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Boundary problems for the homogeneous iterated Helmholtz
equation in a certain unbounded domain of
the Euclidean n-space

1. The purpose of the present paper is the construction and synthesis of
solutions u of certain boundary problems for the equation

(1 (4+c¥)?u(X) =0,

where X =(x,, ..., X,) is the point in the n-dimensional Euclidean space

n
E,(n22), 4=} Dﬁi is the Laplace operator, ¢ is a positive constant,
i=1

(4+cH? (p=2,3,...,) denotes p-iterated operator A+c?, in the set
Q={X:x>0,i=1,...,n}.

We seek the solutions of the class C2? of equation (1) in Q which satisfy on
the subsets

ST ={X: =0, x>0, ke{l,...,n}\{i}} (i=1,...,n

of the boundary of Q the boundary conditions of the first (second, third)
type. To the construction of the solutions of above problems we shall use the
convenient Green functions.

The analogous problems for equation (1), where p = 1, were solved in
paper [1]. The fundamental formula for the operator (4 +c?)? was proved in
[2]. Applying results of [1], [2], we shall solve our boundary problems.

2. In this chapter applying results of [2] we shall prove some lemmas
and theorems in connection with the fundamental solution and fundamental
formula for equation (1).

Let XeE,, Y =(y,..., y)€E,. Further, let us write r=|Y-X]

n

= [ (y;—x)?* Let us consider the functions
i=1

2 U = (=1 722 (p= )] )T TP Y i (o),
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where p=1,2,...,;v=3(n—2) (n=2,3,..), Y,(s) is the Bessel function of
order s of the second kind [3]. We call function (2) a fundamental solution of
equation (1). Since

® 45 UP(r) = 4, U() = DU )+ DU,

where Ay = ). D}, 4y = ), D}; we denote the Laplace operators Ay, 4y
. =

i=1
by the symbol 4.
LemMA 1. If r > O, then the functions UP(r) given by formula (2) satisfy the
following identities

A+ U =0, A+ADUPH=U""1(r), p=23,...

i

We omit the simple proof of Lemma 1 which is based on formula (3)
and the recurrence formulas ([3], p. 111)

@ DI YMl=—r Y. (M, Y1)+ Y, () =2sr"" Y, (r).

LeMMA 2. If r > O, then the function UP(r) given by formula (2) satisfies
equation (1) and the following conditions

(5) A“U”(r)= i dj’kUj(r) (k=1,2,...,p~—1),

j=p—k
where

k ;
d;i =( .)(‘Cz}k_pﬂ G=p—k,....,p.
p—j
The simple induction proof of Lemma 2 is based on Lemma 1. Let

—k-1

© U= Y (”) A APESUPG) (=0, 1, ..., p—1),
i=0

where the function U®(r) is given by formula 2).

LemMa 3. The functions A*UP*(r)—U'(r) (k=1,...,p—1), p=2 and
the functions A2UP*(r) (q, k=1, ..., p—1; q # k) are linear combinations of
the functions Us(r) (s =2, ..., p).

Proof. If g <k, then by (6) we have

p—k—1

AU = Y (”) c¥ AP amkmim Ly (p).
i=0

Since p.+q—k—i—-1 <p+q—k—1<p-2, thus by (5) the functions

APta~k-i"1 Py are  linear  combinations of the functions

U-atk+ritley . UP(r), where —g+k+i+1>k+1—g>1.
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If g =k we have by (6)

p—k—1
AUk = Y (?)CZiAP—l—iUv(r)
i=0
p—k—1

AU+ Y (’f)cZ"AP-l'fUP(r).
i=1 M

Since p—i—1 < p—2, thus by (5) A*UP*(r)— U (r) is linear combination of
the functions U*(r) (s = 2, ..., p). The function 4* UP*(r) may be written in
the form

p—1
AU () = UPO()— Y (”) ¢ AP=i=1UP().
i=p—k M
In view of Lemma 2 we have
AUP?(r) = (A+c*P UP(r)—c?? UP(r) = —c*? UP(r).

Thus we obtain -

p—1
pk+d Up,k(r) = _c2p a1 U*(r)— Z <p> o2 gp-i—1+d U*(r)

i=p—k l

P

— _ z (1’> cH APTim IR (y)
i=p—k ‘M

ford=1,2,...; k+d<p—1.

Since p+d—1—i<p+d—1—-p+k=d+k—1<p—-2, where k+d<p—
—1; thus 4?7UP*(r), where q > k is linear combination of the functions
Us(r) s=2,..., p).

