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Boundary problems for the homogeneous iterated Helmholtz 
equation in a certain unbounded domain of 

the Euclidean «-space

1. The purpose of the present paper is the construction and synthesis of 
solutions и of certain boundary problems for the equation

(1) (A+c2)pu(X) = 0,

where X  =  (xl5 x„) is the point in the n-dimensional Euclidean space
П

En (n ^  2), Л = Yj is the Laplace operator, c is a positive constant,
i=i

(A-hc2)p (p = 2, 3, ...,) denotes p-iterated operator A-he2, in the set 

Q =  {X: x{ > 0, i = 1, ..., n].

We seek the solutions of the class C2p of equation (1) in Q which satisfy on 
the subsets

S;+ =  {X: x, =  0, xk > 0 , k e { l ,  ... ,  n}\{/}} (i = 1, n)

of the boundary of Q the boundary conditions of the first (second, third) 
type. To the construction of the solutions of above problems we shall use the 
convenient Green functions.

The analogous problems for equation (1), where p = 1, were solved in 
paper [1]. The fundamental formula for the operator (A-hc2)p was proved in
[2] . Applying results of [1], [2], we shall solve our boundary problems.

2. In this chapter applying results of [2] we shall prove some lemmas 
and theorems in connection with the fundamental solution and fundamental 
formula for equation (1).

Let X e E n, Y =  (yl5 .. . ,  yn) e E n. Further, let us write r = \Y—X\
Г"

= Y, (y i~xi)2- Let us consider the functions

(2) Up(r) = ( - l ) p- l c2- 2p21- p[ i p - l ) i r 1(cr)~(v- p+1)Yv. p+i(crh



32 M. Filar

where p = 1, 2, v = j(n  — 2) (и =  2, 3, ...), >̂ (s) is the Bessel function of 
order s of the second kind [3]. We call function (2) a fundamental solution of 
equation (1). Since

(3) Ax U*(r) = Ay U'(r) = D*U(r) + —  D, Щг),
T

n n

where Ax = £  D2 AY = £  D2.; we denote the Laplace operators Ax , AY
i = 1 i =  1

by the symbol A.
Lemma 1. I f  r > 0, then the functions Up{r) given by formula (2) satisfy the 

following identities

(A -he2) U1 (r) = 0, (A-he2) Up(r) = Up- 1 (;r), p = 2, 3, ...

We omit the simple proof of Lemma 1 which is based on formula (3) 
and the recurrence formulas ([3], p. I l l )

(4) Z>,[>-s rs(r)]=  - r - s Ys + i (r), Ys. l (r)-hYs+l(r) = 2sr- 1 Ys(r).

Lemma 2. I f  r > 0, then the function Up{r) given by formula (2) satisfies 
equation (1) and the following conditions

p

(5) Ak U-(r)= X <tM UJ(r) (/c = 1, 2, .. -, p - 1),
j=P~k

where

II 1 -, p)-

The simple induction proof of Lemma 2 is based on Lemma 1. Let

(6) t / " »  = " £  ( r) c 2‘A<’- k- l - i U^r)  (* = 0, 1....... p - 1),
i = 0  w

where the function Up{r) is given by formula (2).
Lemma 3. The functions Ak Up,k(r) — U1 (r) (k = 1, p — 1), p >  2 and 

the functions AqUp,k(r) (q, к = 1, p — 1; q #  k) are linear combinations of 
the functions Us(r) (s = 2, . . p).

P roof. If q < k, then by (6) we have

A9 Up,k(r) =  P £  (P)  u p(r).
i=  0  ' d /

Since p-hq — k — i — l ^ p  + q — k — 1 < p — 2, thus by (5) the functions 
^ p + q - k - i - i  j j p(r) are linear combinations of the functions 
jj-q+k+i+i ^   ̂ Up{r), where — q-hk-hi+l > k + l —q > L
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If q = к we have by (6)

Ak Up’k(r) = P У c2i Up(r)
i = 0 W

= AP~1 Up(r)+ P Y  (P)  c2i Ap~1 ~i Up(r).
f=i

Since p — i — 1 ^  p — 2, thus by (5) d* Up,k(r) — U1 (r) is linear combination of 
the functions Us(r) (s = 2, p). The function Ak Up,k(r) may be written in
the form

Ak Up'k{r) =  Up,0 {r)— (P) c 2iAp- i~ 1 Up{r). 
i=p- k \ i j

In view of Lemma 2 we have

AUp'°{r)={A+c2)pUp( r ) - c 2pUp{r) = —c2p Up(r).

