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Existence of solutions of first order partial 
differential-functional equations

Assume that a function / of the variables (x, y, z, u, q), where y 
=  0>i, - У„), u =  {uu  . . . ,  mJ ,  q = { q u  •••, is defined on Г  =  |(x, y, z, u,
q): x e [0 ,  a), y, q e R n, z e R , ueR T }, a >  0. (/?* is the fc-dimensional Euclidean 
space.) Suppose that a is a function of class C 1 on Q0 =  {(x, y): x e (p 0, 0], 
yeÆ"}, where p0 < 0 (in particular, it may be p0 = — go). Let C\ [0, a) be a 
set of all functions which are of class C 1 on Q0 u  ([0, a) x /Г) and are 
identical with a on Q0. Let V{: C\ [0, a)-> Ci [0, a), i — 1, . . . ,  m. For an 
element z g C  ̂ [0, a) we define (Vz)(x, у) =  ((К!2)(х, у), . . . ,  (Vmz)(x, у)) and 
zy ( x , y) = ( z y i ( x ,  y), . . . ,  Zy|)( x ,  y)).

In this note we shall deal with the Cauchy problem for the non-linear 
partial differential-functional equation of the first order

/|\ zx(x, у) = = У ( х ,  y, z ( x ,  y), (k^)(x, y), Zy(x, y)),
z (x, y) =  a(x , y) for (x, y )eO 0.

The paper of Myshkis and Slopak [7] initiated investigations of first 
order partial differential-functional equations. At the present moment there 
exists a numerous literature on this subject. Detailed bibliographical 
information can be found in [2], [4]. The problems of existence of solutions 
were considered by many authors and under various assumptions. Certain 
types of differential-integral equations were considered in [11]. In papers [2], 
[4] the method of successive approximations in considered for partial 
equations with a retarded argument. A global existence of solutions of 
certain non-linear class of differential-functional equations was investigated 
in [9], [10]. Generalized solutions of an initial-boundary value problem for 
an almost linear equation were investigated in [1].

In this paper we consider the problem of the global existence and 
estimations of the existence domain for non-linear differential-functional 
equations. This will be a generalization of the results published in [2], [4], 
[11]. As a special case we shall obtain theorems on the existence of solutions 
for equations with a retarded argument and for differential-integral
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equations. Our results are obtained by using the method of successive 
approximations.

I. Notations and assumptions. Let A — {x, yl5 . . . ,  y„}, A =  {x, yl5 . . . ,  y„, 
z, uu  . . . ,  um, q lt . . . ,  qn}. We introduce 

A s s u m p t i o n  H j . Suppose that:
1° the function / of the variables (x, y, z, u, q) is of class C2 on Г  and 

there exists a constant A such that |/ (x, y, z, u, q)\ ^  A on Г  and for z, r\eA 
we have

(2) l/t(x, y, z, u, q)\ ^  A, If x„{x, y, z ,u ,  q)\^A  on Г ,

( fx is the first order partial derivative of / with respect to t, t  € A , f xn is the 
second derivative);

2° the initial function a of the variables (x, y) is of class C 2 on Q0 and for 
5 ,  teA  we have

(3) |as(x, y)j <  B, |ast(x, y)\ <  В  on 

and |a(0, y)| <  В  for  ye/?”.
Let Q =  [0, a) x /?". For z e Q 1 [0, a) we denote by z\q the restriction of 

the function z to the set Q. Let C 2 [0, a) be a set of all functions zeC \  [0, a) 
which are of class C 2 on O0 и Q and such that z\q and the derivatives zx\q, 

zxx\fi> x̂y\П’ ŷiyjIÔ’  ̂ J  •••> are bounded on Ï2.
Suppose that v is a function of the variables (x, y) defined on Q. If v is 

of class C 2 on Q, then we denote

{D0 v){x, y) =  vx(x, у), (Д т)(х , y) =  vy.(x, y), i =  1, . . . ,  n,

{Dij v) (x, y) =  Dt (Dj v) (x, y), =

If v is bounded on Q, then for £ е (0 , à] we define

IN [o,o=  SUP И*»з01-

A s s u m p t i o n  H2. Suppose that

1° Ц: Сд [0, a)-> C* [0, a), i =  1, . . . ,  m, and if' z e C 2 [0, a), then 
Ц г е € 2 {_0, a), i =  1, . . . ,  m;

