properties of HN class ([11]), defined by the formula

h n = П h *,
Ф

where the product extends over all N-functions ф and Нф is the Hardy-Orlicz class of analytic 
functions in the half-plane considered in [8]. We need the HN class to study of separability of 
Hardy-Orlicz space H ** of analytic functions in the half-plane.

This paper can be regarded as a continuation of papers [8] and [9] which contain the 
study of Hardy-Orlicz spaces of analytic functions in the half-plane. Some results of papers [8] 
and [9] and other papers will be needed here. We collect them in the first section.

I. Orlicz and Hardy-Orlicz spaces

1.1. An increasing and convex function ф(и) for is called an
N -function, if it satisfies the following conditions:

(Oj) lim
И-0 +

ф{и) л A ,  v------=  0 and (o o j lim -------=  oo

([3], Chapter I).

1.2. Each N-function ф can be written in the form
U

ф(u) =  j  p(t)dt (и ^  0),
о

where p is a positive and non-decreasing function for t > 0 and such that 

lim p(t) =  0 and lim p(t) =  оо
t->o+ t_>0°

([3], Chapter I).

13. An N -function ф is said to satisfy condition (d2X if f°r some 
constant d >  1 the inequality holds

ф(2u) ^  d^ф(ü) for и ^  0.

2.1. Let / be a complex-valued function, defined and measurable on the
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interval ( — 00, 00). We define

*?♦</)= I  Ф ( \ т ) * .
— 00

In the space of all complex-valued functions, defined and measurable 
on ( — 00, 00) the functional ^ ( )  is a convex modular in the sense of 
Musielak and Orlicz.

2 .2 .  By I f  we denote the class of all complex-valued functions /, 
measurable on ( — 00, 00) for which &/,(/) < 0 0 , by Ь *ф the class of all 
functions / such that k fe  I f  for a certain к >  0 (in general dependent on /) 
and by L°* the class of all functions / such that k f  e  I f  for every к >  0.

In the space of measurable on ( — 00, 00) complex-valued functions the 
class I f  is an absolutely convex set and the classes Ь*ф and Ь0ф are linear 
subspaces. The class I f  is called Orlicz class, Ь*ф Orlicz spaces and L0  ̂ the 
space o f  finite elements o f  Ь*ф.

In the space L** the formula

II/II, =  inf {e >  0: Q tif/e) ^  1} for f e L * *

defines the homogeneous norm in Ь*ф.
The space Ь*ф is a Banach space with the norm ||-||̂  ([5], [6]).

3 . 1 .  We denote by N  a set of functions G analytic in the disc D =  {z e C : 
\z\ <  1}, for which

2k
sup { j  log+ \G(r-eie)\ d0 : 0 ^ r < l } < o o ,

0

where log + и =  log sup {1 , u} for и ^  0.

3 . 2 .  If G eN ,  then for almost every 0 there exists the limit

lim G(z) =  G (ei№),

where z tends to е1в between two chords of the disc D starting at the point ew 
([12], Chapter VII).

3 3 .  Let ф be an N-function and G an analytic function in D. We define

0Ф (G) =  sup { J  [l/(\G(r-eie)\)d0: 0 ^ r < l } .
0

By H^iD) we denote the class of all functions G analytic in D such that 
Q*(G) <  00 and by Н *ф(й) the class of all functions G such that kG eH ^(D ) 
for a certain к >  0 (in general dependent on G).

Moreover, by Н 0ф (D) we denote the class of all functions G such that 
k G e H ф (D) for every к >  0.

The class H f(D ) is an absolutely convex set in the space of all analytic
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functions in D and the classes H*^(D) and H 0*(D) are linear subspaces. The 
class H^iD) is called Hardy Orlicz class in D, Н *ф (D) — Hardy-Orlicz space 
in D and Н°^{В) — the space o f  finite elements in Я*^(Я).

In the space Н *фф )  the formula

l|G||* =  inf {г >  0: ^(G/e) ^  1} (G e H ** (D)),

defines the homogeneous norm in
The space is complete with respect to the norm ||-||̂ , [4].

3.4. By H 1(D) we denote the class of all functions G analytic in D, for 
which 2n

||G||| =  sup J |G(r-eia)\ dO: 0 ^  r <  1} <  g o . 
о

In the space of all analytic functions in D the class Я 1 (D) is a linear set. 
The functional || -1| t is the homogeneous norm in H 1{D) and the space H X(D) 
is complete with respect to this norm.