Thus we obtain
p — i - .

Ak+dUP’k(r) = - ^ P A * ” 1 Up{r)- Y  (Р) с 21Ар- 1' 1 +аи р(г)
i = p —к W

= -  Y  (P) c 2iAp- i- 1 +dUp(r) 
i = P - k  w

for d = 1 , 2 , k + d ^  p — 1.
Since p + d —\ — i ^  p + d —l —p + k = d + k —l ^  p — 2, where k + d ^ p  — 

— 1; thus AqUp,k(r), where q > к is linear combination of the functions 
Us(r) (s = 2, p).

Theorem 1. Let D be a bounded domain whose boundary we denote by S. 
Let S consist of a finite number of piecewise-smooth hypersurfaces. Let и (X) be 
a function of class C2p in D and of class C2p~x in D u  S satisfying equation (1) 
in D. Then

p -  l

I  j [D„Aku(Y) UPtk(r) — Aku(Y) D„ t /p’*(r)] dSY

for X e E n\ ( D u  S), 

for X e D ,

where yn = n vc2v 2 v 2 and Up,k{r) {к =  0, 1), are given by for­
mula (6); n denotes the inward normal to S.

The proof of this theorem is similar to that of Theorem 1 in [2].

3. Let us consider the sets N  =  и}, Wt = {0, 1, u,}, where

— Roczniki PTM — Prace Matematyczne XXV
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v,. > 0  ( ieN), W  = (0, 1}. Let A = Wx x ... x W„, B = W x  ... x W  (n-times).
Consider all subsequences (v„ , ... ,  v„k), k e N ,  of (vx, v„) and let ЛП1 
denote the subset of Л \В  of the form

where

A n i .........nk  = n*)x ... xC„(nb  ... ,  nk),

С, =  (nb  nk) =
i n \ (Vii
w

for i e \ n x, ..., nk}, 
for i e N \ { n x, ... ,  nk}.

Of course, we have [j An ....„k = A \ B , where the sum is taken over all
subsequences {nx, . nk) of (1, n). Let ex, e„ stand for the base in
En of the form e, =  (en , ein) (ieN),  where eik =  1 for i = k, eik =  0 for
i Ф к (i, k e N ) We identify the elements a = (dx, .. ., an) of A with the vectors
ax ex + . . +ane„.

Let X e E n, X , = ( x \ \ . . ., лп ), where

( Xj for = o,
X? = < — Xi for üi = 1, i e N ,

( — xi — Vi for at = *>i,
and lim viXi‘ = -Xi (ieN). = X.

V: -*0
Let Y e E n, ra --= \ Y - X t1 and r(0>....o, = r = \Y - X\. Let V(r) be a function

defined for r ^  0. Let us introduce the following notations: Va =  V(ra) for 
aeA.  Let aeA„t „k (k e N ) and let

(7) I(Va)=(2h)k f Va exp[h(vni+ ... +vnkf]dv4  ...dv„k,
R +

” 1......nk

where h is a fixed negative number,
K v ...,nk =  •••, ^ k); ^  0 (/ =  1, ... ,  /с)}. .

Let us suppose that the functions Va, aeA,  I(VJ, a e A \ B ,  are defined in a 
certain non-empty set A. We define the operation о for the elements J', and 
7(1^) in the following way

K ° K '  = K + a' for a> a a + a'eA,
VaoI(Va) =  I(Va + a') for aeB,  a ' e A \ B ,  a + a 'eA \B ,
I{Va)oI{Va.) =  I(Va+a.) for a, a', a + a’eA \B .

The operation defined in this way has the neutral element V and is
disjunctive with regard to addition of functions. The constant factor can be 
placed before the sign of it. The operation о is commutative and associative.

4. We shall now define some auxiliary functions which will be helpful in 
the formulation of mixed boundary problems for equation (1) and the set Q.
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Let us put Q;■ — \X: xf > 0], S, =  \ X : x, =  0},

S f  = \X: x,. =  0, xfc > 0 for keN \ \ i } } ,  i e N ,  Û = Q u  S t  u  ... u  S„+ . 

