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On the t-modulus of smoothness
in generalized Orlicz spaces

In [2] we generalized a result of Popov [3] concerning one-sided
approximation by trigonometric polynomials in If spaces for p=>1 to the
case of Orlicz spaces. The main tool was the application of the fact that the
norm in an Orlicz space is translation invariant. In the present paper we
shall extend these results to the case of a class of generalized Orlicz spaces
with norm not necessarily translation invariant. The necessary restriction will
be a kind of boundedness of the function ¢ generating the space due to
Kaminska [1], together with the condition of asymptotic boundedness of ¢
given in [2].

In the sequel, let X be the space of all Lebesgue measurable, (b—a)-
periodic, real-valued functions on the real line, 0 <b—a < 00, and let
@: RxR, — R,, where R, = 0, o), be (b—a)-periodic and measurable with
respect to the first variable for every fixed value of the second variable, and a
convex ¢-function of the second variable for almost every value of the first
variable (see [2]). Then the modular

e(f) = f o(t, |f (DN)at
defines in X the generalized Orlicz space If, with norm .

A =11/ (Il =inf{u > 0: o(f/u) < 1.

If f is measurable and f¢[?, we shall take ||f|| =

The following conditions will be of importance for our further
considerations:

(B) The function ¢ satisfies condition (B) if there exist a set 4 — {a, b)
of measure zero, positive numbers ¢, n and a family of non-negative,
measurab]e, (b—a)-periodic functions f(-,h), satisfying the inequality
§, = sup jf(t h)dt < co, such that for every u>0, teda, b)\A and

Ihi<n a

7 — Prace Matematyczne 25.2



286 H. Musielak

|h| < n there holds the inequality
(,D(t—h, u) < (P(t) Cu)+f(t, h)
(see [1D]).
(A,) Let k be a positive number. The function ¢ satisfies condition (A;)
(or is approximately bounded) if there exist a set A < {a, b) of measure zero,
positive numbers ¢, d, and a measurable function F: (R\A) x(R\A)— R,
satisfying the inequality
b x+%
@) =[( ] F@, xdi)dx <kb
for 0 < < J, such that for every u > 0, ¢, xe R\A there holds the inequality
@(x, u) < @(t, cu)+F(t, x) (see [2]).
(C) For every ¢ >0 and every measurable set 4 < <a, b) of measure
|A] > ¢ there exists a positive number v, such that | @(, vo)dt > 1.
A

The following connection between (B) and (A,) will be shown:

ProrositioN 1. If (B) holds with n = 4(b—a), then (A,) is satisfied for
k> Sp-a2 and 69 =b—a.

Proof. Supposing (B) and writing F (¢, x) = f (¢, t— x) we have for 0 < é
<b—-a

s
2 b

®(5) = 255 (}f(t, u)dt)du < sup, {f(t, u)dt-é
7 <

- Il\ia

= Sa/z '5 < S(b_a)/z '5.

Hence there holds (A,) with k > Sy_,,, and 6, =b—a.

Let us still remark that due to the convexity of ¢ the constant ¢ in (B)
must be > 1. Moreover, if ¢(t, u) = ¢(u) does not depend on ¢, then all
corditions (A,), (B) and (C) are satisfied.

Applying condition (B) we shall generalize now the Bernstein type
inequality (see [7], Chapter X, Theorem 3.16, p. 11) to functions ¢ with
parameter ¢.

ProposiTION 2. If the function ¢ satisfies condition (B) with n = 2n, then
for every trigonometric polynomial T of degree < n there hold the inequalities

e(n”'T)< o(cN)+S,;, and  ||T'|| < 2nc max(1, S;)|IT1.
Proof. By [7] (Chapter X, (3.14)), we have
o(t, T @) <n™' Y aoft, ITO+u)),
k

where u, = (2k—1)n/2n and o, =n"'(2sindu)”? for k=1,2,...,2n;
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moreover, Y a, = n. Taking in the above inequality t =60 and integrating
k

over <0, 2n>, we obtain

2n
o(n 1T)<n™!? zk: a j @(6, |IT(0+u))do

up+2n
. . uk+2n
n }k:ak u{ ® (6, c|T0)|)d9+n Zau [ f0,u)de
ux

2n

< [ 0(0, cITON 0+ 52 = e+ S

Now, let a = min(3, 1/25,,); then the above inequality gives

e(n”'aT) < ag(cT)+aSy, < 30(cT)+3.
Supposing ||T|| < 1/c, we have o(cT)<1 and so ¢o(n 'aT)<1;
consequently, ||T'|| < nfa. Hence c|[T]|<1 implies %llT’ll <1, and so

“HT’II c||T)|. Thus,

1T < ——IITII 2nc max (1, Szl T1|.

Let us recall [2] the following notation:
k k
af 0= 3 (=0 (0)f @+ mh),
m=0

o (f; 8) =sup{||l4kfll: 0 <h <8} for fel?,
wy(f, x; 0) = sup {AEf (0)l: ¢, t+khe (x—ko/2, x+kd/2)}

for k=1,2,3,...