By H ^iD) we denote the class of all functions G analytic and bounded 
in D. In the space of all analytic functions in D the class Н ^ ф )  is a linear 
set. The space Н °°ф ) is complete with respect to norm

||G|L =sup{|G(z)|: z e D } (GeH™(D)),

([1], [2], [12], Chapter VII).

3.5. For an arbitrary N -function ф, the inclusions hold

H°°(D) с  Я ° *ф ) œ Н *ф )  c  H **(D ) с: Я 1 (D) c  N.

Then, on the ground of 3.2, we get that the function G, belonging to any 
one of these classes, possesses, precisely to a set of measure zero, a boundary 
function defined the formula

G {ei9) =  lim G {r-e ie), [4 ].
Г - 1

3.6. If G e H x(D), then the following Poisson’s integral formula holds

1 2" . . .  1 - r 2
G(r ■<?*)=—  J  G (eix) -— —— 

2n о 1 — 2r • I• cos (в — т) +  r2 

Hence we easily obtain that if G e H*^{D\ then

dx (0 ^  r <  1).

2 n
||G||* =  in f {e >  0 : J  ф(\С{е1вЩ Л в  ^  1 }.

Similarly, if G e H x(D), then
2n

IIGHi =  j  \G(eie)\dÔ,
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and, if G sH ^ iD ), then

IIGHoo =  esssup{|G(ci0)|: 0 ^  9 <  2n]

([1], [2], [4], [12]).

4.1. We denote by A{Q) the space of analytic functions in the half-plane 
Q =  [w e C: Rew > 0}. Let if/ be an iV-function and F  an analytic function in 
Q. We define

e*(F ) =  sup [ j  if/(\F(x + iy)\)dy: x > 0 } .
— 00

In the space A (O) the functional дф ( ■ ) is a convex modular in the sense 
of Musielak and Orlicz.

By H* we denote the class of all functions F  e  A (Ü) such that дф (F) <  oo 
and by Я ** the class of all functions F  such that kF E H *  for a certain k >  0 
(in general, dependent on F). Moreover, by H °* we denote the class of all 
functions F  such that kF  e  H* for every к >  0.

The class H* is an absolutely convex set in A(Q) and the classes H ** 
and FI0* are linear subspaces. Obviously, the inclusions hold

H °* cz H * cz H **  c= A(Q).

The class Я * we call Hardy-Orlicz class in Q, H **  — Hardy-Orlicz 
space in Q and H °* — the space o f  finite elements in Я **.

If ф (u) =  up, where P >  1, then the space Я **  is the known Hardy space 
in Q for the power p.

In the space H **  the formula

т \Ф =  in f{£ >  0: g^ F /e) ^  1} (F e H **),

defines the homogeneous norm in Н *ф.
The space Н *ф is a Banach space with respect to the norm *|| • ||̂ , *[8].

4.2. If F e H*ф, then F  has non-tangential limits in almost every point 
of the imaginary axis and a boundary function F (i ) belongs to the 
space L**, [8].

43 . If F e H * * ,  then the following Poisson’s integral formula holds
1 ® P — x

F {£  +  iri) =  -  f F (x  +  it)~ ----- - j— ------^ d t, where 0 <  x <  £.
n ( ç - x )  + ( r j - t ) z

For F e H**  the formula holds as well

F{Ç +  irj) =  -  J  F  (it) T2 T T — F âdt> where £ >  °» C91-

4.4. On the ground of 4.3 we easily get that if F e H **, then F(w ) tends
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uniformly to zero, as w -> oo, in the interior of every arbitrary half-plane 
{w eC : Rew^<5}, where Ô >  0, [9].

4.5. Taking into account 4.3, also we easily obtain that for F  e Н *ф the 
identity holds

Яф{р) =  (*■)),

and

т \Ф =  т г щ Ф, [9].