Let us take into consideration the following integrals
(8) H(ITx U S)=(2hf . J DJ U ' exp [ft (e„ , +  ... </p,t ,

R +"l—"k
where a e A n >n (keN),  a denotes the sequence (oq, a„), where af ^  0
(i = 1, n), D\  stands for the derivative Z)**. . . Dafn of order |a|
— ct1+ ... +ocn. Let Na =  {ieN: af #  0}.

The following Lemma holds
Lemma 4. 1° The integrals H(DxU%) given by formula (8) are locally 

uniformly convergent at every point

(X , Y)e{Qi u S t) x Q i; [Д- x (Ц u ЗД ,

2° Dx I(U%) = H(Dax [/£) /or (X, y)eO ,x(fi,.uS ,),
P roof. Ad 1°. Let K(X, 77) be the ball with the center X  =  (x j, . . x„) 

and radius rj > 0 contained in Oh i e N a. Let K(F, rjx) denote the ball with 
the center Ÿ = (ÿ1? у„)еЦ- u 5 ; and radius rji > 0. Since by (4) the 
functions Dax UZ are linear combinations of functions of the form

(9) J ( X a, У, 17, p, s, /?„)

J=1

where s ^  s, =  0, 1, |a|; j  = 1, n and since
./= i

(10) for X eK (X , 77), Y e Q t v S h (v4 , ..., v ^ e R * , . . . ^ ,  
ra <  M(vni+ ... +v„h)

for X e K { X ,  rj), Y e K i Z g ^ n i Q ^ S f
v„s > Mi (s = 1, k),

where M, are certain positive constants, we get by (9), (10) and by 
asymptotical properties of Bessel functions Yv- p+l+s(cr), where r -> x  ([3], 
p. 132)
(11) \J(X„ Y, v, p, s, f t , . . . ,  jM < A f2

for y - p + 1 ^ 0 ,  X e K (X ,r i ) ,  Y e Q jV  Sh {vni, ... ,  v ^ e R ^ ... „t and

(12) IJ ( X a, У, », p, s, p u  ... ,  /?„)1 < М3(!7Я1 + ... + t;„fc) - l’+p- 1

fo r i7 -p + l < 0, X eK (A , 77), УбК(У, 771) n ( ^ I.u S i),i;„s ^ M 1 (s = 1, ...,/c), 
Mi (i — 2, 3) being the convenient positive constants.
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By (11), (12) we get the local uniform convergence of the integrals (8) at 
every point (X, Ÿ)eQi x(Qi v  S^, i e N a. The proof of local uniform conver­
gence of the integrals (8) at every point (X, F)e(Q, и  S,) x Ц-, i e N a, is 
analogous.

2° is a consequence of 1°.
Consider the functions

Gf* = Gfc*(X, Y) = Up’k+ U p:k,

(13) Gf* =  G%{X, Y) = Up’k- U p:k,

Gfc* =  G?’*(X, Y) =  Up'k+ U p:k + I (Up*),

where к = 0, 1, p — 1; î e N, Up,k is given by formula (6). We shall prove 
the following

Lemma 5. The functions Gf;k (j = 1, 2, 3; к = 0, 1, p — 1; i e N ) have 
the following properties:

1° GPj ’ek are defined and of class C® for X  Ф Y, (X , Y ) e ü , x  
x (Ц- и  St) [(Ц- u  St) x Qi],

2° Gpfek. satisfy equation (1) as the functions of the point X, X  ^  Y, X e Q (, 
У еА .и  Sj,

3° (a) DXj A4 Gfg* 0,
(b) A*G$-‘ ^ 0,
(c) (Dx. + h)A<Gg.-+0,

where X  -* X;eS;, X e ü ; ,  Y is fixed in Qh Y ^  X  (ieN) (q =  0, 1 , . . . .  p — 1).
4° (a) Dy. A4 Gp{ k. -> 0,

(b) Aq G%k. -*■ 0,
(c) {Dy. + h)AqGpy k. ^  0,

where Y -* Ŷ eS,-, Y e Q it X  is fixed in £2(, Y Ф X  {ieN) (q = 0, 1, p — 1).
P roof. We omit the simple case of G^\ for j  — 1,2 and present here the 

arguments for Gf'JJ. By Lemmas 2, 4 the function G%,k. has properties Г, 2°. 
We shall prove that Gl,k. satisfies the boundary conditions 3° (c). Applying 
Lemma 4 and the formula for integration by parts to the integral 
DX. A 4 ( С/'1;*), we obtain

(14) (Dx. + h)A« G f‘ = Dx. A“ GftJ + hA« G f‘ -  2M« Gf;‘

for Xe£2,, YeQi,  X #  F. By (13), (14) we get 3° (c). The proof of 4°(c) is 
analogous.