It is known that if a bounded f is measurable, then w,(f, x; d) is also
measurable ([4], Theorem 1.3, p. 28) and if f is continuous, then co,( f, x; d)is
also continuous for every k (see [6], 2.1 and 2.2).

In the general case we shall denote by D, the class of all functions fe X

such that w,(f, -;J) is measurable for all 4 >0. Then we define the -
modulus of smoothness as

T (f;0) =llwe(f, 50, >0, feDy
for k=1,2,3,...
The following properties of the t-modulus of smoothness 7, of order k
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were proved for arbitrary normed space of functions from D, with a
monotone norm || [|:

T (f;0) <1 (f;0) for 0 < <9,
u(f+9; 9 < u(f; ) +u(g; 9),
o (5 6/2) < w (f39).
Further properties of 1, were proved in [2] under the additional assumption
that the norm || || is translation invariant. We shall prove now those

properties in the case of generalized Orlicz space with function ¢ satisfying
condition (B). For this purpose we shall apply a result of [1] concerning the
translation operator T, defined by T,f (t) =f(t+h); we adapt it here to the
periodic case.

ProrosiTioN 3. If ¢ satisfies (B), then
sup (I /1l < 2cmax(1, SISl

thl<n
Jor every feI? (see [1], Theorem 2.1).
TueoreM 1. If ¢ satisfies (B), then

1) wi (f; ) < 2cmax(l, S,) 1. (f; ) for 0 <6 < 2n/k, fe Dy,
(2 7, (f; 01 +02) < 2cmax(1, S,) {7, (f; 1)+ 7, (f; 62)}
for 0 <d,,6,<2n, feD,,

€) _
7, (f; nd) < 2cmax(l, S)nt,(f;90), n=1,2,..., 0<d<2n/n—1, fe Dy,

(@) 7, (f; 10) < 2cmax(l, S,)(A+ 17, (f; 8, 0<35<2n/4, A>0, feD,.

Proof. Since [4kf(x—kd/2) < (f, x;6) for O0<h<d (see [2],
Proposition 1), we have for 0 <6 < 2n/k

NS 1| = | Tagz A4S (- = kd/2)ll < 2c max(1, S ALS (- —kd/2)]
< 2emax(1, S))w (f; 9),
which proves (1). Also, we have
@ (f, %301 +02) S -y {1 (f; %3 6} + Ty 2 (o (s x5 82))
(see [2], Proposition 1), and so
1,(f3 01 +03) = |l (f, 5 81 + 3l < 2emax(l, S,) {7, (f; 0,)+7:(f; 62)}-

(3) and (4) follow analogously.
The following result of [2] (Theorem 3) will be needed in the sequel:

THEOREM 2. If ¢ satisfies (A,) and f possesses the derivative f*~V
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absolutely continuous in <{a, b> and f®PeI?, then

ck(3+k)

l—mék e,

Tw(f; 9 <
whenever 0 < 6 < min(dy, b— a).
The proof may be found in [2].
In the sequel we shall denote by I? the generalized Orlicz space in the
interval <0, 2n).
Now, we shall recall some notation of [5], [2]. For any trigonometric
polynomial

T(x) =3ao+ Y. (x;c08jx+fB;sinjx)
i=1

we denote
A(T) = %laol+ Y. (ol +1B).
i=1

Denoting for a bounded, 2n-periodic function f, by H, (f) the set of
trigonometric polynomials P of degree < n for which P(x) > f(x) in (0, 2rn)
and by H, (f) the set of trigonometric polynomials Q of degree < n for
which f(x) > Q(x) in <0, 2n), the best one-sided approximation of a function
fel? is defined as

E,(f)=inf{|IP=-Qll: PeH, (f), Qe H, (f)}.

Moreover, we shall write ||f]l, = sup |f(x).
xe( 0,27

LemMA 1. Let ¢ satisfy condition (C) and let 1eI”. For every positive
integer m and every bounded, measurable and 2n-periodic function f there exists
a constant M >0 such that if PeH) (f), QeH,(f) and A(P)>M or
A(Q) > M, then

IP—Qll > milL[{{l /-

Proof. Taking Pe H, (f) and Qe H, (f), we have ¢(P—Q) = o(P—f).
Denoting by yg the characteristic function of the set

G(8) = {xe <0, 2n>: [P(x) = A(P)S)

with a >0, we get easily ||P—OQll = IPxg@ll—IIfNl.lILll. Now, there
exist ¢ >0 and & > 0 for which mes G(d) > ¢. Applying (C) with 4 = G(9),

we may find a v, =vo(e, 5) such that | o¢(t, vo)dt > 1. Hence, taking
G(9)
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0 <u < A(P)dfvy, we obtain

1 A(P)é
Q(;PXG(J))> ‘f (P<t, (u) )dt} _f‘p(ty UO)dl>1,

G(%) G(d)

whence

A(P)S

2% < IPteol-

v
Thus,

A(P)é

IIP—Qll > ————Ilfllwlllll>'nHll|||f!Im

if

A(P)> M > %u +m) 11111l -

The proof with A(Q) > M is analogous.