2° there exist constants L, ^  0, i =  1, . . . ,  m, such that if z, zeC *  [0, a) 
and ||z —zlljo.x) is bounded, then

(4) \\Цг-ЦЩ\[0>х) ^  Ц\\г-Щ10гХ), xe (0 ,  a], i =  1, . . . ,  m,
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3° there exist constants C[J), i =  0, 1, 2, j  =  1, . . m, such that

(5) \\Di(VjZ)\\[0tX)

^ CW +  C?\\z\\l0>x) +  C f  £  ||Dkz||[0,x), x e (0 ,  a], / =  0, 1, n,
k = 0

j  =  L  • ••,

for each z e C 2 [0, a);
4° there exist constants £ k\ к =  0, 1, 2, 3, i =  1, m, such that for 

ze(?a[0 , a), x e (0 , a] we have

(6) \\Dij(VkZ)\\[o,x)

< E ^  + Ê \\z\\[0tX) +  E ^  £  \\012\\[0'Х) +  ЕЫ £  \\Dlrz\\[0>x),
1 = 0  l , r =  0

i, j  =  0, 1, n, к =  1, m.

R em a rk  1. It follows from (4) that Vh i =  l , . . . , m ,  satisfy the fol­
lowing Volterra condition: if z, z g C ^[0, a) and z (J , if) =  z (J , if) for 
(J, *7)e[0, x)xR ", then (I^z)(x, у) =  (Ц г){х , y), i =  1, m.

A ssu m pt io n  H3. Suppose that the consistency conditions

aX (0, y) = f  (0, y, a(0, y), (Fa)(0, y), <^(0, y)),

«XX (0, y) = x, y, z (x, y), (Fz)(x, y), Zy (x, У)) z(x,y) = a(x,y) 
x  — 0

are satisfied for y e /?".
We adopt the following notations:

m m  m m
L =  £  £„ C =  X  C!5>, C =  1 +  £  C ‘>+(1 +n) X  C f ,

i= 1 i= 1 i = l i= 1

E =  £  £ £ ’, £ =  £  £ ? + ( 1 + я )  X  £ ? + ( l  + n)2 2  4 ° .
/=1 i = 1 i = 1 i = 1

p =  max {[(1 + C )2 + 1  + £ ] 1/2, 1 +  C + i£ C ~ *}, 

с =  г[Л (С  +  и)(р-|-В(С4-п))] \ 0 < г < 1 .

Let functions Я and Д be defined by

Я(х) =  [B  + (l +  C )C -1 ]exp(zlCx) —(1 -bC )C _1,

В f- p A [p  +  B {C +  tiÿ\ xA(x) 1 -Л ( С  +  и)[р +  В(С  +  п)]х
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and

r =  max (2(c), Д(с)), N = A [1 +  С + т(С  —1)]2 + A (£  +  r£),

° ^ ^  log 1 +
log3

2 n ( l+ B ( l  +  n))_

Let Q =  [0, b) x R n, where b =  min (a, c, q).

Let us define a sequence {z(k)} by the relations: 
z(0) is an arbitrary function such that u(0) defined by

(7)
z(0)(x, y) for (x, y )eQ ,
z(x , y) for (x, y)GÜ0,

is of class C2 on Q0 u Q  and

llz(0)||[0,x) ^  Д*)» 
IIA ^ (0)ll[o.X) <  AW.

ИД- г(0)||[0,х) ^  Д*)»
i j  =  0, 1, n, x e (0 , b].

If z(k) is a known function, then z(k + 1) is a solution of the initial problem

(9) zx(x, y) =  F (k)(x, y, z(x , y), zy{x, y)), z(0, y) =  co(y), y e R n,

where

(10) F ik)(x, y, z, q) = / (x , y ,z ,  (Vu(k))(x, y), q), co(y) =  a(0, y) 

and

( 11)
z(k)(x, y) for (x, y) G Q, 
a(x,y) for (x, y) e Qq .