Let Ф =  [1, 2, 3} x ... x [1, 2, 3} (n-times). Let ep =(epl5 ... ,  epn) 
=  <Pi ei + • • • +  <p„ e„ e Ф. Consider the functions

(15) GJ* =  Gp,k(X, Y) = Gpf ei (X, Y ) o . . . o G p’keJ X ,  Y)
(к =  0, 1, ... ,  p -1 ) ,

where Gp,k. ( jeN)  are given by formula (13).
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Lemma 6. The functions Gp,k (к = 0, 1, p — 1), where (p = (pl e1+ ... 
... +(рпепеФ have the following properties:

1° Gp,k are defined and of the class C00 for (X , Y)eQ xQ [Q  xQ,  
( Q v S f ) x ( Q \ S f ) ,  ( Q \ S f ) x ( Q v S ? ) f  X  Ф Y.

2° Gp,k satisfy equation (1) as functions of the point X e Q  with fixed Y eÛ, 
Y Ф X.

3° (а) / / > , =  1, then Dx.AqGp’k -^ 0,
(b) I f  щ = 2, then A 'G*k -*Q,
(c) I f  ^  = 3, then {Dx. +  h) Aq Gp,k - ,  0,

where X  - ,  X.-eS*, l e f l ,  Уе£2\5;+ , X Ф Y, ieN,  q, к = 0, 1, p — 1.
4° (a) I f  (pi = 1, then D,, GJ* - ,  0,

(b) I f  q>i = 2, then AqG%k-> 0,
(c) I f  Çi = 3, rten (D,. + /i) d* Gp/  - ,  0,

wfcere У - ,  ^eS*+, У е Д  X e £ \ S (+, У #  X, геХ , g, к = О, 1, р - 1 .

P roof. By (13), (15) the function Gp,k is the linear combination of the 
functions Up,k and I (U p;k), where aeB, a ' e A \B .  Hence by Lemma 4, 
formula (6) and since Up, aeA ,  satisfy equation (1) as the functions of point 
X eQ ,  X  Ф У with Y e Q  fixed, theses 1°, 2° of our lemma follow.

In order to prove 3° we will show only that the function Gp,k satisfies 
boundary conditions 3°(a), (b), (c) for i = 1. The proof that Gp,k satisfies 
boundary conditions 3°(a), (b), (c), where i e N \ { 1}, is analogous. The 
function Gp,k is a linear combination of the functions Gp,kei о U%,k,
G^ke io I ( U ^ k), where b = (0, b2, ... ,  bn)eB, W = (0, b'2, ..., b'n) e A 4 ... „fc,
{«!, ..., nk] <= N\{1}.

By the definition of the operation о and by Lemma 4 we obtain

ieJV \i 1},(16)

= (2h)k f G J-^J^^^ex p  h[vni+ ... +vHk]dv4  ... dv„k
ieN\{  1}>nk

for X e f i u S f ,  Y e Q \ S i  .
By Lemma 4, thesis 3° of Lemma 5 and by (14) we obtain thesis 3° for 

i =  1.
The proof of 4° is analogous to the proof of 3°.

5. Applying formally Theorem 1, we shall present now some ready 
formulas for solutions и of boundary problems for equation (1) in Q. In 
construction of solutions we shall use the functions Gp,k {к = 0, 1, . .. ,  p — 1) 
and their properties presented in Lemma 6. Let ÿ  = (у\, ... ,  у*_ i , yt + j., ... ,  y„)
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be projection of Y on the hyperplane yt = 0 (ieiV) identified with the (n— 1)- 
dimensional Euclidean space. Let Д  = { /: Ук >0> k eN \{ i } } ,  ieN.