4.6. If F e Hф, then

|F(w)[ ^  ф "1 (  — ) f o r R e w > 0 ,  [9].
\л-Rew /

4.7. If F  е Н ф, then

lim qS ( F ( i - ) - F ( x  +  i-)j) =  0, [9 ].
x-0 +

4.8. I f / is a non-negative function on the interval ( — oo, oo) and there 
exists the integral

1
tin/ (t)1

1 +T2
dx,

then the formula

F  (w) =  exp
1 J i n ^ . l n f M A
к it — w 1 + t2 J

defines an analytic function in Q such that \F(it)\ =  / (t) for almost all t from 
the interval ( —oo, oo) and

еФ{Р) =  е Ф(Л> [103-

4.9. Let {F k} be a sequence of functions and F  the element from Н *ф. 
Then ||Fk — .F||̂ -»■ 0 as к -*  oo if and only if (Я (Fk — F)) -*  0 as к - r o c  for 
every number Я >  0, [11].

4.10. By H 1 we denote the class of all functions F  analytic in Q, for 
which the integrals

j  \F(x +  it)\dt
— OO

are uniformly bounded for x >  0. The space H 1 under the norm

IIF'Hi =  s up{ J  \F(x +  it)\dt: x >  0}
— CO

is a Banach space ([1], [2]).



378 J. S z a j k o w s k i

Since all the results [8 ] and [9 ] for the space Я 1 hold, so in particular 
4.2 in formulation for Я 1 decides that the function F  e H l has non-tangential 
limits in almost every point of the imaginary axis and its boundary function 
F( i - )  belongs to the space L1, and 4.5 that the identity \\F\\l =  ||F(i*)||1 holds 
(also see [1 ] and [2]).

By Я 00 we denote the class of all functions F  analytic and bounded in Ü. 
The space Я 00 under the norm

IIЛ I со =  sup{|F(w)|: weÛ}

is a Banach space ([1], [2]).
It is obvious that the map U defined by the formula

(U F)(z) =  f Q - ^ }  for z e D ,

transforms isometrically and isomorphically the space Я 00 in Q into the 
space Я°°(/)) (see 3.4).

II. The space H N

1.1. We denote

where the product extends over all N-functions ф, and is the Hardy- 
Orlicz class in Ü.

We study properties of the class HN.

1.2. L e m m a . I f  F  e H N, then the identity holds

sup{|F(w)[: weO}  =  esssup{|F(it)|: t e (  — oo, oo)}.

P ro o f. Let F e H N. Then, according to 4.3 of Section I for a function F  
the Poisson’s integral formula holds

where F( i - )  is a boundary function of an analytic function F. Hence and 
from the fact that

we obtain

i 7 x
n A  x 2 +  { y - t ) :

dt =  1

|F(w)| ^  esssup{|F(it)|: te (  —oo, oo)}.

Therefore on the ground of the Maximum Principle the identity must hold.
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13. Lemma. H n c  H°°.
P ro o f. Let F e Hn. Let us suppose that F<£H°°. We write

E n — {t : n ^  |F(if)|}, kn =  mesF„ fo rn =  1, 2, . . .

The {kn} is a non-increasing sequence of positive numbers tending to zero, 
because the function F ( i )  is measurable but one the ground of Lemma 1.2 it 
is not essentially bounded. We take

_  i 2 kï 11 for 0 ^  1 <  i ’
p t  (к for jn  <  t < i ( n  +  l), n =  1, 2 , . . .

and next

ф(и) =  J  p{t)dt for и ^  0. 
о

Since the function p is non-decreasing for t ^  0 also p(t) -» 0 as t-+  0 + and 
p(f)-> oo as oo, so in view of 1.2 of Section I the function \f/ is a N- 
function. We state that

00 n

j  ф (|F (it)|) (n) • mes E n ^  J p (t)d t-k n
-  °0 ^

2

= i «  for и =  1 , 2 , . . .
Hence we get

J  i/ (̂|F(h)|)dt =  g o ,
— 00

what yields, in view of 4.5 of Section I, that F  фН* and further F  фНп. This 
contradicts the assumption.

1.4. T heorem. H n =  Я 1 n  #°°.
P ro o f. We shall show first that the inclusion H N cz H 1 n  Я 00 holds. 
Let F e H N. Then, in virtue of Lemma 1.3, we have FeH ® . Thus there 

exists the constant M  >  0 such that |F (it)| ^  M  for almost all t from the 
interval ( — oo, oo). Let us suppose that F^/71 and let us denote

( M M l
E n =  < t : ----- - <  |F(it)| ^  —  > and kn =  mes E n for n =  1, 2, . . .

