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On the т-modulus of smoothness 
in generalized Orlicz spaces

In [2] we generalized a result of Popov [3] concerning one-sided 
approximation by trigonometric polynomials in I f  spaces for p ^  1 to the 
case of Orlicz spaces. The main tool was the application of the fact that the 
norm in an Orlicz space is translation invariant. In the present paper we 
shall extend these results to the case of a class of generalized Orlicz spaces 
with norm not necessarily translation invariant. The necessary restriction will 
be a kind of boundedness of the function (p generating the space due to 
Kaminska [1], together with the condition of asymptotic boundedness of <p 
giyen in [2].

In the sequel, let X  be the space of all Lebesgue measurable, (b — a)~ 
periodic, real-valued functions on the real line, 0 < b  — a < o o ,  and let 
(p : R x R + -> R+, where R+ = <0, oo), be (b-a)-periodic and measurable with 
respect to the first variable for every fixed value of the second variable, and a 
convex (^-function of the second variable for almost every value of the first 
variable (see [2]). Then the modular

Q(f) =  J  <p(t> If(t)\)dt
a

defines in X  the generalized Orlicz space I f ,  with norm

ll/ll =  \\f( ')ll =  inf Iй >  0: e(//«)< !}•

If / is measurable and / $ I f ,  we shall take ||/|| =  oo.
The following conditions will be of importance for our further 

considerations:
(B) The function q> satisfies condition (B) if there exist a set A cz <a, b> 

of measure zero, positive numbers c, rj and a family of non-negative, 
measurable, ф — a)-periodic functions / ( • ,h), satisfying the inequalityb
Sn =  sup j/ ( t ,  h)dt <  oo, such that for every и >  0, t e  <a , b)\A and

a
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\h\ <  rj there holds the inequality

( p { t - h , u ) ^  (p(t, c u )+ f( t ,  h)

(see [1]).
(Ak) Let к be a positive number. The function q> satisfies condition (Ak) 

(or is approximately bounded) if there exist a set A <= <a, b )  of measure zero, 
positive numbers c, ô 0 and a measurable function F : (B\A) x {R\A) -> R+ 
satisfying the inequality

, ô
Ь X+2

Ф(<5) =  J ( J F (t, x)dt)dx  <  kd
a x  — —■

2

for 0 <  ô <  00 such that for every и ^  0, t, x e  F\A there holds the inequality 
(p(x, и) <  (p(t, cu )+ F (t ,  x) (see [2]).

(C) For every £ >  0 and every measurable set A c  {a ,  b> of measure 
\A\ >  e there exists a positive number v0 such that J (p(t, v0)dt >  1.

A

The following connection between (B) and (Ak) will be shown: 
P r o p o sit io n  1. //(B) holds with rj =  j ( b  — a), then (Ak) is satisfied fo r  

к >  S(b_fl)/2 and <50 =  b — a.
P ro o f. Supposing (B) and writing F (t, x) = f  (t, t — x) we have for 0 <  <5 

<  b — a
ô2 b b

Ф(3) =  J  (J/ (t, u)dt)du  ^  su]3 j f ( t ,  u)dt-S
- j  a M^ 2 a

=  $0/2'à ^  S(b — a)/2 à-

Hence there holds (Ak) with к >  S{b- a)/2 and S0 =  b — a.
Let us still remark that due to the convexity of cp the constant c in (B) 

must be ^ 1 .  Moreover, if (p(t, u) =  q>(u) does not depend on ty then all 
corfditions (Ak), (B) and (C) are satisfied.

Applying condition (B) we shall generalize now the Bernstein type 
inequality (see [7], Chapter X, Theorem 3.16, p. 11) to functions (p with 
parameter t.

P r o p o sit io n  2. I f  the function cp satisfies condition (B) with rj — 2n, then 
fo r  every trigonometric polynomial T  o f  degree ^  n there hold the inequalities

g i n - 1 T )  ^  e (cT ) +  S2n and \\Г\\ ^  2 я ст а х (1 , S2„ ) |m | .

P ro o f. By [7] (Chapter X, (3.14)), we have

<p(t, n~l \T(9)\)^n~l £  ak(p(t, \ Т{в +  ик)\),
к

where uk = (2k — 1)n/ln  and ak = w_ 1 (2sin iu k)_2 for к = 1, 2, . . . ,  2n;
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moreover, £  ak =  n. Taking in the above inequality t =  0 and integrating
к

over <0, 2n ) ,  we obtain

Q(n~l Г )  ^  n - 1 X  ak J  <р(в,\T(9 +  uk)\)de
к  0

uk + 2 n

<p(6,c\Т т ^ в  +  п - 1 I  a*

"к

«  f <p(e, c \ T m ) d e + s 2,  =  e ( c T ) + s 2n.
0

Now, let a =  min(^, l/2S2n); then the above inequality gives

p(n_ 1 aT') ^  aQ{cT) +  aS2n ^ i e ( c T ) + i .