Let us consider the functions

(17| <(A-) = ( - l ) '’V+4  I 1 S f j ' M D p G S H X ,  Y] 0 dy>,
fc= 0  Dj

where (p = {(px, ... ,  <pn) is the fixed point of the set Ф, = 0 for q>j = 1 ,3 ; 
pVj = 1 for q>j: =  2 (/ =  1, и); the functions /$ (У )  (i = 0, 1, . . p -  1),
p ^ 2 , are given functions defined in the domain Д  ( / = 1, . n); y„ is 
defined in Theorem 1.

We will show that the function

(18) M * )  = Z  ui(X)
j= 1

is the solution of equation (1) in Q with boundary conditions

DXjAqu<p(X) =fj]q(xj) where qjj =  1,

(19) Aq Uy (X) =  (xj ) where <pj = 2,
(DXj + h)Aqu(f>(X) = f?q(xj) where q>j = 3,

(q =  0, 1, p -1 )  for X e S f ,  j e N .

Consider now the following expressions:

Dx.A«(DpyJ J G f ( X ,  У ))Ц + for <p, = 1,

(20) A’ (DptJ ) G ^ ( X , Y ) % ^  for сд = 2,

U).. + A)a*(D;fJG;-‘ (A-, Г))|гй+ for <p, = 3,
J j

where <p = (</>b  <р„)еФ, q, к =  0, 1, p - 1, ieN .
The following theorem holds.
Theorem 2. The functions defined by formula (20) tend to zero as 

X - ^ X ^ S f ,  X e Q ,  j e N \ { i ] ,  ie N .
P roof. For the case <̂  = 1 ,3 , Theorem 2 follows from Lemma 6. 

Consider <pj =  2 and i =  1. For i Ф 1 and (pj =  2 the proof is analogous. The 
function G£,k is a linear combination of the functions of the form (16). To get 
our thesis for i = 1, <pj = 2, j e  N\{1}  it is sufficient to show that the 
functions

(21)
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and the functions

. DXI о/(1/£:‘) ) Ц +, ^ « (G fc *  о /(£ /£ *))Ц +,

<22) (fl,1+A)D,yJ«(Gfi‘1o / ( l / f ‘ ))|,eS + ,

where b = (0, b2, Ьи)еВ, b' = (0, ....Я() }иь л*}
c: N \ { l , j | ,  j e N \ \ \ }, tend to zero when A -^ A ^ S ^ , Ae(2. Let

Wp'**«(r) = r~ l Dr [Aq Up’kf  G ï i f  =  wp-M + w * 4
GP-M = wp,k,q_ wp,k,ĝ  QP3,k,9 = н;Р.М + И,Р.М + / (^Р,М)

By Lemma 4 and definition of о we have

(23) Dyj A-{G ^ei о C/f‘) |,^ + = ( -  l p  +1 С ^ Й  о

=  ( - U
b:+ 1

C - G p’k ’q
x v =  x l s 4 s
seN\{ 1} 
l'est

and
(24)

( - 1 Л +1х; (2/г)‘ f ' <%«

"1...."*
x~ = x bs s s
seN\ (1}
y6s t

, explh{vHl + . . , + v J l d vnk/J dvnk'

Since DXlG?ek«-+ 0, Gpi k£  -> 0, (DXl + Л)<ЗД« -  0, as A - A ^ S , ,  I e f i b 
LeOj,  F #  A (the proof is analogous as in the case of 3° of Lemma 5 for 
GJ*,fcei) functions (21), (22) tend to zero as A -> AjeS^,  X e Q.

Let |у| be the distance of the points y> and (0, 0)e£„_,  (/eA).
Lemma 7. Let v — p + 1 < 0. I f  the function /)(У) is measurable and 

bounded in D, and

\fj{ÿ)\ ИJ \ p - V -  1 dyj < cc (/e A),

then
1° the integrals

/ / 7(У)О?|Ух 0{(ДГ, Y$,r 0 dy>,

where \ot\, \f}\ =  0, 1, 2, . . are locally uniformly convergent at every point 
X e Q \ s + {jeN).