[ n + 1 n J

From the assumption we get

oo 00 M
oo =  J  \F(it)\dt ^  X  —

-  oo n=l n

It is a well-known fact that one can then take a non-increasing sequence of
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positive numbers {a„} tending to zero such that

M vcc„•—  • kn =  oo. 
n

Let us remark that a sequence {(1 +  l/n)a„} decreases to zero. We take

P(t)

0 for t =  0

2 ( 1 + n ) a"
for

M VV/

2 (n + 1)

8a ! 
— - - f  
M

for
M
—  ^  t 
2

n =  1 , 2 , . . .

and further

ф(и) =  J  p(t)dt for n ^  0. 
о

The function p is non-decreasing for t^ O  and p(r)-> 0 as t -> 0 + also 
P(t) -> oo as t -* oo. Therefore on the ground of 1.2 of Section I the 
function ф is a iV-function. We state that

j  <H \Fm )dt

M
M 

n+ 1
>  X  г  ) 'К  >  x  J  p(t)dt ■ k„

„=1 \n H-1 / n=1 M

M
2 (n+ 1 )

M  ® Л  M
‘K  =  X  2 1 + -  К  —----- - ‘kKP \ 2 (n + l) J  2 ( « + l )  ,v"  “V  ' n p  2 ( n + l )

°° M
=  X a«' — 'kn =  °°-

n=l n

Hence we deduce, in virtue of 4.5 of Section-1, that Р ф Н ф and further F фН^ 
what contradicts the assumption. Thus the inclusion HN c= H 1 holds. Hence 
and from Lemma 1.3 we get that the inclusion holds

(*)

We shall now show that the other inclusion holds. Let F e  H 1 n  Я 00. 
Then, in view of Т е # 00, there exists the positive constant M such that 
|T(w)| ^  M  for each w eQ . From F e H 1 we get now for an arbitrary
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ЛГ-function ф and x >  0 the inequality 

]  *(\F(x +  W ) d t=  J

> ( M )  7 1P, , , , u t J ( M),ir „< - 7 7 -  J \F(x +  it)\dt F  j.M J  œ M

Hence we deduce that F e H * under an arbitrary N-function ф. Therefore the 
inclusion

(**) H1 n H* c= HN

holds.
On the ground of inclusions (*) and (**) we obtain the desired quality. 

1.5. T h e o r e m . In the space H N the form ula

P IU  =  sup{p||„ P I L }  fo r  F e H „  

defines the homogeneous norm.
P ro o f. Because of the finiteness of UFI  ̂ and UTIL we deduce that \\F\\N 

takes finite values for F e H N. Moreover, let us remark that, for F e H N and 
Р Ф  0, ||F||W > 0. Since for an arbitrary complex number a we have llaFI^ 
=  M *P 4li and l l a F I L H a l - P I L ,  so

||aF|U =  |a|-||F|U.

Next, let F x and F 2 be arbitrary functions from H N. Since 

l l^ i+ ^ l l i  ^ I I F i l l i+ I M i  <I|F i ||w +  ||F2||w

and similarly

P \  + F 2W00 <  II^ IL  +  IIFj IL  ^  l|FilU +  IIF2||N,

so

\ \ P l  + F 2||n ^ ||Filljv + IIF2||N.

1.6. T h e o r e m . The space HN is complete with respect to the norm jf * ||tv. 
P ro o f. Let {F„} be an arbitrary sequence of elements from H N satis­

fying the Cauchy’s condition, i.e., such a sequence that for each e >  0 there 
exists n0 such that, for n, m ^  n0, ||F„ —FJ|N < e. Then we have

|F„(w) —F M(w)| ^  H F . - F J L  ^  I I F . - F J *  < e

for n, m ^  n0 and w eO . From this inequality we deduce that the sequence 
(F„(vv)} at fixed w e Q satisfies the Cauchy condition, thus it is convergent: 
let F„(w) -> F(w) as n oo. The function F (w) is analytic in Q, because, from

13 — Prace Matematyczne 25.2
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the same inequality it follows that the sequence {F „} is uniformly convergent 
in Q. From \\Fn — F m\\N <  & for n, m ^  n0, we have