Supposing ||T’H <  1/c, we have q {c T )  <  1 and so g(n-1 aT') 1;

consequently, ||T'||^n/a. Hence с||Г|| ^  1 implies -||Г'|| 1, and so
n

^ IIT 'IK c im i. Thus,

IIЛ К  -  im i <  2ncm ax(l, S2„)|| T||.
a

Let us recall [2 ] the following notation:

m = 0  W

o)k{ f ;  &) =  suP{IMh/ll: 0 <  h <  <5} for f e l ï ,  

cok( f ,  x ; 3) =  sup{|dj/(01 : t, t +  k h e  (x  — kS/2, х  +  кЗ/2}} 

for к =  1 ,2 , 3 , . . .
It is known that if a bounded / is measurable, then (ok( f ,  x ; <5) is also 

measurable ([4], Theorem 1.3, p. 28) and if / is continuous, then cok{ f ,  x ; 5) is 
also continuous for every к (see [6], 2.1 and 2.2).

In the general case we shall denote by Dk the class of all functions f e X  
such that cok (/, • ; <5) is measurable for all S >  0. Then we define the t- 
modulus of smoothness as

4 ( f ; S )  =  \\(ok(f,-;ô)\\, 3 >  0, f e D k

for к =  1, 2, 3 , . . .
The following properties of the r-modulus of smoothness rk of order к

< ri L
к

J
“ k
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were proved for arbitrary normed space of functions from Dk with a 
monotone norm || ||:

т * (/ ;Я К  for 0<<5<<5',

т*(/+^; <$) < тк(/; <5) + t*(g; <5),
cok( f ;3 / 2 ) ^ x k(f ;3 ) .

Further properties of xk were proved in [2] under the additional assumption 
that the norm || || is translation invariant. We shall prove now those 
properties in the case of generalized Orlicz space with function (p satisfying 
condition (B). For this purpose we shall apply a result of [1] concerning the 
translation operator Th defined by 7^/(t) = f ( t  +  h); we adapt it here to the 
periodic case.

P r o p o sit io n  3. I f  q> satisfies (B), then

sup ||V||^2cmax(l,S,)||/||
\h\̂ ri

fo r  every f e l ï  (see [1], Theorem 2.1).
T h eo r em  1. I f  (p satisfies (B), then

(1) ajk (/; <5) ^  2c m ax(1, S„) xk (/; <5) fo r  0 <  <5 <  2rj/k, f e  Dk,

(2) (/; 3 X +  32) ^  2c m ax(1, S„) (/; +  (/; <$2)}

fo r  0 <  3 U 32 <  2rj, f e  Dx,
(3)

T i(/; n3) ^  2cm ax(l, S J n x ^ f ;  S), n =  1, 2, . . . ,  0 <  S <  2 r j /n - l ,  f e D 1,

(4 ) тх(/; ЛЗ) ^  2c max (1, 5„)(Л + l ) i i ( / ;  3), 0 <  3 <  2r\/X, Л > 0  , / e Z V

P ro o f. Since IA ) J (х — кЗ/2)\ ^  cok{f, x ; 3) for 0 <  h <  3 (see [2], 
Proposition 1), we have for 0 <  3 ^  2rj/k

Ш \ \  = \\Тщ2 Д й{--кЗ/2)\\ ^  2cm ax(l, S„)\\AkJ (  ■ -k3/2)\\

^ 2cm ax( 1, S„)xk( f  ; 3),

which proves (1). Also, we have

CO, ( / ,  X■ Ô, +<52) <  T_ij/2 {ш, ( / ,  x ;  г ,) }  +  Т<1/2 >0J, ( / ,  x ; й2)}

(see [2], Proposition 1), and so

Ti (/; 3 l + 3 2) =  IK (/> - ; ^1 +^г)1! <  2cm ax(l, S J i x ^ ;  3^ + x ^ f ;  32)}.

