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Existence of solutions of first order partial
differential-functional equations

Assume that a function f of the variables (x, y, z, u, q), where y
= (Piy eeey Vo) U=(Uyg, ..., Up) 4 =(qy1, ---» ), is defined on I' = {(x, y, z, u,
q): xe[0, a), y, geR", ze R, uc R™}, a > 0. (R* is the k-dimensional Euclidean
space.) Suppose that « is a function of class C' on Q, = {(x, y): x&(po, 0],
ye R"), where p, <O (in particular, it may be py = —o0). Let Cl[0,a) be a
set of all functions which are of class C!' on Q,u([0, a)x R") and are
identical with o on Q,. Let V;: C![0,a)— C.[0,a), i=1,...,m For an
element ze CL[0, a) we define (Vz)(x, y) = ((V1 2)(x, y)s --s (Vp2)(x, ) and
Zy(xa y) = (zyl (xa Y), tety Zyn(x’ Y))

In this note we shall deal with the Cauchy problem for the non-linear
partial differential-functional equation of the first order

(1) Zx(x, Y) =f(x’ Y, z(x, y), (VZ)(X, y)a zy(xa y))a
Z(X, y)=°¢(x, y) fOl’ (xs _V)GQ()-

The paper of Myshkis and Slopak [7] initiated investigations of first
order partial differential-functional equations. At the present moment there
exists a numerous literature on this subject. Detailed bibliographical
information can be found in [2], [4]. The problems of existence of solutions
were considered by many authors and under various assumptions. Certain
types of differential-integral equations were considered in [11]. In papers [2],
[4] the method of successive approximations in considered for partial
equations with a retarded argument. A plobal existence of solutions of
certain non-linear class of differential-functional equations was investigated
in [9], [10]). Generalized solutions of an initial-boundary value problem for
an almost linear equation were investigated in [1].

In this paper we consider the problem of the global existence and
estimations of the existence domain for non-linear differential-functional
equations. This will be a generalization of the results published in [2], [4],
[11]. As a special case we shall obtain theorems on the existence of solutions
for equations with a retarded argument and for differential-integral
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equations. Our results are obtained by using the method of successive
approximations.

I. Notations and assumptions. Let 4 = {x, y;, ..., V,}, 4 = {X, Y1, -+, V>
Z, Ugy vy Ups G1s --es 4q}. We introduce
" ASSUMPTION H,. Suppose that:
1° the function f of the variables (x, y, z, u, q) is of class C? on I' and

there exists a constant A4 such that |f(x, v, z, u, )] < A on I' and for 7, ned
we have

2 (X, y,z,u, 9l <A, |fy(x, 9, 2,u,9 <A onl,

(f, is the first order partial derivative of f with respect to , ted, Jen 1 the
second derivative);

2° the initial function « of the variables (x, y) is of class C? on Q, and for
s, ted we have

1

Q) lag(x, Y < B, log(x, | <B on Q

and |x(0, y)) < B for yeR"

Let @ = [0, a) x R". For ze C! [0, a) we denote by z|; the restriction of
the function z to the set (. Let C2[0, a) be a set of all functions ze C. [0, a)
which are of class C? on Q, U @ and such that z|5 and the derivatives z,|3,
Zyle Zadas Zmld Zyple b J= 1, ..., n, are bounded on £2.

Suppose that v is a function of the variables (x, y) defined on Q. If v is
of class C? on @, then we denote

(Dov)(x, y) = v(x, y),  (Div)(x, ) =0, (x, ), i=1,...,n,
(D;jv)(x, y) = Di(D;v)(x, ), i,j=0,1,...,n.