GO

(I) J  \F„(x +  iy) — F m(x +  iy)\ dy <  e, where x >  0
-  00

and

(II) |F„(w )-Fm(w)| <  e, where we О

for n, m ^  n0. Letting in inequalities (I) and (II), m tend to oo, we get
00

(III) J  \Fn(x +  iy) — F (x  +  iy)\ dy^ s, where x >  0
— ao

and

(IV) |F„(w) —F(w)| ^  £, where w eQ

for n ^ n 0. Hence we deduce that in particular F HQ — F e H N. Since F nQe H N, 
so F e H N. Further, from inequalities (III) and (IV), we get \\F„ — F||̂  <  e for 
n ^ n 0, what proves that ||F„ — F\\N -> 0, as n->oo.

1.7. T h e o r e m . The space <H N, |j * IIjv)  n°t separable.
P ro o f. In the interval ( — oo, oo) we construct a sequence of intervals E n

E П
1 1 

2n + 1 ’  2"

for n =  1 , 2 , . . .

We define a sequence {gn} of real functions:

I 1 for t e E n,
(0 elsewhere in ( —oo, oo).

Subsequently, we define the family of real functions
00

9n{ t ) =  X 7«0«(O for t e ( - c c ,  oo),
n — 1

where r\ =  {rj„} is an arbitrary sequence of terms 0 and 1. Next, we take a 
sequence { f 4} of real functions

f n{t) =  ^ ( 0  + 1/(1 + t 2).

Let us observe that

dt
W h =  J M * ) d t =  J  g„(t)dt+  J  y— £  J gn(t)dt +  n
I — 00 — 00 — 00 A * n= 1 — 00

00 J
=  I  5 ^ T  +  ,t =  i + i t

n=  1 ^
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and

ll/nlloo =  sup{/„(£): t e { - 00, oo)}

^  sup {g4(t): t e (  — oo, oo)} + su p |  ̂ : t e ( — oo, oo)| ^ 1  +  1 = 2 .  

We shall show now that there exists the integral

Л  i + ‘ 2

With this in view, let us denote

A =  {t: | / ,W I> 1 } ,  В =  {t: | / , ( t ) |< l } .
Since for u ^  1, the inequality In и holds so that for each rj

J  , f , 2  dt =  J  т х т г *  «  J/ » W *  =* J  Л М *  <  00•

Since for w ^  1, the inequality lnw ^  4u1/4 holds and for t e B

1

which gives

so for each rj

|ln/„(OI

l + r

1 <

l,

 ̂l + r

I l+t; *  = f < f l5Ë±|î)A
i  i + t 2 i  l + r 2

( l + i 2)1'4 . . ® dt dt
1 + t2 Л < 4 1 ( 1  +  ' 2)3'4 8 I  ( l+ r 2)3'4

1 00
< 8 ( f  d t + j  dt/t312) =  24 <  oo.

So we obtain for each r]

+ f ^ d f < 0 0 .
> 1 + t 2 { 1 + t 2 ;  i+ < 2

In the sequel, we take a sequence {F„} of functions defined by the formula

/1 ®
F„(w) =  exp -  j  , , . t t 2i  j

n J ^ t  +  iw l + r
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From above, in view of 4.8 of Section I, we state that functions F n are 
analytic in Q and such that |F4(ir)| =  f n(t) for almost all t from the interval 
( - 0 0 ,  00). Moreover, let us remark that HFJIj =  |l/Jli and H FJL =  ILfalL- 
Hence and from the fact that ||/4||i < oo and IL/̂ IL <  oo, in virtue of 
Theorem 1.4 we deduce that F ve H N for each rj.

Now, let us take two different sequences rj' =  {rj’k} and rj" =  {rj^} of 
terms 0 and 1. Then there exists index n such that rj'n Ф rj". Since

=  sup{|F4. ( i f ) - F I>»(if)|: t e ( -  oo,oo)}

>  sup{||FII,(iO |-iFr (ïï)||: t e ( - oo, oo)}

=  sup{|/4.(f)-/ 4»(0|: M - o o ,  oo)}

=  sup {\g„’( t ) - 0Ч»(О1 : t e ( - o o ,  oo)}

=  sup {gn{t): t e ( - o o, oo)} =  1,

so

Since the set of sequences with terms 0 and 1 is a continuum so there exists 
in H N a continuum of elements whose distances are ^  1. Hence the space 
(H N, || * ||jv)  is not separable.