II. The existence of the sequence of successive approximations.
Lemma 1. I f  Assumptions Н ^ Н з are satisfied, then fo r  an arbitrary index 

k, z(k) is defined and is o f  class C 2 on Q and fo r  (x, y )efi, к =  0, 1, 2, we 
have

(12) 11Д*(% , * ) * и ( х ) ,  i =  0, l , . . . , » i ,

(13) \\Ои г(к% 0'Х)^  p(x), i , j  =  0, 1, n.

P ro o f. It follows from (7), (8) that z(0) satisfies all the conditions of our 
lemma. Suppose that Lemma 1 is true for a certain fixed k. Let us consider 
the Cauchy problem (9), where F (k) and со are defined by (10). Since 
l|z(k)l|[0,x) <  A(x) for x e (0 , b} then we obtain by (12), (13) and by Assumptions 
H1? H2 'that

|i*k)(x, y, z, q)I ^  N, |Fÿ(x, y, z, q)\ ^  N on f ,(14)
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where x, rje {x, y1? . . y„, z, q u  . . . ,  qn} and Г  — [0, b )x R n+1 + n. From As­
sumption H x and from (14) it follows that there exists a solution z(k+1) of (9). 
This solution is defined and is of class C2 on 0  =  [0, Б) x R", where b 
=  min(b, q) (see [5], Chapter II). Since Б = b, we have 0  — Q.

Now we prove that for x g (0, b]

(15) ЦВ^(к+1% 0>х)^ Х (х ), i =  0, 1, . . n.

Let Tn =  {(x, y): x e [0 ,  b), |y,-| ^  ц —Ax, i =  1, n}, where Ab < rj and
for a certain fixed i, 0 ^  i ^  n, v(x, y) =  (Dl z(k+1))(JC>J,). In virtue of hypotheses 
of our lemma we obtain that the differential inequality

И
|îTx(x, y )K  A[l-l-|tr(x, y)| +  C +  ( C - l ) i ( x ) ]  +  A £  !%•(*, У)1> (x, y)e7^,

j= i

and the initial inequality |£(0, y)| ^  В  for (0, y)eT ,l are satisfied. This implies, 
by comparison theorems for partial differential inequalities (see [6], Chapter 
9; [8], Chapter 7) that | y ( x ,  y)| <  X ( x )  for ( x ,  y )e  7,\, where X  is the solution 
of the initial problem

i/(x) =  А [1-И ;(х) +  С +  (С -1 )Я (х )] , v(0) =  B.

Since X ( x )  =  Я ( х )  for x g [0, b) then we have the estimation

(16) \Di z{k + 1)(x, y)\ ^  A(x), i =  0, 1 , . . . , л ,

for (x, y)e Tn. Because for each point (x, y )eQ  there exists a rj >  0 such that 
(x, y )e  Tn, then we haye (16) on Q. Since X is monotone, we have, because of 
relations (16), inequality (15).

Now we prove that

(17) \\Dijz{k+l)\\[0tX) ^  Д(х), i , j  =  0, 1, . . . ,  n, x e (0 , b'J.

First we shall prove that

(18) I z ^ x ,  у) ^  Д(х), i , j  =  1, . . . ,  n, 

for (x, y)e T(b0, rj), where

T(b0, rj)=  {(x, y): x e  [0, b0] , |y,| <  r j-A x , i =  1, . . . ,  n}

and 0 <  b0 < b, Ab <  rj.
Consider the functions

(19) V{ij)(x, y, h) = - [ z ik+1){x, y + Tih)-z(k + 1)(x, y ) ] , i,j =  1 , n,

where t£ =  (0, . . . ,  0, 1, 0, . . . ,  0), 1 standing on the i-th place.