If v is bounded on @, then for £e(0, a] we define

oo, == sup fo(x, y).
(x,)€[0,) x R"

AssumpTION H,. Suppose that

1° Vi: C1[0,a)> Cl[0,a), i=1,...,m and if zeC2?[0, a), then
V,zeC2[0,a), i=1, ..., m;

2° there exist constants L, >0, i =1, ..., m, such that if z, Ze C} [0, a)
and [|z—Z]|;o, is bounded, then

(4) ||I/lz_ I/i’z‘-'"[O,x) < l‘i“z—‘z-”[o,x): XE(O, a]s i= 1’ cee, m,
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3° there exist constants CY, i =0,1,2, j=1,..., m, such that

(3) ”Di(VjZ)”[o,x)
< Cg)+C(f)||z||[0,x)+C({) Z ”DkZH[O,x)s xe(0,a], i=0,1,...,n,
k=0

j=1 ..., m

for each ze C2[0, a);
4° there exist constants E, k=0,1,2,3,i=1,..., m such that for
ze C2[0, a), xe(0, a] we have

(6)  IDy; (Vi 2llo,x
sE((;‘)+E(1k)||Z”[0,x)+E(2k) z ||DlZ“[o,x)+E(3k) Z “DerH[o,x)a
=0 Lr=0
L,j=0,1,..,n k=1,...,m.

Remark 1. It follows from (4) that V, i =1, ..., m, satisfy the fol-
lowing Volterra condition: if z,ZeC![0,a) and z(& 7)=Z(E, 7 for
&, Mel0, x) xR, then (V2)(x, y) =(V;D)(x, y), i=1,...,m.

AssumpTioN Hj. Suppose that the consistency conditions

2,(0, ) =£(0, y, 2(0, y), (Va)(0, y), a,(0, y)),

0
axx(oa y) = E;f(xa y, Z(x’ y)’ (VZ)(X’ y)s Zy(x5 )’))

z(x,y) = a(x,y)
x=0

are satisfied for ye R".
We adopt the following notations:

L

It
™M

L, C:Z CP, C=1+Y CP+(1+n) Z cY,

1 i=1 i=1

i

i=1

ty

VT

i

EP, E=)Y EP+(1+n Y E9+(1+n?* )Y EY,
i=1 i=1 =1

1
p=max{[1+C)*+1+EJ/?*, 1+C+3EC™!},
c=e[A(C+n p+B(C+n)] ', 0<e<l.

Let functions 4 and [ be defined by

A(x) =[B+(1+C)C exp(ACx)—(1+C)C™ 1,

B+pA{p+B(C+n)]x
—A(C+n)[p+B(C+n)]x

t

H(x) =1
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and
F=max(A(c), fi(c)), N=A[1+C+F(C-1)]1*+A(E+FE),

1 log3
O0<g<—1 4+
T<N Og[ +2n(1+B(1+n))]
Let Q =[0, b)xR", where b = min(a, c, §).
Let us define a sequence {z*) by the relations:
z® is an arbitrary function such that «'® defined by

Z9(x,y) for (x, y)e,

(0) = :

is of class C? on Q,uUQ and

”Z(O)”(o,x) < A(x), || D; Z(O)“[o,x) < A(x),
“Dijz(O)H[O.x) ‘<\ [I(X), laj = 07 1’ -y N, XE(O, b]

If z® is a known function, then z**1 is a solution of the initial problem
(9 z(x, ) =FP(x, y, 2(x, 3), z,(x, »)),  z(0,y) =w(), yek,
where

(100 F¥(x,y,2,9)=f(x,y, 2, (u9)(x, 1), q), o) =a0,))

and

2W(x, y) for (x, y)eQ,

(11) uO e 3) = {a(x,y) for (x, )€ 2.

II. The existence of the sequence of successive approximations.

LemMA 1. If Assumptions H(—H; are satisfied, then for an arbitrary index
k, z® is defined and is of class C* on Q and for (x, y)eQ, k=0,1,2, ..., we
have

(12) ”Diz(k)”[o,x) S )'(X)’ i = 0’ 1’ ey N,
(13) ”Dijz(k)”{o,x) < f(x), i,j=0,1,...,n

Proof. It follows from (7), (8) that z{ satisfies all the conditions of our
lemma. Suppose that Lemma 1 is true for a certain fixed k. Let us consider
the Cauchy problem (9), where F*® and w are defined by (10). Since

12%l;0,5 < A(x) for x€(0, b} then we obtain by (12), (13) and by Assumptions
H,, H, ‘that

(14) F¥(x,y,z, 9l <N, |F®(x,y,z,9f <N on T,
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where 7, 7€ {X, Y15 -+ Ymr 2> G1» ---» 4u} and ' = [0, b)) x R"*'*". From As-
sumption H; and from (14) it follows that there exists a solution z** 1 of (9).
This solution is defined and is of class C? on & = [0, b)x R", where b
= min(b, §) (see [5], Chapter II). Since b = b, we have & = Q.