THEOREM 1. Let D be a bounded domain whose boundary we denote by S.
Let S consist of a finite number of piecewise-smooth hypersurfaces. Let u(X) be
a function of class C*? in D and of class C?*?~! in D U S satisfying equation (1)
in D. Then

pil { [D, 4*u(Y)UP*(r)— 4*u(Y) D, UP*(r)]dSy
k=0 s
0 for Xe E\(DULYS),

—u(X) for XeD,

n

where y, =n""c?27°"2 gnd U"*(r) (k=0,1,..., p—1), are given by for-
mula (6); n denotes the inward normal to S.
The proof of this theorem is similar to that of Theorem 1 in [2].

3. Let us consider the sets N=1{1,...,n}, W,=10,1,v;}, where

3 ~ Roczniki PTM ~ Prace Matematyczne XXV
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v, >0 (ieN), W=1[0,1}. Let A=W, x ... xW,, B=W x ... xW (n-times).
Consider all subsequences (v, ..., v,), k€N, of (v, ..., v,) and let 4, .
denote the subset of A\B of the form

A =Cyi(ny, ..., m)x ... xC,(nyg, ..., ny),

L ERTIY

where
{v;}  for ie{ny, ..., m},

C, = vees =
i =, ) {W for ieN\{ny, ..., m}.

Of course, we have (J A,,,.., =A\B, where the sum is taken over all
subsequences (n,, ..., n,) of (1,..., n). Let ¢, ..., e, stand for the base in
E, of the form ¢ = (e, ..., ¢,) (ie N), where ¢, =1 for i =k, ¢; =0 for
i # k (i, ke N). We identify the elements a = (a,, ..., a,) of A with the vectors
aje +...+a,e,.
Let XeE,, X, =(x}', ..., x."), where
X; for a; =0,
Xi=< —x for ¢, =1, ieN,

—x;—v; for g, =,

and lim x;" = —x; (ieN). X0, .0 = X.

v; >0

Let YeE,, r,=|Y=X,  and o, o =r =|Y-X]|. Let V(r) be a function
defined for r > 0. Let us introduce the following notations: V, = V(r,) for
acA. Let aeA,, ., (keN) and let

(7) I(V,)=02h* | Viexp[h(va + ... +v,)]dv,, ...dv,,
Ry ooy
where h is a fixed negative number,
Rup.ooomg = Oy s )3 0 20 (=1, .., K]

Let us suppose that the functions V,, ae 4, I(V,), ac A\B, are defined in a
certain non-empty set 4. We define the operation o for the elements V, and
I(V,) in the following way
VoV, =V.. for a,d’, a+d' €A,
V.ol(V,))=1(V,+s) for aeB,d'€e A\B, a+a’ € A\B,
I(V)ol(Vy)=1(V,+,) for a,d,a+aeA\B.
The operation defined in this way has the neutral element V and is

disjunctive with regard to addition of functions. The constant factor can be
placed before the sign of it. The operation o is commutative and associative.

4. We shall now define some auxiliary functions which will be helpful in
the formulation of mixed boundary problems for equation (1) and the set Q.



Boundary problems for the homogeneous iterated Helmholtz equation .35

Let us put Q; = |X: x; >0}, §; = |X: x; =0},

ST =1!X: x,=0, x,>0 for keN\[i}]], ieN, Q=QuUS{u...uS}.
Let us take into consideration the following integrals
@) HDLUH=Qh* | DxUlexplh(vy +...+v,)]dv, ...dv

R+
ny....ng

Ny

where ae 4,,, ., (ke N), « denotes the sequence («,, ..., a), Where o; >0
(i=1,...,n, D% stands for the derivative Dii D‘fc',‘l of order |af
=o;+...+a, Let N,={ieN: a; # 0}.
The following Lemma holds
LEMMA 4. 1° The integrals H(D% U?) given by formula (8) are locally
uniformly convergent at every point
(X, V)e(Q uS)xQ;; [Qx(QuS)], ieN,.

2> DY I(UR) = H(D5 U?Y) for (X, Y)eQ; x(2;US;), ieN,.