— Prace Matematyczne 25.2
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We will prove (18) using theorems on differential inequalities. First we 
prove that

(20) № '(х ,у ,  h)\

A [1 +  С +  СД(х) +  £  |i>(i»(x, у, ВД x 
1 = 1

х [1  +  С +  СД(х) +  £  \vu‘>(x,y, h)\+S{h)] +
1= 1

П
+ A (Ë  +  Efi(x)) +  A \v{ij)(x, y, h)\ +  A ]T l i ^ x ,  y, h)|,

/= i

(* , y )e  T(b0, rj),

where Ô is a continuous and non-negative function and 

(21) lim(5(/i) =  0.
h->0

Substituting z(k+1)(x, .y) and z(k+1)(x, j- b i .  /j) into (9) and differentiating 
the identities thus obtained with respect to yj we get

(22) №>(X, y , щ  <: [F<‘ > (g '1» (x, y  + t, h)) -  F«> (e<‘> (x, y))] +

+ t [F ? (Q w (x , y +  t ,A ))-F « > (e '‘>(x, y))] ^ “ (х .у  + т ^ Ж

+ | F f (e (’‘l(x,y))|bw'(^ ,) ',  ft)l +

+ Z rl/ïfe'*’**. >'+T,/î))-F<‘,(ew(̂,г))]
i= 1

-даУ’ (Х, y +  T,A)| +

+ Z  К ’ ^ Ч х ,  у ))Н 1 \ х , y, h)\,
i= 1

where Qik){x, y) =  (x, y, z(k+1)(x, y), z$,k + 1)(x, y)).
In virtue of Assumptions H ls H2 and (12) we have for Ç eÂ

(23) [M pUl)(x ,y  +  t t h ) ) - M l* k'(x, j O)]

<  A [ l  +  C +  C2(x) +  Yj \viil){x, У, h)\],
i=i

where P<k)(x, y) =  (x, y, zik + l) (x, y), ( Vum)(x , y), z(k + 1)(x, y)).
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These estimates, together with (10) and (12), (13) lead to the inequalities

(24) У+т,Щ -Р*]{<2<»(х, y))]

s : 4 [ l + C  +  C A ( x ) +  £  |d < " > ( x ,  y, f i ) | ] [ l  +  C + ( C ~ l ) A ( x ) ]  +

1= 1
+ А(Е + ЕЦ(х) ) ,  j  =  1 ,  . . . ,  n.

It follows from (19) that there exists a continuous and non-negative function 
<50 such that

(25) lim <50 (h) =  0
h -о

and
(26) У)\ ^  \v(ij){x, y, h)\ +  30(h), . . =  j  n

\v(ij)(x, y, y)\+S0{h), ’ J

for (x, y )e  T(b0, r]).
The inequality Я(х) <  jl{x) for x e [0 ,  b) together with (22)-(24), (26) lead 

to the differential inequalities (20) with ô(h) =  nô0(h).
Since ji7<M)(0, y, h)\ ^  B + 30(h) for (0, y)e T(b0, rj), then from (20) and by 

comparison theorems for partial inequalities it follows that for 
(x, y )e  T(b0, rj) we have

(27) \v{ij)(x, y, h)I ^  uj? (*)> i, j  =  1, . . . ,  n,

where the functions i, j  =  1, n, satisfy the system of differential 
equations

П
(28) u [j (x )  — A £l +  C +  C/i(x) +  X  u,-j (x)J £l -Ь C + C/r (x) +

i= l 
n

+  X  Ua (x )  +  S(hj] +  A (E +  Ejl(x)) +  A U ijix ) ,  i , j  =  1, n,
i= l

and the initial conditions

(29) ии (0) =  B +  30(h), =

Let Uij, i, j  =  1, . . . ,  n, be a solution of (28), (29) with 3(h) =  0, 30(h) =  0. It 
follows from (21), (25) that

(30) lim й $  (x) =  üij (x), i , j  =  1, . . . ,  n ,
h-+0

uniformly with respect to x e [0 ,  60]. In virtue of (19), (27), (30) we get, 
making h in (27) tend to zero,

(31) У)\ <  йц(х), (x, y)e T(b0, rj), i , j
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Since

w;;-(x) ^  A [р +  СД(х) +  ш,7 (х)]2, i j  =  1, n, x e [0 ,  b),

we obtain йи (х) ^  iï(x) for x e [0 ,  b), i, j  =  1, n, where w is a solution of 
the initial problem

u'(x) =  A \_p +  Cfi(x) +  nu(xj]2, u(0) = B.