Now we prove that for xe(0, b]

(15) 1D, 2% Moy S A(x), i=0,1,...,n.

Let T, ={(x,y): xe[0, b), lyl <n—Ax, i=1,...,n}, where 4b<n and
for a certain fixed i, 0 < i < n, §(x, y) = (D;z** "), . In virtue of hypotheses
of our lemma we obtain that the differential inequality

5, (x, Y S AL +[50x, PI+CHEC-DA(x)]+4 .; 2,0, W, (%, YeT,

and the initial inequality |#(0, y)| < B for (0, y)e T, are satisfied. This implies,
by comparison theorems for partial differential inequalities (see [6], Chapter
9; [81, Chapter 7) that [#(x, y)| < Z(x) for (x, y)e T,, where Z is the solution
of the initial problem

v'(x) =A[1+v(x)+C+(C-1)4i(x)], v(0)=B.
Since 1(x) = A(x) for xe[O0, b) then we have the estimation
(16) D 2%V (x, I < A(x), i=0,1,...,n,

for (x. y)e T,. Because for each point (x, y)e Q there exists a n > 0 such that
(x, y)e T,, then we haye (16) on Q. Since A is monotone, we have, because of
relations (16), inequality (15).

Now we prove that

(17) ID;;z** Vo, < A(x), 1,j=0,1,...,n, xe(0, b].
First we shall prove that
(18) |Z(y'§y+jl’(X, V<X, iLj=1,...,mn,
for (x, y)e T(bo, 1), where
Tibo, 1) = {(x, ¥): x€[0, bol, Iyl <n—Ax, i=1,....n}

and 0 <b, < b, Ab < y.
Consider the functions

§ 1
(19 vP(x, y, ) = L[ (% y+u =25 0 )], =1,

where 7, =(0,...,0,1,0, ..., 0), 1 standing on the i-th place.

5 — Prace Matematyczne 25.2
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We will prove (18) using theorems on differential inequalities. First we
prove that

200 1&"(x, y, h)

SA[+C+Ci(x)+ Z [0 (x, y, B)|] x
I=1
x[14+C+Ca(x)+ Y. WP (x, y, b +(h)]+
=1

+A(E+ER())+ AW (x, p, Hl+4 3 107 (x, y, b,
=1

) (xs y)e T(bO’ ’7),
where 4 is a continuous and non-negative function and

Q1) lim & (h) =

h—-0

Substituting z** Y (x, y) and z**V(x, y+1; h) into (9) and differentiating
the identities thus obtained with respect to y; we get

22) P (x, p, W< I [F3(Q¥ (x, y+1.h) = F{?(Q¥(x, y))]'+

+ L LF9(Q¥(x, y+5, 1)~ F9 (@ (x, )]

25,7 P (x, y+ 1)+
+[FE Q% (x, ) 10 (x, y, )+

+ lgl % [Fg;) (Q(k) (x, y+71; h)) — F‘(I’;) (Q(k) (x, y))]

|25 D (x, y+1, b)) +

+I_Z [Fg (@ (x, »)| 1052 (x, v, h)l,

where Q¥ (x, y) = (x, y, 247V (x, y), 25V (x, y)).
In virtue of Assumptions H,, H, and (12) we have for ¢(ed

1
(23) bj[f{(P"" (5, v+ W) —fe (P9 (x, )]

<41 +C_+C/1(x)+l_z1 [v® (x, y, W],
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These estimates, together with (10) and (12), (13) lead to the inequalities
24) | [F® (0% (x, y+7 1)~ F% (0% (x, )]

< A[1+C+CA(0)+ z 0 (x, y, W] [1+C+(C—1)A(x)]+

+AE+EAX), j=1,...,n

It follows from (19) that there exists a continuous and non-negative function
do such that

(25) lim 84 (h) =
h—0
and

(26)

!J= 9"',n’

285D (x, 9 < 109 (x, y, )l +3o(h),
[0 (x, y, h)| < ]zg’:;rjn(x, V) +8o(h),

for (x, y)e T(bo, n).