2° £>x У)|,.= 0^  =  р Д У ) Я ? ^ ( А ,  F)|,r o ^ '
(/e TV). Dj

D:
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P roof. Ad 1°. We consider the case j  — 1. For j  ф 1 the reasoning is 
similar. By the definition of G£ and o, it is enough to show local uniform 
convergence of the following integrals

h  (X) = j' ( / ) Dt D\ Щ\п , оdy1 for aeB,
Dl

h m  =  J f t { y x) ^ D \ i m ) \ n  = 0 dy' for a 'eA ni_ „ k, k c N  
D1

at every X € Ô \ S f .  By Lemma 4 we have

DPyD*x I(U£) = {2h)k j' Dpx DayU^ Qxplh(vni+ . . . + v nk)']dv„1...dvnk
Rnt-..nk

for a'e A„t ....„k, X e 0 \ S f ,  Y e Q u S?.
Let K (X ,  r}) be a sphere with center X  =  (xl5 ... ,  хл) е 0 \5 ^  and radius 

r\ > 0, K (X ,  rj) c z Q f  The functions DXD% Щ, ü e A, are linear combinations 
of functions of the form

(25) (cr« r(“~p+i) Yv- P+S(cra){ra)~s П  ( y j -X jV Jt 
j=i

n
where s ^  £  yy s, ys = 

;= 1
= 0, 1, . .. ,  \<x\+\p\, j e N .

Since

(26)
ra > x t - r f > 0 for aeB,  X e K{X,  r\), T eS ^ ,

ra <  M \y l \ for aeB,  X e K(X ,  rj); \yl \ ^  M t > 1 , yx = 0 ,

and
ra> ^ * t - 4 >  0 for ....v  X e K{X,  t]), Y e S i ,

(27)
i^rtt’ •••’ Vnk)ERni....nk

>V <  M 2 (\y1\ + vn! + •••+  vnk) for a'E Anit""„k, X e K{X,  ri),

| / | ^ M 3 > 1 , yi = 0 , vn. ^ M 4 (i =  1, ... ,  k),

where M, Mi (i = 1, 2, 3, 4) are convenient positive constants, thus by 
asymptotical properties of the Bessel functions Ys(cr), as r -> oo ([3], p. 132) 
and by (25), we obtain

for X e K ( X ,  IJ), |y‘| ÿ  M u  y, = 0 , aeB,  

(28) \ITx Dl>UJ <  M 6(|y1| +  u„1 +  ... +vnk)~iv~p+1*
for X e K i X , t i ) , \ y l \ Z M 3, y ,= 0 ,

(i = 1, . .. .  к), a'e Ani....v

where M, (i = 5, 6) are convenient positive constants.
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It follows from assumptions of Lemma 7 and formula (28) that the 
integrals I t and I 2 are locally uniformly convergent at the point X e Q \ S f . 
2° is a consequence of 1°.

Lemma 8. Let v — p+1  ^  0. I f  the function /)(У) is measurable in Dj and 

f 1/)(У)МУ < 00 (jeN),
Di

then
1° the integrals

„Л /,
DJ

where |a|, \f  \ =  0, 1, 2, . . are locally uniformly convergent at every point 
X e Q \ S f  (jeN),

r  D\ I f j W D Ç G ' l  0 dy> =  „d y  (jeN).
Dj  Dj

The proof of Lemma 8 is analogical to that of Lemma 7 and is based on 
(26), (27).

Lemma 9. Let v — p + l < 0 ,  (p = (<pl , . . (pn)e Ф. I f  the function $£(У)  
is measurable and bounded in Dj and

f \Jiï(yiVl\yir v+p~1 dyI < 00 (k = 0, l , . . . , p - l ) , j e J V ,
Di

then
1° the function uJv given by formula (17) satisfies equation (1) in the set 

Q (jeN),
2° the function uJv satisfies the following boundary conditions

Dx.Aqui{X) =  0 for X e S t  when (pt = 1, ie N \{ j } ,
AquJv (X) = 0 for X e S f  when (px = 2, ie N \{ j } ,
Ач(Ох. + И)и1,(Х) = 0 for X e S ?  when <p(- =  3, i e N \  [/},

for q = 0 , l ,  . .. ,  p - 1 ,  j e N .
Lemma 9 is an immediate consequence of Lemma 7, Theorem 2 and 

thesis 2° of Lemma 6.
Lemma 10. Let v - p + 1 ^ 0 ,  (p = (<pl5 q>2, <Р„)еФ. I f  the functions

(к =  0, 1, . .. ,  p — 1) are measurable in Dj and

J Ujjliytydyi < oo (k = 0 , 1, ... ,  p -1 )  (/eN ),
° j

then
1° the function иJv given by formula (17) satisfies equation (1) in the set 

G (jeN);
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2° the function и}ф satisfies the following boundary conditions 

DXjAqul,{X) = 0 for X e S *  when </>, = 1, i e N \{ j } ,
Aq ul, (X) = 0 for X e  S + when <p,- = 2, i e N \ \j},

Aq(Dx. + h)u{p{X) — 0 for X e S f  when (p,=3, i e N \ \ j } ,

for q = 0 , 1....... p — 1 ; j e N .
Lemma 10 is an immediate consequence of Lemma 8, Theorem 2 and 

thesis 2° of Lemma 6.