1.8. T h e o r e m . F or an arbitrary N -function ф the inclusion

H N с  Я 0*

holds and the inequality

fa r  F e H N

is satisfied, where сф is a constant such that ^ (c ^ 1) =  1.
P ro o f. If F  =  0, then the theorem is obvious. Let F  be an arbitrary 

function from the class H N, different at zero. Then, on the ground of Lemma 
1.2 and the definition of the norm Ц-Цд,, we get

\F(it)\/\\F\\N <  IFMI/IIFIL ^  1

for almost all t from the interval ( — oo, oo). We state that for an arbitrary 
N -function ф and for an arbitrary positive number к

вф(kF) =  ()ф(k F ( i• )) =  J

<  I  1̂ Ф т ш ^ = ^ ф ( к \ т ^ ^ ф ( к 1 1 Р % ) .
-oo WF Wn  \ \ F \ \ n
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Hence we conclude that F e # 0lA. Taking к =  (c  ̂||F||N) 1 in the obtained 
inequality, where сф is the constant such that ^ (c^ 1) =  1, we get

ИЛЫ ^ Ф(Усф) =  l .

Hence we obtain the inequality mentioned in the theorem.

1.9. T h e o r e m . I f  the function F  belongs to H l in Q, then the function

™  = СИ = (Г ^ ( Й )
belongs to H 1 in D. Conversely, i f  the function G belongs to H 1 in D, then the 
function

2 ( w  -  1 \
F M . (T - G)(w) =  w g ( — j  (we f i ),

belongs to H 1 in Ü. M oreover, ||F||! =11011!.
This means that the space H 1 in Q is isometrically isomorphic to H 1 in 

D : this isomorphism establishes the operator T (see [2], Chapter VII).
P ro o f. Let F  belong to H1 in Q. Let us take a Homographie 

transformation Q into D:

z = ------- ,  where w = x +  iy.
w 4-1

Notice that under this transformation the lines lx =  { w e C : Rew =  x} 
are mapped into circles yx =  {z e C : \z — z0| =  R], where z0 =  x/(x+l) and 
R =  l/ (x+ l), internally tangent to the unit circle C in the point z =  1. For 
the reciprocal map w =  (1 +z)/(l — z) we have dw =  2 -dz/(l — z)2. Hence, from 
above, we get for x >  0

(*) j  \ F(xFiy)dy  =  J  \F(w)| ■ |dw| =  {
-  00 lx yx

F
1 + Z

1 —z
2 1 dz\ _

U - z |2 I
\G(z)\-\dz\.

Let Cr be a circle Cr =  { z e C :  \z\ =  r), where 0 <  r <  1. We estimate integrals 
from above

• 2n i

I  \G{r-e,e)\d9 =  -  J  |G(z)|-|dz| as r -+ l~ .  
о r cr

We choose x >  0 so that the circle Cr could lie within the circle yx. Since F  is 
an analytic function in Q and the transformation z =  (w—l)/(w + 1) has no 
singular points in Q, consequently G is analytic within yx and is a continuous 
function in a closed disc limited by yx, maybe except for the point z =  1. We 
write

Cr* =  {CeC: |C+z0| = r } ,  yî  =  {CeC: |{| =  R},
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and

>G0(Q =  G(t; +  z0).

Applying the Poisson’s integral formula for the disc {£ e C : |£| <  R], we 
obtain

G0(r-e ie)
1

2k

2  n  p 2  „ 2

Г r  K  ~ r _____________

o 0 R 2 — 2Rr • cos (в — т) +  r2
dx

and further
2n

2к о R 2 — 2R r-cos(6  — x) +  rJ‘
|G(ciT)| dx,

i.e.,

|Go(«)K A  J Rê -|G0(OI'MC|.2kR S ç — a'x

Integrating this inequality longwise the circle C* and changing the order of 
integration on the right-hand side, we get