The inequality 4(x) < fi(x) for xe [0, b) together with (22)+(24), (26) lead
to the differential inequalities (20) with & (h) = nd, (h).

Since {v99(0, y, h)| < B+3d4(h) for (0, y)e T(by, 1), then from (20) and by
comparison theorems for partial inequalities it follows that for
(x, y)e T(by, n) we have

(27) [ (x, y, Bl <aFP(x), i, j=1,...,n,
where the functions @?, i, j=1,..., n, satisfy the system of differential

ij o
equations

(28)  wjj(x)=A[1+C+Ca(x)+ Z": uy (x)][14+C+Ch(x)+
=1

+Y g+ (W] + A(E+ER()+ Auy(d),  ij=1, ..,
=1

and the initial conditions
(29) u;(0) = B+5o(h), i,j=1,...,n.

Let @;, i, j=1,..., n, be a solution of (28), (29) with 6(h) =0, do(h) = 0. It
follows from (21), (25) that

(30) lim & (x) = i;;(x), i, j=1,...,n,
h—-0

uniformly with respect to xe[0, by]. In virtue of (19), (27), (30) we get,
making h in (27) tend to zero,

@1 25,V (6, W < @y(x),  (x, Y)eTbo, 1), B,j=1,...,n.
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Since
i;(x) < AP+ CR(X) +nig;(x)1%,  i,j=1,...,n, xe[0, b),

we obtain #;;(x) < #(x) for xe[0, b), i, j=1, ..., n, where @ is a solution of
the initial problem

w(x) = A[P+C(x)+nu(x)}*>, u(0)=B.

In view of it (x) = ji(x) for xe [0, b) we have (18) for (x, y)e T(bo, n). For each
point (x, y)e Q we can choose by, n so large that (x, y)e T(bo, 1) and 0 < b,
< b, Ab < n, therefore inequalities (18) are satisfied on £2.

In a similar way we can prove that

(32) &V IS A, 125V IS Ax),  i=1,.,n,

for (x, y)eQ. Since i is monotone on [0, b)) we get from (18), (32) the
estimation (17).
Now we obtain Lemma 1 by induction.

III. The convergence of the sequences {z*}, {zV}, {z{¥}. We define

M = sup |20(x, »)—f(x, y, 29(x, y), (W) (x, y), 27 (x, ).

(x,y)ef2 "
S = ALe".

LEmMma 2. If Assumptions H,—H; are satisfied, then

M (Sx)k+ 1

ﬂall—)" (x,y)eQ, k=0,1,2,...

(33) l125+D — 200, <

Proof. In virtue of assumptions of our lemma we have for k =0

1Z0(x, y) —2P(x, pI < 4120 (x, )~ 2O(x, Y]+ M+
+ 2 1320, —=22(x, ), (x, e T,
ji=1

20(0, y)=2(0,y) =0 for (0, YeT,,

where the set T, is defined in II. Hence, by comparison theorems for partial
inequalities we get

<

M Sx

34 1 () < —(ef*—1) < —
(34) (27 (x, )=z (x, y)| (e®*=1) YTAT

A

for (x, y)e T,. Since n is arbitrary, we have (34) on Q and, as a consequence,
we get (33) for k=0.
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Suppose now that for a certain fixed k > 1
M (Sx)*
AL k!~

It follows from Assumptions H,, H, and from (35) that the function
Z*+ D 20 gatisfies the differential inequality

(35) 129 =2 Pllpo,5 < (x, y)eQ.