Proof. Ad 1°. Let K(X, ) be the ball with the center X =(X,, ..., X,)
and radius n > 0 contained in Q,, ie N,. Let K(Y, n;) denote the ball with
the center Y =(y,,..., J)eQ;uS; and radius u, > 0. Since by (4) the
functions D% U? are linear combinations of functions of the form

©) J(X,, Y, 0. p.5 Brses B

—(p— ~5 B
=(cru) @ p+1)y;)—p+l+s(cra)(ra) H (yjﬁxj}) J’

j=1
where s> ) B;; 5 8,=0,1,...,]al; j=1,..., n and since
j=i
razx_i—"
(10) for XeK(X,n), YeQuUS;, (Va5 > V)R, s

ra S M(v, + ... +v,)
for XeK(X,n), YeK(Y, n)n(Q2;US),
v,,SZMl (s=1,...,k),

where M, M, are certain positive constants, we get by (9), (10) and by
asymptotical properties of Bessel functions Y,_,. 4 (cr), where r - x ([3],
p. 132)

(11) (X, Y0, p, 8y Brooons B <M,
for v—p+1>0, XeK(X,n), YeQUS:, (V,), ..., v, )€R,, . and
(12 (X, Y, 0, 0,5, Bro ooy Bl < My (0g,+ o +0,) 077!

for U“p+l < 0, XEK(X9 '7)’ YEK(Ya r’l)r\(giusl’)) vns ; Ml (S = 17 “eey k),
M; (i = 2, 3) being the convenient positive constants.
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By (11), (12) we get the local uniform convergence of the integrals (8) at
every point (X, Y)eQ, x(2;US,), ie N,. The proof of local uniform conver-
gence of the integrals (8) at every point (X, Y)e(Q;uS)xQ;, ieN,, is
analogous.

2° is a consequence of 1°.

Consider the functions

Ghk = GIA(X, ) = UP 4 UL,
(13) G = GBA(X, Y) = UPK—UZk,
G4k = GBA(X, Y) = UM+ UZ* 4 1(UEY),

where k=0, 1, ..., p—1;ieN, UP* is given by formula (6). We shall prove
the following
LeEMMA 5. The functions G}’e’:‘ Gi=1,273;k=0,1,..., p—1; ie N) have
the following properties:
1° G&¥ are defined and of class C* for X#Y, (X,Y)eQ x
x(€; 0 S) [(€;US) xQ],
2° Gfe’f satisfy equation (1) as the functions of the point X, X # ¥, Xe @,
YeQ,uS,
3° (a) D, A G’l”e’; -0,
(b) 49G3~ 0,
(©) (D, +h) 49 GEE -0,
where X — X;e8;, XeQ,, Y is fixed in Q,, Y # X (ieN) (¢q=0,1,...,p—-1),
4° (a) D, 4° G{”e‘; -0,
(b) 47GgE -0,
(©) (Dy,+h)4* G5 -0,
where Y - Y,€S,, YeQ,, X is fixed in Q;, Y # X (ieN) (¢g=0,1,...,p—1).
Proof. We omit the simple case of Gj-’e’:‘ for j = 1,2 and present here the
arguments for Gé”e’;. By Lemmas 2, 4 the function Gg;,’; has properties 1°, 2°.
We shall prove that G‘;’e’: satisfies the boundary conditions 3° (c). Applying
Lemma 4 and the formula for integration by parts to the integral
D, 471(U%:), we obtain

(14) (Dy; +h) 4 G%X = D, A G‘l”e’; + ha? G’,”e’;— 2hA? Ug;"
for XeQ;, YeQ,, X # Y. By (13), (14) we get 3° (c). The proof of 4°(c) is
analogous.

Let &=1{1,2,3}x...x{1,2,3) (ntimes). Let ¢ =(p,,-..., 0,
=@ e+ ... +p,e,cP. Consider the functions

(15)  Gh*=Gr (X, Y) = Ghk, (X, Y)o...0oGh% (X, Y)
(k =Oa 1’ sees P—l),

where Gf,}';j (e N) are given by formula (13).
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LeMMA 6. The functions GB* (k =0, 1, ..., p—1), where ¢ = @, e+ ...
... +@,e,e€® have the following properties:

1° G,”,,"‘Aare defined and of the class C*® for (X, Y)eQxQ[QxQ,
(QUS)X(Q\S"), (Q\SH)x(QUSH, X # Y.
2° GP* satisfy equation (1) as functions of the point X € Q with fixed Y €,
Y # X.
3 (@) If ¢; =1, then D, A° G -0,
(b) If ¢; =2, then 4°GP* -0,
(c) If ¢; =3, then (D, +h) A* Grk >0,
where X — X,€S1, XeQ, YeQ\S}, X #Y, ieN, q,k=0,1,..., p—1.
4 (a) If ¢; =1, then A°D,, Gk -0,
(b) If @; =2, then 42°G2* - 0,
(©) If ¢; =3, then (D, +h) 41 G2* - 0,
where Y > YeS, YeQ, XeQ\S}, Y# X, ieN, g,k=0,1,...,p—1.