In view of ù(x) =  Д(х) for x e  [0, b) we have (18) for (x, y)e T{b0, rj). For each 
point (x, y ) s ü  we can choose b 0, rj so large that (x, y)e T(b0, rj) and 0 < b 0 
< b, Ab < rj, therefore inequalities (18) are satisfied on Q.

In a similar way we can prove that

(32) \z(f f  1}(x, y)\ ^  Д(х), Iz J+ ^ x , у)I ^  Д(х), i =  1, . . n,

for (x, y)eQ . Since Д is monotone on [0, b) we get from (18), (32) the 
estimation (17).

Now we obtain Lemma 1 by induction.

III. The convergence of the sequences {z(k)}, {z(xk)}, {z*,k)}. We define 

M =  sup |z(x0)(x, y ) - f ( x ,  y, z(0) (x, y), (Fu(0))(x, y), z(y0)(x, y))|,
(x,;y)ef? '

S =  A LeAb.

Lemma 2. I f  Assumptions Hi-Н з are satisfied, then

(33) 7(k + i) Лк) ll[0,x)
^ M  (Sx)k+1
^  Æ L (fc+ l)P

(x, у ) е й ,  к =  0, 1, 2, . ..

P ro o f. In virtue of assumptions of our lemma we have for к =  0 

\Â‘Hx, y) - z f ( x ,  у) I A \ /“ {x, J0-Z<°>(x, y)\ +  M +

+  Ê  № ( x ,  y ) - / r°Mx, у)I, (x, y )e  Tn, 
J = i

/ ‘ НО, у ) - / ° Н 0 ,  У) =  о for (0, y )e  Tn,

where the set Tn is defined in II. Hence, by comparison theorems for partial 
inequalities we get

(34) |z(1)(* , y ) - z (0)(x, у)I ^  ^ ( e Ax- l )  ^
A A L ll

for (x, y )eT ri. Since rj is arbitrary, we have (34) on Q and, as a consequence, 
we get (33) for к =  0.
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Suppose now that for a certain fixed к ^  1

(35) ||z(k)_ 2(k-i )||[°^) (x ,y )e Q .

It follows from Assumptions H j, H2 and from (35) that the function 
z(k+1) — z(k) satisfies the differential inequality

Izik + l) (x, y ) ~ z f { x ,  y)I ^  A|z<k + 1>(x, y ) - z {k)(x, y)| +

+  M k t  +  A ^  \zyj+ i)(x ’ y )~ zy j(x ’ У)\’ (Х’ У ) е ТП’

and the initial condition

z“ + ‘>(0, y)-z'*>(О, у) =  0 for (0, y )e  Г„.

These estimates and comparison theorems lead to the inequality

|z(k+1)(* , y )~ z {k)(x, y)\ ^  vk(x), (x, y)e T„,

where

vk (*) =
MSk
Ak + 1

_ 1 _
Ax
Т Г

(Ax)2
21

In view of

(A x f
k\

vk(x) ^
M  (Sx)k + 1 
ÆL (fc+ 1)! ’

x ^ O ,

we get

M l<VYtk+ 1
(36) |z<‘ +‘> (x ,y ) -2<‘>(x,y)|<—

for (x, y )eT tJ. Since r\ is arbitrary, we have (36) on Q, and as a consequence, 
we get

:(k+1)- z (k>||[0, ^
M  (Sx)k+1 
~AL (k +  1)!

Now, we obtain Lemma 2 by induction.
Lemma 3. I f  Assumptions Р^-Нз are satisfied, then the sequences {zik)) 

and |z<k)] are uniformly convergent on Ü.
P ro o f. It follows from Lemma 1 that

Il A  z<k)||[0,b) ^  ^  II A j z(k)|l[0,b) ^  ^ ?
i j  =  0, 1, . . . ,  n, к =  0, 1, 2, . ..  