ZETV(x, )= 2P (x, Y < 4125 (x, ) — 29 (x, y) +

+M(SX)k+AZ":lZ(k+”(x )—z® (x, y)| (x, YeT,
k! j=1 yj ’y yj 9y b 9y ne

and the initial condition
2510, y)-z®(0,y) =0 for (0, y)eT,.
These estimates and comparison theorems lead to the inequality

1Z¥*V(x, p)—z%(x, Y S v (%),  (x, y)eT,

where
MS [ Ax (Ax)? (Ax)*
T s TR TR T |
In view of
M (Sx)k—‘Ll
wt < e X2
we get
M (Sx)k+1
3 k+1) — ) < —

for (x, y)e T,. Since # is arbitrary, we have (36) on 2, and as a consequence,
we get _

M (Sx k+ 1

AL (k+1)!"

“Z(k Th— Z(k)l I[O,x) <

Now, we obtain Lemma 2 by induction.

LemMma 3. If Assumptions H,—~Hj are satisfied, then the sequences |z
and {z®) are uniformly convergent on Q.

Proof. It follows from Lemma 1 that
ID; z¥ 00y <7, 1Dy zWjio,p) < F,
i,j=0,1,...,n, k=0,1,2,...

These estimates and Lemma 2 imply Lemma 3.
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IV. Theorems on the existence of solutions. Lemmas 1-3 imply

TueoreM 1. If Assumptions H,—H; are satisfied, then there exists on  a
solution Z of the Cauchy problem (1). The sequence {z®) defined by (T)~(11)
and the sequences of partial derivatives {2}, {z\V} are uniformly convergent on
Q to the solution z and its derivatives Zz,, z, respectively.

Remark 2. If Assumptions H,—H; are satisfied, then the Cauchy
problem (1) admits at most one solution on [0, a) x R". The uniqueness of the
solution follows from [3] (see also [12], [13]).

The initial problem mentioned above is such that the initial set Q, is the
n+ 1-dimensional zone (py, 0] x R and the initial function a is a function of
n+ 1 variables. We shall now consider a Cauchy problem for partial differen-
tial-functional equations with the initial set of the form Qo =l(x,y): x
=0, yeR"]. The initial function a, is a function of n variables.

THEOREM 2. Suppose that

1° the function f satisfies condition 1° of Assumption H,,

2 V: C'[0,a)—» C'[0,a),i=1, ..., m, where C'[0, a) is the set of all
function which are of class C* on [0, a) x R",

3 if ze C? [0, a), then V;ze C*[0, a), i =1, ..., m, where C?[0, a) is the
set of all functions z which are of class C* on [0, a)xR" and z and the
derivatives z,, z,, Zyy, Zayr Zyiyjs i,j=1,...,n, are bounded on [0, a) x R",

4° conditions (4), (5), (6) from Assumption H, are satisfied for z,
Ze C'[0, a) and for ze C*[0, a) respectively,

5° the initial function aq is of class C* on R" and there exists a constant B
such that |a(y)| < B, |, (y) < B,

locyl.yj(y)l <B for yeR' and i,j=1,...,n.

Under these assumptions there exists on the set Q defined in 1 a solution
of the initial problem

BT z(x, ) =f(x, yz(x, y), (V2)(x, y), 7,(x, ),
20, y) =0 (y), yeR"
The proof of this theorem is similar to the proof of Theorem 1.

V. Some modifications of the existence theorem. In this section we give
a theorem on the existence of solutions of (1) in the case where operators
V,,i=1,..., m satisfy Assumption H, for C9 =0, E{» =0, j=1, ..., m.
We do not assume in this case that f and «|,., are bounded.

AssumpTioN H}. Suppose that functions f and « are of class C? on I" and
Q,, respectively, and satisfy (2), (3).