Proof. By (13), (15) the function G5* is the linear combination of the
functions UP* and I(UZ*), where aeB, a'e A\B. Hence by Lemma 4,
formula (6) and since UZ, ae A, satisfy equation (1) as the functions of point
XeQ, X #Y with YeQ fixed, theses 1°, 2° of our lemma follow.

In order to prove 3° we will show only that the function G2* satisfies
boundary conditions 3°a), (b), (c) for i =1. The proof that GZ* satisfies
boundary conditions 3°(a), (b), (c), where ie N\ {1}, is analogous. The
function GP* is a linear combination of the functions G5, oUP*,
Gpf oI (UgY, where b=(0,by,...,b)eB, b =(0,b), ..., b)eA, u

P1e

{nla crey nk} < N\{l}
By the definition of the operation ¢ and by Lemma 4 we obtain

.k ok .k H f
GE* oUP* = GZ¥, |,.owb  i€N\{1},
13

(1e) "1 Lo
G2k, oI (URY)
=@2h* | Ghi|x=sbiexp h[v, + ... v, ]dv,, ... dv,
S ieN\(1)

for XeQuS;, YeQ\S;.

By Lemma 4, thesis 3° of Lemma 5 and by (14) we obtain thesis 3° for
i=1,

The proof of 4° is analogous to the proof of 3°.

5. Applying formally Theorem 1, we shall present now some ready
formulas for solutions u of boundary problems for equation (1) in Q. In
construction of solutions we shall use the functions G2* (k =0, 1, ..., p—1)
and their properties presented in Lemma 6. Let y' = (yy, .+, Yic 15 Vie1s +-> V)
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be projection of Y on the hyperplane y; = 0 (ieN) identified with the (n—1)-
dimensional Euclidean space. Let D; = {y": y, >0, keN\{ 1}, ieN.
Let us consider the functions

(17) wl(X) = (=% 1y, Z [ RO DGEX(X, V)l = 0dy,

k=0 D;

where ¢ = (¢, ..., ¢,) is the fixed point of the set @, p,. =0 for ¢; =1, 3;
Po,=1for @;=2 (i =1,...,m; the functions f%() d<_o 1,...,p=1),
= 2, are given functlons deﬁned in the domain D; (j=1,...,n); 7, 1is
deﬁned in Theorem 1.
We will show that the function

n

(18) u,(X) = 3 up(X)

ji=1
is the solution of equation (1) in Q with boundary conditions
D, A%uy(X) = fily(x))  where ¢; =1,
(19) Au,(X)=f%(x) where ¢; =2,
(D, +h)A7u, (X) = f%(x)  where ¢; =3,
(q=0,1,...,p—1) for XeS/, jeN.
Consider now the following expressions:
D, 44(D;*i GL* (X, Y))lyes; for ; =1,
(20) A"(D;’J‘.”i G2 (X, Y))|yes+ for ¢; =2,
J
(D, +h) 4°(Dy%i GE*(X, Y))lyesj+ for ¢, =3,

where ¢ = (@4, ..., 0)€D, q, k=0,1,...,p—1, je N\ i}, ieN.

The following theorem holds.

THeoREM 2. The functions defined by formula (20) tend to zero as
X - X;eS", XeQ, jeN\{i}, ieN.

Proof. For the case ¢; =1, 3, Theorem 2 follows from Lemma 6.
Consider ¢; =2 and i = 1. For i # 1 and ¢; = 2 the proof is analogous. The
function GZ* is a linear combination of the functions of the form (16). To get
our thesis for i=1, ¢; =2, jeN\{1} it is sufficient to show that the
functions

D, 4D, (Gle, Up'k)|yss+a D, A"(GzeloU{,’”‘)hes,u
J

(21)
(D, +h) 49D, (GE 0 UpY)lyes+
J
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and the functions

o  Day Dy 4%(GE 0 LU vesirs Dy, 4%(GBE, 0 1 (UE s

~ (Dy, +h)D, Aq(Gk,oI(Ub" Wres+
J

where b=(0,b,,...,b,)eB, =(0,b5, ..., bp)€Au . np N5y 1y
< N\{1,j}, je N\{1}, tend to zero when X —» X,eS;}, XeQ. Let
wh-ka (r) = r 1 D, [44 Up,k] Gf""q — Wp,k.q+wp,k,q
Golt = whha—wpha,  Ggka = wrkay ypkay [(ywrka),