ProposiTioN 4. Let ¢ satisfy condition (C) and let 1el?. Let f
be a bounded, measurable and 2r-periodic function. Then for every n there
exist trigonometric polyriomials P*c H, (f) and Q*e H; (f) such that E,(f)
= ||P*—Q*].

Proof. Since the proof runs on the same lines as that of Theorem 6 in
[2], we give only an outline here. Let ||f]|, > 0. From Lemma 1 it follows
that there exists M > 0 such that if ||P—Q|| < m||1||||f]lc, then A(P) < M
and A(Q) < M. Taking sequences P; and Q; of polynomials from H, (f) and
H,, (f), respectively, such that ||P;—Q,|| - E,(f) as j > o0, we get A(P)< M
and A(Q;) < M for sufficiently large j. This implies existence of subsequences
P; and Q; convergent uniformly to trigonometric polynomials P* and Q* of
degree < n, respectively. Since 1e€L?, P; — P* and Q; — Q* in I? and we
conclude the theorem.

Now we are able to prove the following generalization of Theorem 7
from [2] and Theorem 2 from [3]:

THEOREM 3. Let @ be a convex @-function satisfying conditions (Ag) for
some 3€(0, 1) and 6, = 2n, (B) with n=n and (C), and let 1eI?. If fis a
bounded, measurable, 2n-periodic function, then there holds the inequality

()< G L ornr e

for k, n=1.2, ..., where

max (1, S%,)

C _{25k+3ck+1(3+k)n +2k+8 3k2} 1—.9
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Proof. Arguing as in [2], we lﬁrst choose P*c H (f) and Qe H, (f)
so that E,(f) = ||P*—0Q%| and repeating the argument of [5], p. 153, and
applying property (4) in Theorem 1 we obtain

w(f; 0) S 0 (P¥;0)+7,(QF ;8)+ 24 2 cmax(l, Sp)kry (PE—QF; 9)+2*E,(f)
for 0 <6 < 2n. By Proposition 2,

I(P¥ —Q¥)ll < 2nc max(1, S, PX—Qxll.
Applying Theorem 2, we obtain

* . 4cd * v 8n025
Tl(Pn—Qnaé)\_—.W“(P Qn)” = ¢((3)/6 max(l Sln)E (f)
for 0 < 0 < 2r. Hence
k+5 3k - -
Wlf3 0) < (P )+ (QF )+ s max(l, ShInE,(N)+ 2 Ey(f)

for 0 <8 < 2n. Taking 0 < & < 4n/n with n > 2, we thus obtain

7,3

1(f; 6) < T (P¥; ) +1,(QF; 5)+§m)75

max (1, $3,)+ 1}2*En(f).

Now, denoting
Uo(x) = P (x)—P§(x), U,(x) = P}, (x)—P*,,_1(x), v2>1

we get easily

( 2n 5) z Tk(Uv; 6)

But, by Theorem 2 and Proposition v;,O
w(U,; 0) < %%%55* NUPll < I_Ck_g(_;st)f_’)(gah 252% c*max (1, S5 U,
for 0 < & < 2r. Hence, similarly as in [2], we have
T(Ph 6)\2k”+;'(‘(3‘)3/,;") x(1, S0 }: 21U,
< O max(1, 800t Eal)+ 5, 2 Epees (1)

and analogously,

2k+1ck+1k(3+k)
1—®(5)/kd

Q3 9 < max(1, )8 {Eo(N+ T 2 Epp- 1 ()
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for 0 <6 < 2n. Hence
(0 < o)+ Y 2y (N} +¢22En(f)
v=1

for 0 <3 <4n/2™, m = 1, where

K2k (3 4k 23k
= 1. sk =
‘1 —oeyke el 82, e =175

max (1, S3,)+1.

But (see [2])

P, (f)< 2% 222 T E, (.
Hence
w(f;0) < e *{Eo(f)+2°E  (f)+2* zé—j: #LE ()} +
+0,2E,(f) S ¢y 0% 22! zmgo_l A+ E ()4 2XEu(f)

for 0 <d<4n/2", m=1,2,...
Taking any index n > 1 there is an m such that 2"~! < n < 2™ Let us
put in the last inequality 6 = 4n/2™; then

o (f; 2n/n) < 5 (f; 202" Y < 7 (f; 9)

23k+3ck+1k(3+k) 4kﬂk am—1_1 .
< k -1
1—(15(2""”7:)/k2""+2nmax(l’sz") i vgo (v+1*LE (N)+

23k . .
+%1—<15(2_’"+2n)/2"”+21t max (1, S2n)+1}2 E,.(f).
But
®(9)/0 < for 0 << 2nm,
whence

-m+2 -m+2
1_1 (2 ) S 1_«15(2 )

S —_——2=21-9
k 27 mt2p 2—mt2 .
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for m=1, 2,... Hence

23k+3 k1 34k k k n—1
u(f;zn—n)< 1_‘9( * ) (l Sk, z (v+1FLE () +

7 3
+%—21—__—kmax(1 S,,)+l}2" ()

max(1, S,

2 T R,

< {25k+3Ck+1(3+k)nk+2k+8c3k2)
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