- J IGoM-MaK-1-  J J Re^|<faHGo(0H</C|.
r 2кгR i  CJ* C -a

r 'r r

But Re [(£ -I- a)/(C — a)] is a harmonic function of a, so, by the mean-value 
Theorem for harmonic functions, we obtain

thus

1
2кг

f R e ^ W  =  R e ^
c* C-a C-a ■*o

=  Re C~*o
C +  V

-  f  |G0(«)|-M aK i j R e ^  |G0(0|'№ |.
r c* K y*

Since

C - 2 0 = |C|2 - | z 012 < R 2 - | z 0|2 = R  +  |z 0|

e C +  z0 IC +  Zol2 '" (R -Iz o l)2 R —|z0|’

so the inequality

-  J IG o W N d a K ^ -f— 5! J |G0K)|-MCI
r c* R  R -k o l  i

holds. By making a substitution £ =  z —z0, then d£ =  dz. The circle C* passes 
into a circle Cr, whereas a circle y* passes into a circle yx translated by z0.
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Then

-  f |G0(OI-MCI =  -  j  \G{z)\\dz\ 
r c; r cr

and

ij| G „ (Q | 'M C | = i j|G(z)|Mz|.
K  y*x K  yx

From above

7  J J  \G(z)\\dz\.

Hence and from inequality (*) as well as from the fact that for 0 <  x <  j ,  we 
have

1 .R +  lz0| _  (1 +  x)2 ^  9 
R R - \ z 0\~  1 — x

we get

J  \ G (r-^ \ de =  -  J  |G(z)|MzKf J  |G(z)||dz|
О Г Cr Ух

=  | J  |F(x +  i»|dy<?||F|li.
— 00

Hence we deduce that the function G belongs to H 1 in D.
Now, let G belong to H 1 in D. Considering the reciprocal map to 

z =  (w — l)/(w +  l) of disc D into the half-plane Q we conclude that 
2 /w - 1  \

F  (w) = ---------T G ( ------- I is an analytic function in Q and we state that
(1+w )2 \ w + l J

(**) j  \G{z)\ \dz\ =  J
Ух >”x

W — 1

w T 1
2|dw|

|l+w|:

=  J  |F(w)| \dw\ =  J  \F (x +  iy)| dy,
/_ -  00

x > 0 .

Let us denote by у°х the circle with the centre in the point z0 =  x/(x + l) and 
the radius 0 <  q <  R  =  l/(x +  l). Applying the Poisson’s integral formula for 
the unit circle C, we obtain

G(a) = J - j  Rey~— G(£)|d(|.
2n Jc C -ct

|G(a) K L jR e ^ | G ( 0 | '| d Ç | .
2тг Jc C -a

Hence
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Integrating this inequality longwise the circle and changing the order of 
integration on the right-hand side also taking from the mean-value Theorem 
for of a harmonic function, we get

1

в
J  |G (a)|-|rf«K J^T J  R e ^ W -| G (0 | -| d a

П
C -a

=  J  Re ̂  |G (01 • №1 =  J  |G (01 ' m
с 4 ~ zo c 14 ~ zo\

l-|Zo|2
"(l-| Z o l)2

J|G(C)|'|dCI
1 +  \zo\
1 -k o l

2n
J  |G («■'“)! de

1  + \ z o\

1 -k o l
M i -

Taking the supremum with respect to q satisfying the inequality 0 ^  q <  R 
on the ground of 3.6 of Section I, we get

1 л l +  |Zo|
» i  |G(a)||dc<K— f̂ ||G||,.
K yx i - k o l

Hence and from inequality (**) and the fact that

R , 1+kol 1 l+ x/ (x +  l) =  2 x + l  =  2 ___ 1 _
1 — \z0\ x T 1 1 —x/(x +  l) x +  1 x +  1

we obtain

f IF (x  +  iy){dy =  j  |G(z)| \dz\ ^  R
Ух

1 + lzol
i - N

l|G|lî 2||G||b x >  0 .

Hence we deduce that the function F  belongs to Я 1 in Q. Moreover, in 
virtue of the fact, that the homographie transformation z =  (w — l)/(w -I-1) 
of the half-plane Q into the disc D has on the boundary, the form 
е1в =  (it— l)/(it + 1), in view of 3.6 of Section I and 4.10 of Section I, we get

2n
M i  =  J \F(it)\dt= J

l + e ie
l - e ie

2- dQ
\ l - e ie\2

2n

J  1 0 ( ^ 1 ^  =  11011,.

I would like to thank Dr. R. Lesniewicz for his help in the preparation 
of this paper.
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