6. By asymptotic properties of Bessel’s functions Ys(r) we get the 
following formulas.

If v — p+1 ^  0, i.e., n ^  2p we have

(29)

p J 0{r p) for n = 2p, 0 < (1 < 1, where r -
^ ^  I 0 ( r~n+2p) for n > 2 p ,  where r-* 0 ,
Uk(r) =  0 ( r ~ n+2k), where r ->0 (k = 1, 2, . . /7—1),
t/*(r) =  0(1), where r -* оо (/с =  1, 2, ..., p).

If и — р+ 1 < 0 , i.e., n < 2 р we have

О,

(30)

l/*(r) =  0 ( l)

С/* (г) =  0 (г *~ л/2)
С/£["/2] (r) =
jyE[n/2]^ _  Q^r-n+2E[n/2]j

Uk(r) =  0 (r~ "+2fc)

Ok(r) =  0(1)

when r -* 0, к = E [и/2] + 1, ..., p,

when r —► oo, /: =  L’[ « /2 ] + l , . . . ,p ,
when r -» 0, n is even,
when r -> 0, и is odd,
when r -> 0, A: =  1, 2, ..., £  [n/2] — 1,
when r -> oo, к =  1, 2, ... ,  E [n/2].

The following relationships readily follow from (2) and (4):

(31) r ' 1 Dr \Jk (r) =
1

2 (/c -l)
t/*_1(r), /с =  2, 3, ... ,  p.

Lemma 11. Let e —p-t-1 < 0 , /.e., и < 2p. I f  the function f ( ÿ )  is measur­
able and bounded in Д  am/

f I f i i ÿ W r ^ d ÿ  < x  (i e N ),
».

f/ien the integrals

Ü(X)  = \ M y ^ D y ^ i r ^ o d /  (k = 2, ... ,  p)
».

fm / to zero as X  -*X / eS;+, X eQ ,

Xi = (xb  .. . ,  x ,_ ,, 0, x/+1, ... ,  x„) (l'eJV).
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P roof. Let Qi = r| =0 (i e N ). Hence we have by (31)

Dyi V k(r)|y. = о = Rk (Qt) (k = 2, ... ,  p),

where

Rk Ш  = 2 & h )  Uk~ '(ft)* i e N  (k = 2 , . . . ,  p).

It follows by (30) that there exist positive numbers M, (i = 1, ...,.4), 
(i = 1, 2), < <52 such that

\Rk(6 i)\ <  for 0 < Qi < 2S2, k = E [n/2] + 2, ... ,  p,

\RC[n/2]+ 1 (ft)l <  M2 (Qi)-*, o < p < 1 for 0 < Qi < 2SX,
when n is even,

|Kc[„/2j+i(a)l < М2( а Г ‘ for 0 < ft < 2d,, whennisodd,

|Rt (a)l «  М2( а Г " +г,‘ - ,) for 0 < e, < 2d,, * =  2, 3 , . . . .  £ [n /2],

l«»(a)l «  M3(ft)‘ - 1-"'2 for a  »  d2, * = £ [ « / 2 ] + 2 , p ,
|Rt (ft)l Mi  for a  > 2d,, fc = 2, 3, .... £[n/2] + 1.

Let K(x', ^j), K(5c', 2<52) stand for ( и - l)-dimensional sphere with the 
center x' and radii S l9 2S2, respectively ( ieN).  Now the set A  can be 
represented as a union

A = A ,i u  A\2 u  A m,
where

A., = K ( x i, S l) n  A , A .2 = A \K ( * ,2 $ 2),

А,з = 2(52) \K (x\  (5,)]n A (ieN).