(3) and (4) follow analogously.
The following result of [2] (Theorem 3) will be needed in the sequel: 
T h eo r em  2. I f  q> satisfies (Ak) and f  possesses the derivative / (k-1)
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absolutely continuous in (a , b )  and f {k)e l f ,  then

whenever 0 < Ô ^  min(<50, b — a).
The proof may be found in [2].
In the sequel we shall denote by I f  the generalized Orlicz space in the 

interval <0, 2тс).
Now, we shall recall some notation of [5], [2]. For any trigonometric 

polynomial

we denote

П
T(x) =  i  a0 +  £  {ctj c o s jx  + Pj sinjx)

7 = 1

^(7) = il« o l+ I  (W + lftl).
7=1

Denoting for a bounded, 27i-periodic function /, by H„ (/) the set of 
trigonometric polynomials P  of degree ^  n for which P ( x ) ^ f  (x) in ч70, 2n) 
and by H~ (/) the set of trigonometric polynomials Q of degree ^ n for 
which/ (x) ^  <2(x) in <0, 2тс), the best one-sided approximation of a function 
f e l f  is defined as

£„(/) =  inf!l|P-ei|: PeH„+ (/), G sH „-(/ )j.

Moreover, we shall write ||/||„ =  sup |/(x)|.
xe<0,2n>

L em m a  1. Let q> satisfy condition (C) and let 1 e l f .  For every positive 
integer m and every bounded, measurable and 2n-periodic function f  there exists 
a constant M >  0 such that i f  P e H ^ ( f ) ,  Q e H ~ ( f )  and Л(Р) >  M or 
A(Q) > M, then

l|P_  ÔII >  Wl|l|l ll/lloo-

P ro o f. Taking P e H f  (/) and Q e H ;{ f ) ,  we have q{P ~ Q ) ^  Q {P -f) .  
Denoting by Xgw the characteristic function of the set

G(<5) =  {x e  <0, 2я>: |P(x)| ^  A(P)Ô]

with a <5 > 0, we get easily ||P-(2I| ^  l| P to )IM I/ IU I1ll- Now> there 
exist e >  0 and <5 >  0 for which mesG(<5) >  e. Applying (C) with A =  G(ô), 
we may find a v0 =  v0{e, 3) such that j  (p(t, v0)dt >  1. Hence, taking

G(ô)
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0 <  u ^  A (P )ô/v0, we obtain

whence

Q ~ PXg(ô) >  {  (p it,
G(ô) V

A(P)Ô
и

dt ^  f (p(t, v0)dt >  1,
G(<5)

Thus,

if

A(P)Ô

Vo
^  II-PxgwII*

WP-QW >
A(P)Ô

v0
-H/lloollHI >  mlUIMI/iloo

A ( P ) > M ^ ( \  +  m)m\\f\\„.

The proof with A(Q) >  M  is analogous.
Proposition 4. Let (p satisfy condition (C) and let l e  I f .  L et f  

be a bounded, measurable and 2n-periodic function. Then fo r  every n there 
exist trigonometric polynomials P * e H * { f )  and Q *e  H~ (/) such that Ë n( f  )
=  I I P * - <2*11.

P ro o f. Since the proof runs on the same lines as that of Theorem 6 in 
[2], we give only an outline here. Let Н/Ц̂  >  0. From Lemma 1 it follows 
that there exists M  >  0 such that if ||P — Q\\ ^  m||l|| П/Ц*, then Л(Р) ^  M  
and A(Q) ^  M. Taking sequences Pj and Qj of polynomials from H *  (/) and 
H~ (/), respectively, such that \\Pj-Qj\\ -> £„(/) as ;  -► go, we get A (Pj) ^  M  
and A (Qj) ^  M  for sufficiently large j . This implies existence of subsequences 
Pjv and Qjv convergent uniformly to trigonometric polynomials P* and Q* of 
degree <  n, respectively. Since 1 e  I f ,  PJy -*• P* and Qj -» Q* in I f  and we 
conclude the theorem.

Now we are able to prove the following generalization of Theorem 7 
from [2 ] and Theorem 2 from [3 ]:

T heorem 3. Let q> be a convex (p-function satisfying conditions (Aa) for 
some # e(0 , 1) and ô 0 =  2n, (B) with rj =  n and (C), and let 1 e l f .  I f  f  is a  
bounded, measurable, 2n-periodic function, then there holds the inequality

i  (v+1 r lEAf)
\ "  /  n v = 0

fo r  k, w =  1 ,2 , . . . ,  where

Ck =  (25*+3c*+1(3 +  /c) кк +  2к+8 c3 k 2}
m ax(l, Sk2n)

1-Я
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P ro o f. Arguing as in [2], we first choose P * e H f  (/) and Q *eH ~  (/) 
so that Ë n( f )  =  ||P* — Q*\\ and repeating the argument of [5], p. 153, and 
applying property (4) in Theorem 1 we obtain

T4(/; 5) i , (P ;;5 )+ r » (e ;;< 5 )+ 2 * +2cm a x (l, S jJ fc r , (P * -Q : ; <5)+2‘ £„(/)

for 0 < ô ^  2n. By Proposition 2,

\\(P*-Qtï\\ <  2ncmax(l, S2J||P*-Q*||.

