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1. Introduction. The aim of this paper is to prove a generalization of the
interpolation inequality and the Poincaré inequality in the case of the spaces
H™P(Q) with mixed norm. The results contain some of the results from [1],
(51, [7]. Other results on this problem can be found in [4], for bibliography
and results see also [3], p. 236.

2. The index i runs through 1, ..., n, unless otherwise stated. Let R be
the set of real numbers and k; > 0 an integer, 1 < p; < 0, 4, = 0. In the
following we shall use vector notations, i.e, X =(Xy, ..., X,), P = (P15 ---» Pu)s
etc. Let ©; be an open, connected, bounded subset of the real Euclidean
space R, Let Q= P Q, 0= P Q, R"= P R* The measure means

i=1 i=1 i=1
always Lebesgue measure. To simplify the notation we shall write, for
example,

fIfeldx = [ ... [ If(ldx, ...dx,,
o 2,

2

[ 1f P dx =S = [--(] 1f " dx,)?" dx, . ]V dx,,
bs? 2

2y

! 2 irdx = [ [ (] % 1567 dx, 27 dx, .. 1771 dx,,

b2 i 2, 0, 0 i=1
N " 1 n
Let ll= Y I, ¥ k=N, x*=xi"1... x{'k,. Let D'f(x) denote the strong
i=1 i=1

derivative of the function f(x) and let
Mf(x
D'f(x) =——~l——f—(—)~— if |I|>0, D'f(x)=f(x) if 1=0.
oxih... a;q;;i’,,
DeriniTioN. The set ©; < R" is said to have the cone property if there

exists a finite cone C' (the intersection of an open ball in R centered at the
origin with a set of the form

{Ax;: >0, xiGRki, [x; =yl <ri},
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where r; > 0 and y; is a fixed point in R, |yl > r) such that every point
x;€ Q; is the vertex of a finite cone Cf, congruent to ' and contained in ;.

DEerFiNITION. We say that Q; has the restricted cone property if 0€; has a
locally finite open covering {O}} and corresponding cones {C} with vertices
at the origin and the property that x;+C} c @, for x;eQ;n0}.

For example of the sets satisfying above definitions see, among others
[3], p. 118, [6], p. 300.

Let E5(R") denote the set containing all restrictions to Q of the
functions in C®(R"). We apply in this paper the definition of the space L?(Q)
with mixed norm from [2].

Derinrion. We say that fe H™P(L) if and only if fe I7(Q) and there
exxsts a sequence {f,'%%, < E5(R"), such that for arbitrary « = (a,, ..., ay),

Z o; < m, (D*f,)X, is a Cauchy sequence in IP(Q), lim || f,—f]| = 0.

LP()
n— o0

The space H™P(Q) is identified with the class of functions fe I7(Q),
which have the strong derivative of order up to m.
The expression

3 Y n
(1) I lmoy = | 2 1D 55} !

is a norm in H™P(Q).

By H}?(Q) we shall denote the subset of H™? () consisting of functions
having compact support contained in €.

We shall apply the next four inequalities given for scalar p. They are
simple generalizations of Theorem 3.1 and its conclusions [1], p. 17-19, for
p; = 2 for their simplicity we omit the proofs.

If fe H*?(a, b), then

b
(2 [If'(x)Fdx
b b
S22 N p+ )P pTP(b—a)7P [ |f (X)IPdx+2P(b—a)? [ |f" (x)|Pdx.
IffeHz”(a b) and if 0 <¢ <1, then

) Hf ()|Pdx < Cy(a, b, p) fe™! flf(X)l"dx+£ flf”(X)I”dX}-

b b
@ 1S <8b—a)! [If()dx+(b—a) [If"(x)dx

for every fe H*!(a, b),
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b b
(5) "X < Cafa, b)[e™" [If(ldx+e f1f"(x) dx

for every fe H*'(a, b), 0 <e < 1

The notations and some parts of the proofs are analogous to those of
Theorem 3.2 and Lemma 7.3 in [1], for the sake of completeness we outline
these results here.

