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An application of modular spaces 
to approximation problems, II

Let (Q, I ,  ц) denote a space with a finite and complete measure 
H, defined on Z, a <7-algebra of subsets of the set Q Ф 0 , ц{й) > 0, Qn(t, x): 
Q x X - *  <0, oo) for n = 1, 2, ... and x e X  — a space of functions x: Q 
-*■ < — oo, oo )  which are Z-measurable and almost everywhere finite, where 
x = у iff x(t) = y(t) almost everywhere.

Let us assume:
(a) Q„(t, x) is a pseudomodular in X for all t e Q  and for every

n = 1, 2,
(b) Qn(t, x) is measurable and almost everywhere finite with respect to t 

for every x e T  and every n — 1, 2,
(c) if for n = 1 ,2 , . . . ,  gn(t, x) =  0 for almost all t, then x = 0,
(d) if x, yeX ,  |x(r)| ^  |_y(t)| almost everywhere in Q, then for n 

=  1, 2, ... ,  Q „ ( t ,  x) ^  £„(f, y) almost everywhere in Q.
Let

£«*(*)= J Q„(t, x)d/i, Qs(x)=  £  4  ч
J 2" l + e„(x)
n

q s is a modular in X. Let

X^s =  [ x e L  (?*(Ях)->0 for Я->0] .

We say that a sequence (p„) preserve constants if Q„{t, c) = c for every 
t e Q  and for every c ^  0, n — 1 ,2 , . . .

We say that a sequence (p„) preservs constants uniformly approximately if

V 3 3 V V V \Qn{ t , c ) - c \< 8 ,
e > 0  N =  N(e) c Z O  n > N  teQ\(2e

where QseZ, fi(Qe) =  0.
The pseudomodular q „ is called ф„-convex in X if there exists Q% c  Q,
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£2°еГ, = 0, such that for every x , y e X  and t e Q \Q °

Qn(t, xx + Py) <  ф„(ос)д„и, х) + ф„(р)д„^, У)

for ot, P ^  0, ol + P = \, ф„: <0, 1> -> <0, 1>, фп (т) ^  t for те<0, 1>.
The sequence (g„) of фп-convex pseudomodulars in X, n = 1, 2, is 

called singular at the point x e X ^ ,  if

V V { Qm{t, аф„(1/Ь)[д„(-, b (x+- x + (•))) +
a > 0 , b ^ l  m =  1,2 ,. . . q

+ Qn(‘, b ( x . - x - {’)))]} d p -+ 0
with n -> x .

Let for x e X
F„(t, x) = Qn(t, X + )-Q„(t, X _ ) ,

where x+ — the' positive part of x, x_ — the negative part of x.
The following theorem is true (see [4]):
Thforf.m 1. If :
(a) the sequence (g„) of ф„-convex pseudomodulars in X, n =  1 ,2 , . . . ,  

preserves constants uniformly approximately,
(b) constant functions belong to X  s,
(c) the sequence {g„) is singular at the point x e X ^ ,  

then, for every X > 0, gs [X [x( •) — F„( -, x)]] -► 0 with n -> со.
Let Q =  <0, 1), p — the Lebesgue measure, Z-tr-algebra of Lebesgue 

measurable sets in <0, 1). Let X denote the set of Г-measurable and almost 
everywhere finite functions in <0, 1), extended periodically, with period 1, 
outside <0, 1). Let K„ (n =  1, 2, ...) be functions measurable and positive 
almost everywhere in <0, 1). q> is a convex ^-function and <p-1 is the 
function inverse to q> for и ^  0.

We define the following sequences of functionals:
i

(A) e„(t, x) =  ф ^ о Г 1 (j K„{u)Fo(p(\x(u + t)l)du},
о

where n = 1 ,2 , . . . ,  fe<0, 1), x e X ,  F(u) =  eu — 1 for и ^  0,
i

lim J K„(u)du =  1,
n-* oo 0

1
(B) g„(t, x) =  cp~1 [J K„{u)<p(\x(u + t)\)du},

0

where n =  1 ,2 , . . . ,  t e  <0, 1 ), xeX ,
i
j" K„(u)du =  1 for n = 1,2, ...
h
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For n = 1 ,2 , . . . ,  g„(f, x), where g„(t, x) is defined by formula (A) or by 
formula (B), satisfy conditions (a), (c), (d) and are measurable with respect to 
r for every x e X and every n = 1 ,2 , . . .