By Lemma 4 and definition of o we have

(23) D, AUGhf, o Up )fY€S+_(_1”“x[G”""ow”"q]]ys+

P1€]
(NPt Ap.k,
= (=" x Gpkal
x,—xss
seN' {1}
YeS;’
and
(24) D Aq(Gq;lel o I(U{;"k))‘ye,g:l—
b +1 .
= ('_1 ](2h)k ' Gglkeql b exp [h(v'll +. ]dv"l "k
Rt Xg= xS
MLty seN\{1y
YES?-

Since D, G”""—»O G”’“’—»O (Dxl+h)G”""—>O, as X > X,e8,, Xe@,,
YeQ,, Y # X (the proof is analogous as in the case of 3° of Lemma 5 for
Gpt,,) functions (21), (22) tend to zero as X — X, €Sy, XeQ.
Let || be the distance of the points ' and (0, ..., 0)eE,_, (je N).
Lemma 7. Let v—p+1 <0. If the function f;(y’) is measurable and
bounded in D; and
FIGOP~ " dy) <0 (jeN),
bj
then
1° the integrals
[ £, D§ D% G5 (X, V)|, =0y,
D;
where |a|, |fl =0, 1,2, ..., are locally uniformly convergent at every point
XeQ\S! (jeN).
2 Dy | ;) DYGL(X, Y|, =0dy = | f;(V) DY DY Go(X, Y)ly,=0dy’
)

(e N). b /



- 40 M. Filar

Proof. Ad 1°. We consider the case j = 1. For j# 1 the reasoning is
similar. By the definition of G2 and o, it is enough to show local uniform
convergence of the following integrals

I;(X) = | fi(y") D} D% ULy, o dy' for aeB,
Dy

I,(X) = jf,(y ) D& D“'I(UP)IH odyt for a'eA, .., keN

at every XeQ\S1 . By Lemma 4 we have
D{D3I(UR)=(2h* | DDy UL exp[h(v, + ... +v,)]dv,, ...dv,
R+
nl...nk

for a'e A, . ., XeQ\Sf, YeQuUST.

Let K (X, n) be a sphere with center X = (%, ..., X,)eQ\S{ and radius
n >0, K(X, n < Q,. The functions D% D{ U?, ae A, are linear combinations
of functions of the form

(25) (er) @ PV Y, (er)(r)7F H (y;—x7)",

where s> Y 755, 9,=0,1,..., o+, je N.
=1

Since
26) r,>2%—-n>0 for aeB, XeK(X,n), YeS;,
r, < Myl for aeB, XeK(X,n); y[=M, >1, y, =0,
and '
re 2% —n>0 for ded,, ., XeK(X,n), YeST,
(Ongs s Va)ERT s
(27

ro < Ma(y'l+o, + ... +v,) for ded, ... XeK(X,n),
WI=Ms>1,y,=0,0,2M,(i=1,..,k),
where M, M; (i=1, 2, 3,4) are convenient positive constants, thus by
asymptotical properties of the Bessel functions Y;(cr), as r — oo ([3], p. 132)
and by (25), we obtain
ID¥ DY U, < M|y!|~ @7 P D
for XeK(X, m, W= M,, y, =0, aeB,
(28) IDX DY U < M(ly'|+v,, v,) @Y
for XeK(X n), y'l = Ms, y, =0,
> My (=1, K, dedy

where. M; (i =5, 6) are convenient positive constants.
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It follows from assumptions of Lemma 7 and formula (28) that the
integrals I, and I, are locally uniformly convergent at the point XeQ\S; .
2° is a consequence of 1°

LEMMA 8. Let v—p+1 > 0. If the function f,(y’) is measurable in D; and
[ 109dy <o (jeN),
Dj ’

then '
1° the integrals
J

‘where |a|, |B|=0,1, 2, ..., are locally uniformly convergent at every point
XeQ\S] (jeN),

2 Dy [ ;DY GYly=0dy = [ f;(/) DY D% Glly=0dy’ (j€N).

- b bj

The proof of Lemma 8 is analogical to that of Lemma 7 and is based on
(26), (27).

LemMA 9. Let v—p+1<0, ¢ =(¢y, ..., p)eP. If the function £ ()
is measurable and bounded in D; and

[IGRONIo* P Y dy < 0 (k=0,1,..., p=1), jeN,
D; :

then :
1° the function ui given by formula (17) satisfies equation (1) in the set
Q (jeN),
2° the function ul, satisfies the following boundary conditions
D, Aul(X)=0 for XeS;' when ¢; =1, ieN\{j},
AUl (X)=0 for XeS; when ¢;=2, ieN\{j},
A%(D,+h)ul,(X) =0 for XeS;" when ¢; =3, ieN\ j},

for q=0,1,...,p—1, jeN.
Lemma 9 is an immediate consequence of Lemma 7, Theorem 2 and
thesis 2° of Lemma 6.