3. THeoreM 1. Let Q; be a bounded, open set with the restricted cone
property; then there exists a constant c3(p, ), such that for fe H*?(Q)

S UD SN < Cafe 3 DA 1% oo AN,

la]=1 el =2

Jor every 0 <e< 1.

Proof. Let {0}} and {C}} be the covering of 02; and the set of
corresponding cones, respectively, as guaranteed by the restricted cone
property. Since €; is bounded, {O}} is finite. Let 4} denote the height of C},
and let h; = minhkj. Let {0} be a finite open covering of 0€; with spheres
(07"} whose dlameters are less than h;/2. Let {0} be the collection of all sets
of the form O} = O 1 0"; to any set 0j assign the cone Cj = Of. Then {0},
\Ci) is a covering of 09, together with the set of corresponding cones as in
the definition of the restricted cone property, and {O% has the additional

property that the diameter of O} d(Oj') < hi. Let {0’ be a finite collection of
cubes such that Q;,— U 0 c UQJ, UQJ c Q, UQJ is open, U Q, is compact,

and edges of each cube o) are parallel to the coordinate axes in the space
RY. Let us notice that Q,— UQJ c UQJ and Q; (U 0j) = U N 0. Let &

be a unit vector which is a posmve multiple of some vectojr in the cone Cj.

We shall give an inequality for the directional derivative in the direction
of ¢;; we must be sure that the domain of integration is connected along each
parallel to &;. Let us introduce the set

Qgi = {x,-: X; =yi+ti€i’ y,-EQ,'f\O}, Og L < h;}

Then (Q; N O)) ch‘ c Q,, by the cone property. It is easy to see that
the intersection with Qé' of any line parallel to &; is either void or is a line
segment of length 4, h‘ < d; < 2K Let D¢; be the operation of differentiation
in the direction of ¢;. If vis a functlon in Q, let us define (v); by (v); =v in
Q) xQ,x ... x, xQ ix Qi1 X . xQu=A;, (V);=0 in P/ 1R — A;.
Let L, te a line in the direction ¢&; passing through a point eR‘
Consxder a cube Q) = @ <xt <bi), s=1,..., k, Qi = R" For every
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s=1,..., k; we have by (3)
s b b% o
(6) JIDLf1%dx, < Cule | ID3 f17dxi+e™ | 11" dx],
i f az 4

i

a
s s s
i=1,..., n. If we write the above inequality for i = 1 and integrating on the
rest edges of the cube Q] we get
1 2 -
[ 1D f170dxg < Cule [ IDc1 fI7 dxi+e7 " [ 1f17 dx]].
I ot s o1
J J J
Then, sucessively, we sum up on s=1, ..., k;, sum up on j and, taking
into account that UQJ = Q,,

f ZID L fIP dxE < CL[E [ IDL fIP dxt+e7t | |17 dxl].
2 ° 2

stl
J

Rising up both sides of this ineq‘uality to the power p,/p;-,, integrating with
respect to x; on ; for i = 2, ..., n and next applying for its right-hand side
the Minkowski inequality for mixed norm we get

) j[ ] ( f z ID f|p1 dxl)"Z/PI dx, ]pn/p,,_lan
@ 2 ye} =1
j Ky
<Csfe [ ) ID; 1fl"dx+g*1 f If17dx).
p2 s=1

From observation concerning {f.', (V); and from (6) we have for i = 1

[ (D ]I dsy < Ce e f I(DZ, f)jlds, +&™! f I(N;17 dsy }-

Ly, Ly Lyy
Letting y, in k; —1 dimensional space R k1= orthogonal to &, integrating
both sides of the last inequality with respect to y,, taking into account that
Q,n0} <@ 1 =@, and summing on j, we get

[ D NP dxy < Cofe | UDE N} dxy+e71 [ (N} 17 dx, .
U ﬁojl) 2 2

J
Repeating the procedure with the above inequality as we did before
inequality (7), we get

[ L [ (] 1D 1™ dx, )" dx, -.-]Mpn_ dx,

2 &

< C;ie [ IDE flPdx+e™! | |fIPdx}.
24 p9?