Let C2[0, a) be the set of all functions ze C} [0, a) which are of class
C? on QouQ and such that the derivatives z g, z,l3, Zxlar Zola Zyy o
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i,j=1,...,n are bounded on Q. Let T(by, n), 0 < by <a, Aa <, be the
set defined in II. For a function z continuous on [0, a) x R we define
[zlpgn = sup  lz(x, y)l.
(x,y)eTbg,M)

AssumptioN Hj. Suppose that

1°V: CH0,a)— Cl[0,a), i=1,...,m and if zeC2[0,a), then
VizeC:[0,a), i=1,...,m,

2° for each i=1,...,m 0<by<a, n> Aa, there exists a constant
17" such that

bo.n)
Viz= V¥, Byoy < L 2= 2y s

3° there exist constants CY', CY, j=1,...,m such that for each
ze C2[0, a) we have estimations (5) for C{" =0, j=1,..., m,

4° there exist constants EY, EY, EY, j=1,...,m such that for
ze C2[0, a), xe(0, a] we have inequalities (6) with. E¥ =0, k=1, ..., m.

TueorReM 3. Suppose that Assumptions Hy, Hy, H; are satisfied. Then
there exists on Q a solution Z of (1) (the set Q is defined in 1 with C{’ = EY’
=0,j=1, ..., m). In an arbitrary closed and bounded domain contained in Q
the sequence {z®) defined by (7}11) and the sequences {z¥}, {z%} are
uniformly convergent to the solution Z and its derivatives Z,, Z,, respectively.

Proof. The existence on Q of the sequence {z*} and relations (12), (13)
follows by induction.

We define

My, = sup |20(x, »)=f(x, y, 29 0x, y), () (x, ), 27 (x, y),

(x,y)eT(bg,n
n
— (bo.n) — Ab
L,,O’,,— Z Lo, S,,O,,, ~AL,,O,,,e .
i=1

It is easy to check that functions z%, k = 0, 1, ..., satisfy the conditions
(33)

k+1
|z*+ D _ My (SbonX)

AL, , (+D!

(x, y)e T(bo, m), k=0,1,2, ...

Z(k)lbo,n <

Relations (12), (13) and (38) imply the assertions of Theorem 3.

VI. Examples. As a particular case of (1) we obtain the initial problem
for partial differential equations with a retarded argument (see [2], [4])

(39) z,(x, Y) =f(x, y, z(x, y), z(9 (x, ¥), ¥ (x, y)), 2, (x, y)),
z(x, y) = a(x, y) for (x, y)e Q,
Where Z((P(X, y)’ l//(xa .Y)) = (Z ((P“)(X, ,V)’ 'l/(l)(x’ _V)), (RS Z((p(m, (X, y)a
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Y™ (x, y))) and @@, y@ =, ..., ¢y™), i=1,..., m are given functions.
Remark 3. If :
1° o® and y® i=1,...,m are of class C on [0, a)xR" and p,
<oWx,y)<x, i=1,...,m, for (x, y)e[0, a) x R,
2° there exist constants C{, E{¥ such that

IDj q)(i)(x’ ,V)l, IDj l//(ik)(xa y)l < C(Zi)’ (x, y)E[O, a) XRna
j=0,1,...,n,i=1,....om, k=1,...,n,
and
1D (x, Y, 1Dy (x, Y < EP,  (x, y)e[0, a) xR,
i=1,...,m j,1=0,1,..,n k=1,...,n,

then Assumption H, is satisfied for
(Vi)(x, ) = z(9P(x, y), Y@ (x, p)), i=1,...,m,

with L; =1, C® =0, C{ =0, EY =0, E{ = 0, EY = (CY)>.