- Lemma 10. Let v—p+120, © = (@1, @3, .-, P )EP. If the functions
0% (k=0,1,..., p—1) are measurable in D; and

[ IfoNdy <o (k=0,1,...,p—1) (jeN),
D;

then

1° the function ué given by formula (17) satisfies equation (1) in the set
Q2 (je N);
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2° the function ul, satisfies the following boundary conditions
D, A%, (X) =0 for XeS/ when ¢; =1, ieN\{j},
A1ul(X)=0 for XeS} when ¢, =2, ieN\|j},
A"(Dxi+h)u£(X)=0 for XeS;* when ¢, =3, ieN\j},
for q=0,1,...,p—1; jeN.

Lemma 10 is an immediate consequence of Lemma 8, Theorem 2 and
thesis 2° of Lemma 6.

6. By asymptotic properties of Bessel's functions Y (r) we get the
following formulas.
If v—p+12>=0, ie, n=2p we have

U”(r):%o(r:ﬁ) for n=2p, 0<pB <1, where r -0,
O(r~"*??) for n> 2p, where r -0,
(29) Uk(r) = O@r~"* 24, where r >0 (k=1,2,..., p—1),
Uk(r) = O(1), where r-> 0 (k=1,2,..., p).
If v—p+1<0,ie, n<2p we have
Uk(r) = 0 (1) when r -0, k = E[n/2]+1, ..., p,
Uk(r) =0(* "3 when r— o, k= E[n/2]+1, ..., p,
30) UEM2(r) = O (r %) .when r—0, nis even,
UEM2 (r) = O (p~"* 2EM2))  when r — 0, nis odd,
Uk(r) =0(r "% when r -0, k=1,2,..., E[n/2]—-1,
Uk(r) = 0(1) when r— o, k=1,2,..., E[n/2].

The following relationships readily follow from (2) and (4):

U<=1(r), k=23,...p.

-1 k —_
(31) DU = 50

LEMMA 11. Let v—p+1 <0, i.e, n < 2p. If the function f;()') is measur-
able and bounded in D; and
FLAOMYIP"2dy' < e (ieN),
D;

then the integrals

LX) = [ f0DD, UA0)y0dy'  (k=2....,p)

D;
tend to zero as X — X,€S;", XeQ,

X;=(§1,...,£,*_1,0, §i+1""75€n) (léN).
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Proof. Let g; =r],,-o (ie N). Hence we have by (31)
Dy,. Uk(r)|y,-=o =x;R(@) (k=2,...,p),

where

R (@) = U (@), ieN(k=2,...,p).

2(k—1)
It follows by (30) that there exist positive numbers M; (i=1, ..., 4),

9, (i=1,2), 8, <, such that

IRi(@)l s My for 0 <g; <20,, k=E[n2]+2,..,p,

[Repmzy+1 (@) < M,(@) %, 0<p<1 for 0<yg <25,
(32) when n is even,

IRetmay+1(0)] € My(g)™'  for 0 <g; <28,, when nis odd,

|Rk(gl)| < MZ(éi)—"+2(k_l) for 0 < Qi < 2617 k = 2’ 3’ R E[n/z]’

(9 e = ther YU for 0,3 6, k= E[2]+2, ... b,
<M

>6,.
IRy (@)l for o, > 46,, k=2,3,..., E(n/2]+1.

Let K(X, d,), K(X', 26,) stand for (n— 1)-dimensional sphere with the
center X and radii J§,, 23,, respectively (i e N). Now the set D; can be
represented as a union

D;=D;;vD;,uD,;,
where
Dy =K(¥,6)0D, Dip=D\K(¥,2
D;; =[K(X, 20,)\K (¥, 0)1nD; (ieN).

We can write the integral L¥(X) in the form

(34) LX) = L5 X)+ L5 ,(X)+ Li3(X), k=2,...,p, ieN,
where ‘
Lj(X)=x [ iR (e)dy (ieN;j=1,2,3;k=2,..,p).
D;

(¥

For x'e K (%, 14,), 0 <x; <36, and y'e K(¥, 6;) we have ¢; < 20;.
Hence by (32) and assumptions of Lemma 11

B5) 1L, (X)) < xMs | £09dY, k=E[n2]1+2, ..., p
K(x,51)
(35,) LA (X)) < x; Mg | (0)7Pdy when n is even,

K(x,67)
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(353 LY NX) < x M, | (o) 'dy when n is odd,
K(%,51) ' :
(B5) 1L (DI <x Mg | (o)™ "% Vdy', k=2,...,E[n2]
K(fi,él)

for x'eK(X,$6,), 0 <x; <36, (ieN), M; (j=5,...,8) are convenient
positive constants.