Let {&, ..., &} be linearly independent set of vectors, each of which is a
positive multiple of some vector in the cone Cj. Then the inequality above
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holds for &, s =1, ..., k;. Since any differentiation operator can be written
as a linear combination of Dgi y oo Dék it follows on adding that for i = 1

(8) f [ I I Z ,D 1flpl dxl)lem dx ]p"/p”_ldxn

22 021 5=1
<C e | z IDi1 flPdx+e™" [ |fIPdx).
p2 s=1 s »2
From (7) and (8) it follows

ky
©) [ Y D1 fIPdx < Cg e | Z IDg1 f1Pdx+e”! y |fIPdx}.
p2 s=1 s b2 s=1
Then we want to get the above inequality but for derivatives of variables
from R* Let us write inequality (5) for the variable x2, where s = 1, ..., k,,
QJ la < x < bsz} D

b2 b2
s s
(10) IDy2f1 < Co fe [ D22 fldx2+e7" | |fldx?}.
s a2 s a
s s

Rising up both sides of this inequality to the power p,, applying the fact
(a+b)"t < 2°1(d"* +b"Y), integrating with respect to x, on ,, taking power
1/p, and applying, for the both parts of the right-hand side, the generalized
Minkowski inequality, see (10), [3], p. 22, we get

([ 1D52 /17 dxy) "™

2

b2 b2
<2 e ] (] D22 [ dx)! " dxi+e [ ([ 117 dx,)'"" dx?).
a 24 s ag 1

Rising up both sides of this inequality to the power p,, applying the Holder
inequality to every component of the right-hand side, integrating with respect
to x2 on (a2, b?), we get

b2

[ D,z /17 dxy )7 dx
2

2

»2
< 22 Co (b2 — a2 {6 [ ([ D32 f17 dx, )" dx} +
bsz as2 2
o772 ([ 117 dx, )27 dxE.

2 Q
ag 1

Now we integrate both sides of this inequality on the rest of edges of the
cube Q2  k,—1 times, next we sum on s=1,...,k,,
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apply simple inequality for sums and then we sum over j. Hence

f (j Z |D zf‘pl )pzlm dx2
UQZ 21 s=1
J ka
<Cpole™ [ ([ X ID: 2 f17 dx, 2" dx, +
UQ2 2 s= 1
i

+e 72 [ (] 1f 1" dx, )PP dx,).
uej 1
J
Rising up both sides of the above inequality to the power p,/p;_,, integrating
with respect to x; suitably on Q; for i =3, ..., n, with |JQ} = Q,, we have
j

an i Jry(f Z D52 S dy )7 dxs ] P dx,
2, Q3 UQ2 0 s=1

131
<Cy {e™ | X DIz flPdx+e ™ [ |fIPdx).
s b2

pf2 s=1

We know, by introducing notations, that (10) holds in the direction ézesz

(D, NI < Cyy fe | (DZ, f)ds,+e™ 1 | (f)ds,).

Ly, Ly,

Repeating to this inequality the procedure mentioned immediately after (10)
we get

[ I (DL, S} dx, ]!

<200 {e [ [] WL NH" dx ] des+e™ [ [ ] KNA™ dxi]"™ dea).

Ly2 (o]} y2 fo)
Proceeding analogously as we did with inequality (10) but integrating with
respect to £, on L,, we get

| [ [ (DLYZI" dx, 7" dg,

V2 2

<G e [ L1105 DA™ dx, " deae ™ [ LI dx, ] de,}.

Ly2 2

Letting y, vary in k,—1 dimensional space orthogonal to ¢,, integrating
the last inequality with respect to y,, taking into account that
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Q,n0%c Qf.z < 2, and then summing over j we get

[ (f z ID; 2" dx, 271 dx,
szuo2 2 s=1

j ko

SCuisfe™ [ ([ X IDe2fI™ dy )" dxp e [ ([ 1f17 dx,)' ™ dxy).