Applying Theorem 2, we obtain

<5) <  ^  1 - ф ( / ) / ^ т а х ( 1 ,  S2*)£n(f)

for 0 < ô  ^  2n. Hence

Tfc(/; <5) ^  xk(P *; <5) +  t*(ô * ;  ^ ) + f z ^ s)k/ ô m ax{U  S^ ônËn (f) +  ̂ kÊ n (f)

for 0 <  <5 <  2tt. Taking 0 <  ô <  4я/п with и ^  2, we thus obtain

t»(/; 5) Tt (/>„*; 5)+Tt (6 î;  ^ ) + | ï f ÿ ^ max(1> S j J + l}  2* £ „ (/) .

Now, denoting

l/0 (x) =  jP f (x ) -P J (x ) ,  IM *) =  P*2A x) - P * 2V- i (x), v ^  1, 

we get easily

Ê  т ,(У ,;0 ) .
v= О

But, by Theorem 2 and Proposition 2,

Tlm  • Л! <  <*(3 +  *)_ г1ц[/(»|| cfe(3 +  kj_  t t t t t
‘ l u ”  °> %  1 - d>(5)/fa5 1 1 v 11 1 - 4>(S)/kô

for 0 <  <5 ^  2k . Hence, similarly as in [2], we have

2*c* + 1 k(3 +  fc)
4 ( P * m; Ô) <

2 И ’ “ / '  1 — Ф (ô)/kô
2 * + i  c * + i  k(3 + k)

m ax(l, Sk2n)ô k X  2k'\\Uv\\
v= 0

1 -Ф{0)/к0 max(l,S‘2n)5‘{£o(/)+ I 2*'-£„_1СЛ}
V = 1

and analogously,
лк+l k+ljL/T , JL\ m

M O i , ;g ) <  i ! 0 ( ",/L m ax(l’ ^ Л С Я + Е  * ”£ „ - ,(/ > }
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for 0 <  ô ^  2л. Hence

Tt ( f ; S ) s : c t ôk \Ë0( f ) +  £  2kvË 2V̂ l (/)] +  c2 2k Ë 2m(/)
v= 1

C 2= T 3 ^ max(1’ s y + 1 -

But (see [2])
2V~ 1

2‘ ' £ 2>. , ( / K 2 2‘ J  A*-1 £„(/)•
M=2V~ 2+ J

for 0 <  ô <  4n/2m, m ^  1, where 

2k + 2 ck + 1 k(3 +  k)
с, ==

1-Ф(<5)/к<5
m ax(l, 5 У ,

Hence

t *  ( / ;  ô) «  с ,  У  { È „  < / ) +  2 ‘  ( / )  +  2 “
2m~ 1

I / " * £ „ (/ ) }  +

2m~ 1 -  1
+ c 22‘ È2„ ( / K c 1<5‘ 22‘ +1 J  ( v + l f - ' É . I / t  + c ^ ^  (/)

v= 0

for 0 < < 5 ^ 4 tu/2m, m =  1 , 2 , . . .
Taking any index n ^  1 there is an m such that 2m_1 ^  n <  2m. Let 

put in the last inequality <5 = 4n/2m; then

xk(/; 2 ф )  ^  zk( f ;  2к/2т~1) ^  rk (/; <5)

23t + 3 ck+1k(3 +  fc)
1 — Ф(2 - m + 2 n)/k 2

Ak k 2 m ~ 1 — 

z  v = 0
(v +  1 r ' Ê A f H

But

whence

+
27 с3 /с

\ - ф ( 2 - т+2п )/2 -т+гк m a x (l,S ‘2, ) + l h ‘ £ 2»(/)

Ф(ô)/S ^ 9  for 0 < 5 ^ 2л,

l 1 Ф ( Г , , ; » ) М  Ф(2~"'4-2 л ) ^ 1 д
k 2~m к 2 ~ m + 2
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for m — 1 , 2 , . . .  Hence

M / ; - U
2n\ 23k + 3 ck* 1(3 +  k) _ „ь ч4ккк „ к  n  — 1

m a x ( l ,  S ! * ) — f ~ Z  (v +  1)* 1 £ „ ( / )  +
1 - 5  n v=o

+  <! max (1, s y  +1 j> 2k Ё„ (/)i l

<  }25t* 3ct+ 1(3 +  <t)jit + 2> t8 f 3 к2} ma^(1 Y A Ï (v +  l)‘ “ '£ ,(/ )•1 —if n <J= ,v= 0
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