These estimates and Lemma 2 imply Lemma 3.
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IV. Theorems on the existence of solutions. Lemmas 1-3 imply
T h eo r em  1. I f  Assumptions H j-Н з are satisfied, then there exists on Q a

solution z o f  the Cauchy problem  (1). The sequence {z(fc)} defined by (7)—(11) 
and the sequences o f  partial derivatives {z{х]), (z^) are uniformly convergent on 
Q to the solution z and its derivatives zx, zy respectively.

R em a rk  2. If Assumptions L^-Н з are satisfied, then the Cauchy 
problem (1) admits at most one solution on [0, a) x Rn. The uniqueness of the 
solution follows from [3] (see also [12], [13]).

The initial problem mentioned above is such that the initial set Q0 is the 
n +  1-dimensional zone (p0, 0] x Rn and the initial function a is a function of 
n +  1 variables. We shall now consider a Cauchy problem for partial differen­
tial-functional equations with the initial set of the form Q0 — {(x, y): x 
=  0, yeR "). The initial function a0 is a function of n variables.

T h eo r em  2. Suppose that
1° the function f  satisfies condition 1° o f  Assumption Hl5
2° V{: C 1 [0, a) -> C 1 [0, a), i =  1, . . . ,  m, where C 1 [0, a) is the set o f  all

function which are o f  class C 1 on [0, a) x Rn,
3° if  z e C 2 [0, a), then Ц г е С 2 [0, a), i — 1, . . . ,  m, where C2 [0, a) is the 

set o f  all functions z which are o f  class C 2 on [0, a) x Rn and z and the
derivatives zx, zy, zxx, zxy., zy.yj, i , j  =  1, . . . ,  n, are bounded on [0, а )х й ",

4° conditions (4), (5), (6) from  Assumption H2 are satisfied fo r  z, 
z e C 1 [0, a) and fo r  z e C 2 [0, a) respectively,

5° the initial function  a0 is o f  class C 2 on Rn and there exists a constant В 
such that |a(y)| ^  B, |ay.(y)| ^  B,

<  B f or y e Rn and i J  =  1 ,•••,«•

Under these assumptions there exists on the set Q defined in I a solution z 
o f  the initial problem

(37) zx(x, y) = / (x , y ;z {x ,  y), (Vz)(x, y), zy(x, y)),

z(0, y) =  a0(y), ye/T.

The proof of this theorem is similar to the proof of Theorem 1.

V. Some modifications of the existence theorem. In this section we give
a theorem on the existence of solutions of (1) in the case where operators 
Ц, i =  1, . . . ,  m, satisfy Assumption H2 for =  0, Ef* =  0, j  =  1, . . . ,  m. 
We do not assume in this case that / and are bounded.

A ssu m pt io n  Щ . Suppose that functions / and a are of class C 2 on Г  and 
Q0, respectively, and satisfy (2), (3).

Let C 2 [0, a) be the set of all functions zeC \  [0, a) which are of class 
C2 on I20 u Q  and such that the derivatives zx\ô , zy.|0, zxx\& zxy\ô , zy.y.\0,
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i, j  =  1, n, are bounded on Q. Let T(b0, rj), 0 <  b0 <  a, Aa <rj, be the 
set defined in II. For a function z continuous on [0, a) x Æ" we define

\Ab0,n =  SUP \z{x,y)\.
(х,у )еЦЬ0 ,п)

Assumption H^. Suppose that
1° Ц: C^O, f l)-> C i[0 , a), i =  l , . . . , m ,  and if z e Cx [ 0 , o), then 

Ц геС Ц О , a), i =  1, m,
2° for each i =  1, m, 0 < b 0 < a, rj >  Aa, there exists a constant 

^ ° ,ri) such that

3° there exist constants С(Д  С{{\ j  =  i , . . . , m ,  such that for each 
zeC % [0, a) we have estimations (5) for СУ* =  0, j  =  1, . . m,

4° there exist constants £ (Д  ЕЦ\ Е^\ j  — such that for
z eC a2 [0, a), x e (0 , a] we have inequalities (6) with.E {k) =  0, к =  1, m.