Q2 @1 s=1 Q2 2

Repeating the procedure written immediately before inequality (7) for i
=3, ..., n, then applying the Minkowski inequality for mixed norm to the
components of the right-hand side and taking into account the
considerations described just before (8) but for i =2 we have

R N | ZtszV"dx Y dx, . ] dx,

2 23 anUQ2 01 s=1

J ko
< Cule™ [ Y IDf2flPdx+e” ™ | |fIPdx}.
s »2

p2 s=1

It follows from (11) and (12), considering that ¢ is arbitrary

(13 Z ngsz”dx Cisie | Z ngzf [Pdx+¢~! J' | f1Pdx}.

p2 s=1 p2 s=1
We get, after repeating the described process, n of the inequah’ties of the type
(11) and n of the inequalities of the type (12), and from these suitable n
inequalities of the type (13). Summing the last ones over i for i =1, ..., n we ‘
get !

n n k;

Y > IDsi f1Pdx < Crofe Y | ¥ IDGif1Pdx-+e™! ] I} |

i=1 0 s=1 i=1 pQ s=1

At last if we apply for the left- and right-hand side of the above
inequality the generalizations of the two next inequalities

A+b < (a+b) <29(a?+bY) for g>1 and 27%a?+b9
<(a+byf<al+b? for 6<g<l,
we get the thesis.
Reasoning analogously as in [1], p. 24, we can get by induction

THEOREM 2. Let €, be a bounded, open set with the restricted cone
property and 0 <¢ < 1. If fe H™P(Q) for some m=2, 1 <j<m—1, then

14 ¥ D [l < Cin e X D Sl 5 +e 115

la|=j laj=m

Wwhere Cy; = Cy;(m, p, Q).
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4. We give here the generalization of so-called Poincaré inequality
from [1].

DeriniTION. We say that ©; has bounded width < d; if and only if there
exists a line such that each line parallel to I, intersects in a set whose
diameter is not greater than d;.

THeoreM 3. If Q; has bounded width < d,, then

(15)
2 |Daf|pdx}”p" S Cis(n, p,m, Qa7 Y |f ID“f]”dx}llp",
la| =j »$2 lal=m b0

for every fe H3?(Q), 0<j< m—1, d = maxd;,, C,5 = C4(n, m, p, Q).

Proof. Let [; be a line parallel to /; and assume that x? and x?+g¢; are
points of /; N Q; such that I n Q; is contained in the segment bétween x? and
x?+q;. By defining f to vanish outside ;, we can assume fe Hy?P(RV).

Let g(t) =f(x?, ..., X1, x?+(tiQi)/Iqil’tx;p+l’ ...» Xp); then g(0) = O for

every t;=0, i=1,...,n, and hence ¢g(t;) = j g' (7)) dr; and

d.

(16) lg (t)] < f lg’ ()l dv; < f lg’ (o)l dt;.
By the Holder inequality,
lg@” < ([ g’ @l dr)" <d™" | lg'(t)" dt,.
0 -~ oo

Integrating both sides of the above inequality with respect to t;e(— 00, + o0)
we get

+ o dj +®

| lg (&)™ dt; = (j; lg @)™ dt; < d; _f lg’ (21" dt;.

Now express jl f(x)"*dx, as an iterated 1ntegral with one of the

integrations taken in the direction of ;. From the above inequality for i = 1
it follows
+
F IS dxy = | ( j |f1"dly)doy < I (@' | D} fI"dly)dey,
2 I —wo 1 - ®
where 2, is the k; —1 dimensional space with the axes orthogonal to each
other andtol,.The D} , Jis the directional derxvatlve of the function fin the space

R" w1thk fixed variabless x,eR“  i=2,..,n so that
1
ID{ I <Y IDy1 I and from the two above inequalities we get
i=1 '
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[ dxy <di* f Z lelfl"l dx, .