If XeK(¥,4%6,), y'eD,,, then g; >3, >0 (ieN).

Hence by (33) and by assumptions of Lemma 11 we obtain

L (X)) < x; My [ 1£0/)dY, k=2,..., E[n/2]+1,

(36) Pi,2 . s
LS, (X < xMyo | 1O~ "2dy',  k=E[n2}+2,....p,
D;,>
for xXeK(X', $8,), x; >0 (ieN).
If XeK(&,15,), 0 <x; <38;, then there exist positive numbers M,
and 65, 3 > 1 such that

0; <My, |y} for X¥eK(X, 46, 0<x; <$64, Y] = 3s.

By the above evaluation we obtain on taking into account (36) and
assumptions of Lemma 11
(37 L2 (X < Myp+x Mys [ 1AGYIPT"2dy,

v
Dixi

where M; (j = 12, 13) are the convenient ‘positive constants.

If XeK(%,46,), 0<x; <%3,, y'eD,3, then 36, < ¢; <26, and by
(32), (33) and asumptions of Lemma 11, we get
(38) LS (X)) < My [ 1£091dy < Mys x;

D; 3

for k=2,...,p, XeK(¥,4$6,), 0<x; <15, (ieN), where M, (i =14, 15)
are convenient positive constants.

It follows from (34), (35), (37), (38) that LY(X)—»0 when X
- X,eS', XeQ, k=2,...,p, icN what was be proved.

In a similar way using Lemma 11 and formula (29) we obtain

LEmMMA 12. Let v—p+1=0. If the function f,(y') is measurable and
bounded in D; and

[1IONdy <o (ieN),
D;

then the functions L*(X) (k = 2, ..., p) defined in Lemma 11 tend to zero when
X —*XiES,-+, Xe (IEN).
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LemMa 13 [1]. If the function f;(y") is measurable and bounded in D; and
continuous at the point ¥eD;, | |fi(y)ldy' <o (ieN), then the function
D:

LH(X) = =2y, | i()D,, U (1)]y,=0d)f
D;
tends to f.(X) when X —» X;eS', XeQ (ieN).
LEMMA 14. Let v—p+1 <0, i.e, n < 2p. If the function f,(y') is measur-
able and bounded in D; and

[ 1GNP~ "2 dy' < oo,
D; ‘

i

then

lim [ 9Dy, Ullyody =0 for beB\{(0, ..., 0), &},
X—'iiesl.-" D;
XeQ

lim | £0dy | D, Uk|,.-o exp[h(va, + ... +v,)]dv,, ...dv, =0
X= RS b Ry et
for b €A, .m> (M1, --sm) = N\{i}, ieN, k=1,...,p.
Proof. By (2) and (31)
r~ 1D, U*(r)
oy = (CUTIRTEE I =) @ e T by e,
k=2,3,...,p,
r D, Ur) = —c2(cr)P ™" (cr) ™ Y,ya(cr).

Let K(X;, 5) be a sphere with the center at X;eS; and such radius
0 > 0 that its projection on S; is in S;" (ie N). Then there exist positive
numbers é,, M, M,, M; > 1 such that

ry =0, for XeK(X;, )n(QuUST), YeS;/,
r <Myl for XeK(X;,, 0)n(QuUS), =0, y;=> M, (jeN\i}),

b
as beB\{(O, ..., 0), ¢} (ieN) and
ry =0, for XeK(X;, )n(QuUS), YeS;,

(40)

A\

+ :
Ongs s Un) ERGLLny5

ry < M(Y|+v, + ... +v,) for XeK(X;, 0)n(QuUS),
Yi = Oa yj > Ml (]EN\{I}), vns 2 Ml’ s = ls LERE k,

as bIEAnl,....nk, {nly LREE] nk} < N\{l} (lEN)

(41
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Thus we have
ID,, Ul < x; My ly'|?="2
for Xe K(X;, 0)n(QuUS/), y;= M, (jeN\|i}),
42) D, Upl < xi Mo (¥ 40, + ... +0, )P 7"
for XeK(X;, ) n(QuUST), y;= M, (jeN\!i}),
U"s> Ml’ S = 1, ceny k,
where M, is a convenient positive constant (i€ N).
By (42) and by the assumptions of Lemma 14 we obtain Lemma 14.
LEmMMA 15. Let v—p+12>0, ie, n/2—p= 0. If the function f;(y") is
measurable and bounded in D; and | |f;(y)dy' < oo (i€ N), then
D:

im | f,())D,, Ull,,=0dy' =0 for beB\ (0, ..., 0), ¢,

X-Xest D;

XeR
im £y | D, Ubly=0 exp[h(v,, + ... +0,)]dv,, ...dv, =0
e

Jor beA, . .ms My, m) < N\li}, ieN, k=1,...,p.
The proof of Lemma 15 is similar to that of Lemma 14.