Sequence (A) preservs constants uniformly approximately ([4]). Sequence 
(B) preservs constants.

T h e o r e m  2. I f  for a sequence (£„) defined by (B), where q> satisfies the 
condition (A2) for large и, we have

l l
lim j  X„(i;)[j <p(b\x(v + s) — x(s)|)ds] di; =  0 
n-*~t о 0

for every b > 0 and for any x e X  s, x  >  0, then (gn) is singular at the point x. 
P ro o f  (see [2], [3]).
We prove the next
T h e o r e m  3. I f  for a sequence (q„) defined by (A), where tp satisfies the 

condition (A2) for large u, we have for G — F otp
l l

lim j  K n (r) [{ Gp(b |x ± (v + s) — x ± (s)|) ds] 1/p dv = 0
и-»00 о 0

for every p ^  1, b ^  1 and for any x e l s, then (g„) is singular at the point x.
P roo f. We shall give a sufficient condition in order that for every a > 0, 

b ^  1, m = 1 ,2 , . . .

=  K J u ) G [ a ^ M b ) x
0 0

1
x(G _1(J K„(v)G(b |x+ (u + v + t) — x+ (u + t)\)dv) +

0
1

+ G_1 (J K n(v)G(b |x_ (u + v + t) —X- (u + 1)\) dv)Jj du] dt -> 0 
о

with n oo.
Because G-1 is subadditive, we have

./„ (* )< }  G“ 1 {} Km(u)G [ 2 # , (1/6) x
0 0

1
x(G ~ 1 (j K n(v)G(b |x+ (u +  y +  f) —x+ (m + 01 )dv)J] du]dt +

0

+ ] g - 1 {) К т(и)С[2афМ Ь)х
о 0

1
x (g _1 (J K n(v)G(b |x_ (u + v + t) — x_ (w + f)|)dt;))] du]dt 

о

=  J„+ (x)  +  J ~ ( x ) .
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Since <p satisfies the condition (Лг) for large и, so for every e > 0 there 
exists a! = a'{&) > 0 such that q>(2au) ^  a'(p{u) for и ^  e. Thus, if we put 
P — La ] +1? where [a'] denotes the integer part of a', we have for
z ^  e^E) - 1

G(2aG~1(z ) )^ (2p- l )
when z ^  1, 
when 0 < z < 1.

Let
i

At =  { m g  <0, 1>: J K n(v)G(b\x+ (u + v + t) — x+ (u + t)\)dv < e*(e)— 1}, 
о

Bt = <0, l ) \ A t.

Then for every t e ( 0, 1)
l l
j  K m(u) G \2aG~1 (J K„(v) G(b\x+ (u + v + t) — x+ (n + r)|)di;)] du 
о о

l
=  J +  J ^  G(2aG~1(ev(E) — l)) J K m(u) du+ (2P—1) x

A t Bt 0
1 1

x {J /Си(м)[| K„(v)G(b\x+ (v + u + t) — x+ (u + t)\)dv]du +
0 о
1 l

+  j  Хт (м)[| K n(v)G(b\x+ (v + u + t ) - x+  (u + t)\)dv]pdu} 
о о

« G(2aG-1 («»«’-l))M + (2i’-l){J K„(u)[} Km(u)x
0 0

x G(b\x+ (v + u + t) — x+ (u + t)\)du] dv +

+ Q K.(f)(J Кт (и)G',(b |x+ (t> + u + 1) -  x + (u + t)\)duflpdvY},
0 0

where
l
J K m(u)du ^  M  for m =  1, 2, ... 
о

Let us denote

ve = G (2aG ~1 (e^£) -1 )) • M, ôe =  vt sup - — — , ce = ÔJvt .
и $  vF M

Then G~1 («) ^  ct u for и ^  ve and

j ; ( x )  JS S , + ( 2 ' - l ) c ,  J f Km(u)K.(v)x
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x(J G(b\x+ (v + u + t) — x + (u + t)\)dt)dudv + (2p — l)c£ j  {[J K n (v)x 
0 0 0 