T heorem 3. Suppose that Assumptions H i, H i, H3 are satisfied. Then 
there exists on Q a solution z o f  (1) (the set Q is defined in I with С((> =  E{f  
= 0, j  =  1, . . . ,  m). In an arbitrary closed and bounded domain contained in Q 
the sequence [zw] defined by (7)—(11) and the sequences {ẑ fc>}, '\zf]} are 
uniformly convergent to the solution z and its derivatives zx, zy, respectively.

P ro o f. The existence on Q of the sequence {z(k)} and relations (12), (13) 
follows by induction.

We define

M bo>„ =  sup | 4 0) ( * ,  y ) - f ( x ,  У, z(0){x, y), ( F w (0)) ( x ,  y), z{y0){x, y))| ,
(x,y)eT(bQ,ti)

Ч м - Î  Sbo« =  ALb o , y b-
i=  1

It is easy to check that functions z(k), к =  0, 1, . . . ,  satisfy the conditions

(38)

k (k+1)- * (X ,
Мь0,„ (Sb0,^ ) k+l
ALb0,„ (k +  l)\ ’

(x, y )e  T(b0, q), к =  0, 1 , 2 , . . .

Relations (12), (13) and (38) imply the assertions of Theorem 3.

VI. Examples. As a particular case of (1) we obtain the initial problem 
for partial differential equations with a retarded argument (see [2], [4])

zx(x, У) = f ( x t У, z (x , y), z((p(x , у), ф(х, y)), zy(x, у)), 

z (x , у) =  a ( x ,  у) for (x , y ) e Q 0, 

z(q>{x,y), ф{х, у)) =  (z((pil){x, у), ф(1){х, у)), . . . ,  z((pim){x, у),where
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ф{т)(х, y))) and <p(,), фи) =  {ф(п), . . . ,  ф{,п)), i — 1, m, are given functions. 
R em a rk  3. If

1° (p(,) and ij/{l\ i =  1, m, are of class C 2 on [0, a) x /Г and p0 
< <p(,)(x, y) ^  x, i =  1, . . m, for (x, y)e [0, a) x /Г,

2° there exist constants C^, E f  such that

IDj (p{i) {x, y)|, IDj фт  (x, у)I ^  C f ,  (x, y) e  [0, a) x R",

j  =  0, 1, n, i =  1, m, fc =  1, n,

and

|D,7 <p(‘> (x, y)|, |D,., ^(tt) (x, y)| <  E f ,  (x, y) e [0, a) x R",

i =  1, m, j ,  / =  0, 1, n, к =  1, n, 

then Assumption H2 is satisfied for

( ViZ)(x, y) =  z((p(i){x, у), ф{1)(х, y)), i =  1, m,

with L, =  1, Ci? =  0, Ci0 =  0, =  0, E f  =  0, E f  =  (C f)2.
The second example concerns partial differential-integral equations.

For ц =  (po, /q, . . . ,  fin), where p, =  0 or p, =  1, we define 7M = {/: p, =  1} *
and |7J =  Po +  Ah+ ••• +  /V Suppose that <p(/i), i/^: [0, a )x IC ->  where 

= ((PiQ, • • •, ), Ф00 =  (<AS? ,  • • •, «Alf) and 0 ^  i0 < ij <  . . .  <  ik n,
i0, i i y . . . , i ke l p ‘ For (U ) e [ 0 ,f l ) x R "  we define /г(£, rç) =  (р0 £, Mi »h, •••, M „).
Let l - p  =  ( l - p 0, 1 - P i ,  . . . , 1 - / 0  and (1 -p ) (£ ,  rç) =  ((1 - p 0K ,
( l - P i ) ^ i ,  . . . ,  ( 1 - P n)^«)- Suppose that

drj =  ^*’i * i? •••>
\drii0 drjh  . . .  drjik if ft- 7„, i0, q , . . . ,  q e  7„.

We define an operator in the following way

ф№(х,у)
(KA4z)(x, y )=  j  z(p(<̂ , rç) +  ( l - p ) ( x ,  y))fid^dt].