Lemma 16. Let v—p+1<0; @ =(¢y, ..., p)eP. Let f; () be the
function which is continuous and bounded in D; and let

A OMYIP 2 dy! < o0, jeN (k=0,1,...,p—1).
Dj

Under these assumptions we have
1°If ¢; =1, then
. . ; 0 for q # k,
im 7y, [ fLOA)D, 42GPY, _od =% .
X-Xjes}t ’ gjfj’k(y]) i by=odv’ fk(®)  for q=k
Xe@2
(q’ k=0a 15 [REE} P“I), jGN,
2° If @; =2, then

' j i _ )0 Jor q # k,
lim  —y, [ fA0/)D,,49GE¥, _od =% _
X—»;Trjrels.*' 7 D‘}f;k(}’l) ¥j ® IyJ ody’ fj,zk(xj) for q =k
Xe(2
(. k=0,1,..., p—1), je N.
3° If ¢; =3, then
1 ' j j 0 for q# k,
lim oy, | S0 (D, + k) 4962, _od =% _
s ? Dt]_f,,k(yf)( SN A1GEY, o dy A for g =k
Xe02

(g, k=0,1,...,p—1), jeN.
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Proof. Consider the case where j = 1. For the case j # 1, the arguments
run analogously. The function GZ* is a linear combination of functions of the
form

Gk, oUP*, b=(0,b,,..., b)eB,

“’lel

Gek, ol(URH, b =(0,b), ..., byed,

{ 1 /
vrey . lnls""nkaN\'(l}’

By Lemma 4 we obtain
43) Dy, 4GP o UpY) yesy = =D, 49(GE o UPY) yost

XeQ2 Xe?

=(Dx1+h)Aq(GseloUpk) yes{ = 2D, 44 ugy st

Xe!) XE!’

—_ qr7pk
d 2Dyl A Ub YeSr

Xel2
44) D, A“(G'{e"loI(U,‘,’f")) ves; = ——Dy1 A"(Gf,_”e"1 oI(U{,’:")) ves}
Xeg? Xe?
- (Dx1 + h Aq [G3e1 OI(Ug:k)] Yss;-
Xe2
=2(2h)* ) D, 4 Upk vesj €Xp [h(Vn; + ... +0,)]d0,, o duy,
R Xe(
nl,....nk
= -2(2h)" ! D, 4 ug* ves| €Xp [h(ve + ... +ov,)1dv,, ... dv,, .
Rt XeQ
nlu.‘"k

From (43), (44) and from Lemmas 3, 11, 13, 14 follows the conclusion of
our lemma for j = 1.

LemMma 17. Let v—p+120, ¢ =(¢y, ..., ¢, )ed. Let fJ '(y)) be a
function which is continuous and bounded in D; and

Hf {(y)dy < o, jeN, k=0,1,...,p—1L.

Under these assumptions, theses 1°, 2°, 3° of Lemma 16 are satisfied. The
proof is similar to that of Lemma 16 and it is based on formulas (43), (44)
and Lemmas 3, 12, 13, 15.

From Lemmas 7, 9 and 16 follows

THEOREM 3. Let v—p+1 <0 and let ¢ =(¢y, ..., @,) be a fixed point of
the set @. Let f5i(y') (k=0,1, ..., p—1) be functions which are continuous

and bounded in D; and

[ ZOANYIP-"2dy) < 0, jeN, k=0,1,...,p—1.
D:

Then the function u, defined by formulas (17), (18) is the solution of
equation (1) in Q with the boundary conditions (19).
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From Lemma 7, 10, 17 we get

THEOREM 4. Let v—p+1 =20 and let ¢ =(p,, ..., @,) be the fixed point
of the set ®. Let fjij(yj) (k=0,1, ..., p—1) be functions which are continuous
and bounded in D; and -

(1GNdyY <o, jeN, k=0,1,..., p—1.
Dj

Then the function u, defined by formulas (17), (18) is the solution o,
equation (1) in Q with the boundary conditions (19).
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