(o] 2y i=1

Rising up both sides of this inequality to the power p,/p;,_;, integrating
suitably with respect to x; over €, for i = 2, ..., n and then rising up to the
power 1/p, we have

(fIf (IPdx} " <dy | f Z DL f17 ).
bQ b!?l 1
From (16) it follows for i =1 that
dz

If1 < j D1, fdl,,

where. D, fis the dlrectlonal derivative of the function fin the space R*? with
fixed varlables x;eR *2 i=1,3, ..., n. The above inequality we rise up to the

power p,, integrate w1th respect to x; on Q,, rise up to the power 1/p,, and
hence

(Jurmae)™ <[] ( ;, 1D}, f 1) dx, ],

Applying to the right-hand side of this inequality the Minkowski inequality
(10), {31, p. 22, next applying the Holder inequality, rising up to the power p,

and integrating both sides of the obtained inequality with respect to tzesz,
we get

+ a2

§ (] a2y = [ (11" )2 ey
o 0 o
+ a0
<dy? f(f IDzlzflpl dxl)pzlm dt,.
—o 21

Now express [ ([ |f17dx,) 2Pt gy, as an iterated integral with one of the
Q2 2
integrations taken in the dlrectlon of I,. From the above inequality and from

the fact that |Df, f|”* < Z D, 2 fIP* it follows that

ky
[ 1P dx, Y2 dx, <d3? [ (f X Iszflpldx Y dx,.
2 & 2 1 i=1

Rising up both sides of the above inequality to the power p,/p;_,, integrating
suitably with respect to x; over Q; successively for i =3, ...,-n and rising up
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to the power 1/p, we get

k2
1/ 1 1/
(JL1Pdx) "< dy (] 3 IDea fIPdx} ™
b9 b2 i=1 !

Repeating this procedure with the function f and its derivatives in the spaces
R*, ..., R*™ we get n integrals of the form

kj
1/p, . 1 1/py .
(17) CflPdx) < d Y Dy f1Pdx) T =1,
3] pi=1 !
Summing over j we get
k:
1 n 1 “ 2 1 1/ n
(J1fPdx} ™<= Y di L[ Y IDeg f1Pdx}
»Q2 n j=1 2 i=1 !

If we set d = maxd;, j=1,...,n, then
f Pax )P < C Q d 0 1D f|Pdx 1 MPn
([ 1f1Pdx} "< Cio(p, Q= 3, [ [ ID*f|Pdx} ™.
p2 laj=1 p0
Applying this inequality to D,f, we have
y d
(] 1D 1P dx} ™ < Coo(p, Q)= % [ [ ID*(D*f)7dx} ™
o) Ni=1 p0

Summing over k, k=1, ..., N,

S (] I Pdx} < Cay(n, p, d T (] DR}

la]=1 pQ la|=2 pQ
Proceeding in this manner

S [0 Pdx}< Con(n p, @) Y L] DN}

la]=j p0 lal=j+1 R0

for 0 <j<m—1, hence (15) follows.

References .

[1] S. Agmon, Lectures on elliptic boundary value problems, Van Nostrand, Princeton 1965.

[2] A. Benedek and R. Panzone, The spaces I with mixed norm, Duke Math. J. 28 (1961),
301-324.

[3] O.V.Besov, V. P.ITin, S. M. Nikolskii, Integral representations and imbedding theorems,

, Izdat. Nauka, Moscow 1975.

[4] S. Campanato, Maggiorazioni interpolatorie negli spazi H}*?(€), Ann. Mat. Pura Appl. 75
(1967), 261-276. '



Interpolation inequalities with mixed norm 237

[5] E. Gagliardo, Ulteriori proprieta di alcune classi di funzioni in piu variabili, Ricerche Mat.
18 (1959), 24-51.

[6] A. Kufner, O. John, S. Fucik, Functions spaces, Czechoslovak Academy of Sciences,
Prague 1977.

[71 L. Nirenberg, On elliptic partial differential equations, 1I, Ann. Sci. Norm. Sup. Pisa 13
(1959), 123-131.

INSTYTUT MATEMATYKI UNIWERSYTETU im. A. MICKIEWICZA, POZNAN

4 — Prace Matematyczne 25.2