< Р ^ ) ( Х , У )

judÇdrj is the |7J-dimensional Riemann integral with respect to the variables 
щ1, ■■■, f}ik if 0 е 7 д, q , . . . ,  iks 7Д and it is the integral with respect to

*7i0> •••’ ^ fos 1̂ » •••? ffc £ f  д ■
Consider the Cauchy problem for a differential-integral equation

z ,(x , F) =/(*> 2 (x, y), (Fz)(x, y), zy(x, y)),

z(x, y) =  a(x , y) for (x, y )eO 0,
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where Vz — Ko,i,...,i)z? ^u,o,i,...,i)z> •••» ^u,...,i,o)z> Ko,o,i,...,i)z> •••
•••» ^1 1,0,0) z ? • • ■ > ^ 1 ,0,...,0)4

We shall use the following notations. If a(M) =  (ajj\ . . ajj )̂ and i0, 
i1? h e l p ,  then for ise l M we define

Г Т ’Ч 1 =  * !?• • ■ • ‘ ^  ,*s— 1 ■ 1  • лГ\ •.*s+ 1
■ otS4  •• “ •* *

J€lH

I f  141 >  1 and  is, then

n " v , l = (f  =  < ) • 1  - «!<*>,ls+ 1
• <y0*>••• * 1 ,- ! ■ 1 •% + i

We introduce

A ssu m pt io n  H4. Suppose that

1° the functions (p(fl), ф{ц): [0, a) x Æ" -> are of class C2 and 
Po <  <Pio(x, У) ^  x, Po <  «Aio (x, y) ^  x, (x, y)e [0, a) x Я",

2° there exist constants 4 4  4 4  d{̂  such that for (x, y )e [0 , a) xR" we

have

П  № У °(х, y ) - ( p f { x ,  y )I ^  4 4
J eIH

X Пik) (*> у) - <pf (x, y)i  ̂4 10
Ш ц jel^

and for \1ЦI >  1

Z  П ( M  ( * >  у) - ч>Т( * » y)\ ^  4 4
k,lelЦ jel^

3° there exist constants 4 4  с(2д) such that for (x, y )e [0 , u) x JÎ" we have

\Dk <pf (x, y)\, IDk i j / f  (x, y)| ^  4 4  j e 4 , к =  0, 1, . . . ,  n, 

and

IAuPj^ x , y ) | ,  y)| ^  4 4  7'е/д, к, 1 =  0 , 1 , . . . ,  n.

Now we have the following
L em m a  4. I f  Assumption H4 is satisfied, then the integral operators Уц 

satisfy the following conditions:
1° V f [ 0 ,4  -> C\ [0, a) and i f  z e C 2 [0, a), then V^zeC2 [0 , a),
2° i f  z, z e C la [_0, a) and \\z — z||t0>X) IS bounded fo r  x e (0 , a], then

l l * i z - * i z ll[0,x) <  ^ l l z - z l k o , , ) ,
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3° i f  z e C\ [0, a) and ||z||[0jJC), ||Az||[0>JC), i =  0, 1, n, are bounded fo r  
x e (0 , à], then

1И>Лг||[0 л <<№ t  IIAz||lo,„ + 2d(1“, <;ri|z||[o.«,
i=0

4° i f  z e  C'a [0, a), x e  (0, a], then fo r  i, к =  0, 1, . . . ,  n we have

IIAj УцА\[0,х) ^ £ </i)||z||[0>X) + £ (ii) t  ||A^llfO,x) + ̂ ) t  WDlrZ\\[0,x),
1 = 0  l,r =  0

where

Е\ц) =  2 d f ] c f  +  4 d f ] (c^ )2, E f  =  2 d f  c{f  +  2 d f  e{fl) c f\

E f  =  d($\ e(fl) =  m ax(l, c^ ).

We omit the simple proof of this lemma.
R em a rk  4. The results obtained in this paper can be extended to 

hyperbolic systems of the form

T) = f m(x, У, z(x , y), (Vz)(x, y), z f  (x, y)), 
z{i)(x, y) =  a(0(x, y) for (x, y )e (p 0, 0] x Rn, 1 ’ w’

where z =  (zl5 zM), Vz -  {Vxz, Vkz).
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