1
x(J K m(u) Gp(b\x+ (v + u + t) —x + (u + t)\)duflp dv]p} dt 

о
l l

^  ôB + (2p—l)ceM  J K„(v)(f G(bjx+ (v + s) — x+ (s)\)ds)dv + 
о о

l l
+ (2P— l)c£M [j K n(v)(J Gp(b\x+ (u + s) —x + (s)\)dsflp dv]p ■ 

о о
The expression J~ (x) is estimated in an analogous manner.
Since 5e -> 0 with e  -*■ 0, so J n(x) -> 0 for n -► oo. Thus the sequence (gn) 

is singular at the point x e X ^ .
We say that (K n) is a singular kernel, if for every <5e(0, 1)

lim J K„(u)du — 0.
«-►00 Ô

Let us denote

ecP(*) =  J Gp(\x(t)\)dt,

X qgP= eGP(Âx)->0 with Я —> 0},

E qgP =  i x e X Q ^ : Qg p M  <  00 for еуегУ  ̂ >  °J ’GP

со p(S, Xx) =  sup [ j  Gp(A|x(u + .s) —x(s)|)ds]1/p, p ^  1, X > 0.
Ô D̂ d 0

If x e E ê p, then coGP(S, Xx) ->0 with <5 ->-0 for every p ^  1, X > 0 (see [1]).

The function x, where

n for te  A„
x(t) =

0 for fe^O, 1>\ U A„
ft — 1

ф is a (p-function, is not essentially bounded, because for every К > 0 
there exists n0 such that x(t) > К for t e A no. For every p ^  1, X > 0 we have

eGP(bc)= I  [e*Wrt- l] '
,-пф(п)

n= 1 nln  + e ' ”*™]
< 00,

when

(1)
р[ф(Х(п+1))-ф(Хп)]

ф(п+1)-ф(п)
< n+ 1 for n > N.
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Condition (1) holds for example for ij/(t) =  tq, q > 0, and n > p/.q— 1. Thus 
x e E tl  ̂ for every p ^  1.

We say an element x e X  s is strictly regular, when x e E e for every
6 GP

T h e o r e m  4 .  I f  for a sequence (£>„) defined by (A), where tp satisfies the 
condition (A2) for large u, (K n) is a singular kernel, then (gn) is singular at the 
every strictly regular element x e X  s.

P roof. For <5e(0, 1) we have
Ô 1
j K„(E)[J‘ Gp(b |x+ (i> + s) —x ± (s)|)ds]1/pdi; ^  Ma>GP(ô, b x ±), 
b b

where G = F о (p,
i
j  Kn{v)dv <  M for n = 1, 2, .. 
b

and
i i
J’ K„(t;)[j’ Gp(b\x± {v + s) —x ±{s)\)ds~\ilp dv
ô b

^  !J [G (2b|x±(s)|)]pds}1/P- j  K n(v)dv.
о ô

Thus
i i
j  K„(e)[J’ Gp(b\x± (v + s) — x ±(s)\)ds]1/pdv
b b

< MœGP(ô, ftx±)+{J [G(2b\x±(s)\)]pdsy/p } K„{v)dv.
о ô

If ô > 0 is so small that coGP(ô, bx+) < e/2M, e > 0, and n is so large
that

J K n(v)dv <\&lQGP{2bx±) Y ilp, 
ô

then
i i
j  K„(y)[J Gp(b |x ± (u + s) — x ± (s)|)ds]1/pdt; < £. 
о о

Thus (gn) is singular at the point x.
From Theorems 1 and 4 it follows
T h e o r e m  5. I f  for a sequence ( q„) defined by (A), where tp satisfies the
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condition (A2) for large u, (K„) is a singular kernel, then for every л > 0

Qs {Â [*( Fn( -, x ) ] }  ->  0  with n —» oc.

at the every strictly regular element x e X s such that Qn(t, x) is almost 
everywhere fni te with respect to t for n = 1 ,2 , . . .
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