The second example concerns partial differential-integral equations.
For = (io, My, ..., ty) Where g, =0 or y; =1, we define I, = [i: p; =1}
and |I,| = po+py + ... +p,. Suppose that ®, y®: [0, a) x R* - R's! where
oW = (o), ..., o), YW =L, .., Y) and 0<ip<ip <...<{<n
{9, iy, ..., ik€l,. For (£,n)e[0,a) x R" we define u(&,n) =(uo&, M5 -- -5 tntn)-
Let 1-pu=(1—-po, 1-py,...,1=p,) and (A=, 0 =(1-po)d,
(1=p) Ny, ..., (1—p,)n,). Suppose that

/idfdrl={j€d""l .. dn, ?f Oel,, 11 ike{ﬂ, |
r’lodnll ..‘d'hk lfO_Iu, 10, ll""’lkelu'

We define an operator V, in the following way

v (#)(x,)
Vax = [ 2 n+(1—p(x, y)pdédy.

o#)(x,y)

JudZdn is the |1 4/-dimensional Riemann integral with respect to the variables
& Migs -5 My 1f Oy, iy, ..., el, and it is the integral with respect to

Nigs -+ s My I O 1, g, iy, ..., kel,.
Consider the Cauchy problem for a differential-integral equation
z.(x, ) = (%, ¥, 2(x, ), (VB) (X, y), 2,(x, ¥)),
Z(X, y) = a(x, y) fOI' (xa y)EQO3
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where VZ=(VI1,‘..,1)Z, V(0,1,...,1)Z, V(l,'o,l,...,l)Z, cevs Vix,._.,1,0)2, V(o,o,l,...,x)Z,

v Vinn1,00025 -5 ‘/(1,0,...,0)2)- )
We shall use the following notations. If «® = (¥, ..., af) and i,
iy, ..., jgel,, then for i;el, we define

Gy _ ). w . w . . ()
[T o =af o L) o)
jelu

If [1,}]>1 and i, i,el,, then

i) ) __ ). W . w . w . [ I
IT af =o)L g et o
jslu

We introduce
AssumptioN H,. Suppose that

1° the functions @™, Y®: [0, a)x R*— R are of class C?> and
Po < O (x, y) < X, po <Y (x, ) < x, (x, y)e[0, @) x R,

2° there exist constants d®, d{”, d$ such that for (x, y)e [0, a) x R" we
0 1 2

have

Il W,y —ox, ) < g,
u

> 1% W (x, y)— o (x, yi < df?

kelu jGI

and for [I,| > 1
ST W (e 9= o (x, ) <,

kel jélu

3° there exist constants ¢, ¢4 such that for (x, y)e[0, a) x R" we have

IDk(p(”)(xs Y)L |Dklll(u)(x y)‘ ”)’ jEI“, k= Oa 1, .oy 1
and

IDkl(P(”)(x Y)I IDkldI(u)(x7 y)l < d(Zu)a jel;u k? I = 0, 1, <oy B

Now we have the following

LemMma 4. If Assumption H, is satisfied, then the integral operators V,
satisfy the following conditions:

1° V,: Ci[0,a) > CL[0, a) and if ze C2[0, a), then V,ze C*[0, a),
2 if z, Ze CL [0, a) and ||lz—Z|j0.x is bounded for xe(0, a], then

1Vez—=ViZllo,0 < d6” l|z~ 20,
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3° if ze C; [0, a) and ||zllj0,x)> IDizZll0,x, i =0, 1, ..., n, are bounded for
xe(0, a], then

n
I1D; V, zllo,x < dg) Z IIDiZI'[O,x)+2d(1u) c‘l“’||z||[0,x),
i=0

4 if ze C2[0, a), xe(0, al, then for i, k=0, 1, ..., n we have

n

n
I1D;; VuZ“[o,x)SESM”ZH[o,x)‘*‘E(z") Z HDIZ”[o,x)+E(3”) Z 1Dy 2ll;o,x)
1=0

Lr=0
where
E(lu) —_ 2d(1") c‘z“)+4d(2") (c(lu))2’ E(z“) — 2d(1") c(lu)+ 2d(1u) W C(lu),

EY =4d¥, ¥ =max(1, c{).

We omit the simple proof of this lemma.
Remark 4. The results obtained in this paper can be extended to
hyperbolic systems of the form

2D(x, y) =fP(x, y, z(x, y), (V2)(x, y), 29 (x, ), i1 "
29(x, y) =a®(x, y) for (x, y)e(po, 0] x R", e

where z =(z,, ..., z,), Vze=Viz, ..., Viz).
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