We can write the integral L;(3Q in the form

(34) L?(X) = Lk(X) + LkL2 (X) + Lku (X), к = 2, p, ie N ,

where

Lkjj(X) = Xi f f ^ R M d ÿ  (ieN-, j  =  1, 2, 3; к =  2, p).
Du

For х 1е К ( х 1, 0 < х , < ^ !  and we have p,-^2<51.
Hence by (32) and assumptions of Lemma 11

(35,) |4 ,( X - ) K x,M 5 J f ( ÿ ) d ÿ ,  * = £[n/2] + 2 , . . . ,p ,

(352) |Щ ”'2>+‘ (А -Ж х,.м 6 J ( a r 'd y

(32)

(33)

when n is even,
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(353) \Lf}",2] +1 (АТ)| <  xf М 7 J (gf) 1 rfy when n is odd,

(354) \Цл (Х)\ <  ^Afg J (^ )” n+2(k_1)rfy, /с =  2, ..., £ |> /2 ]

for х 1е К ( х ‘, 0 < х г < |^ !  ( ieN),  (j — 5 , . . . ,  8) are convenient 
positive constants.

If У 'еД >2, then & ^  <52 > 0 (ieiV).
Hence by (33) and by assumptions of Lemma 11 we obtain

I 4 2( I H x,.M9 J Ш У)М У, k = 2, E [n/2] +1,
(361 Di' 2

1 4 2( Х ) К х,М 10 j  |Л(У)|(Q,Y~nl2dy\  fc =  E[n/2] + 2,
° i , 2

for x‘gK (x\  i<5i), xf > 0  ( ieN).
If х 'е К (х \  0 < x,- < i ^ i ,  then there exist positive numbers Mn  

and <53,<53 > 1 such that

0, < Afu |y'| for х 1еК(5?, \ ô x), 0 < x, < j ô u  |y'| ^  <53.

By the above evaluation we obtain on taking into account (36) and 
assumptions of Lemma 11

(37) I L b m i  ^  xfM 12 + x,.M13 I \ f {ÿ )\ \ÿ \p~nlldÿ,

where M} (j = 12, 13) are the convenient positive constants.
If x‘g X (x‘, i<5j), 0 < x i < i 5 1, ÿ e D it3, then i ô l ^ Q i ^ 2 ô 2 and by 

(32), (33) and asumptions of Lemma 11, we get

(38) I L b  (All <  x,. M u  J. I f  (У)| rfy ^  M x 5 x,
D'i,3

for k = 2 , . . . , p ,  x‘eK (i? , i^ i) ,  0 < x{ < j ô x ( ieN),  where Mf (i =  14, 15) 
are convenient positive constants.

It follows from (34), (35), (37), (38) that Lki (X)-*0  when X  
-» X t e S f ,  X e Q ,  k =  2, . . . ,  p, i e N  what was be proved.

In a similar way using Lemma 11 and formula (29) we obtain 
L em m a  12. Let v — p + 1 ^ 0 .  I f  the function f  (ÿ) is measurable and 

bounded in Dt and

J I f  ( / ) là ÿ  < go (ieN),
Di

then the functions If[(X) (k =  2, . . . ,  p) defined in Lemma 11 rewrf to zero when 
X - ^ X ^ S f ,  X e Q  (ieN).



Boundary problems for the homogeneous iterated Helmholtz equation 45

L em m a  13 [1]. I f  the function f { ÿ )  is measurable and bounded in Z), and 
continuous at the point х 'еД-, J \ f ( ÿ ) \d ÿ  < oo (i e N ), then the function

Di
Ц  (X) =  -  2y„ j  f t (У) Dy. U 1 (r)|,.=0 dy>

»,

tends to f i x 1) when X e Q  (ieN).
L em m a  14. Let v — p+1  < 0 , i.e., n < 2p. I f  the function f ( ÿ )  is measur­

able and bounded in D, and

j  \fi(yi)\\ÿ\p~nl2dÿ  <  oo,
Di

then

lim J f  ( / ) Dy. Ukb\y.=0 dy1 =  0 for b e B \  {(0, ... ,  0), е(},
X  - * X j e S f  D i  

X e Q

lim ' I f i y ^ d f  j  Dy. Ul'\y. = 0  exp [_h(v„t + ... +  »„fc)] dvni ... dv„k = 0
X - + Z i e S Ï  D ( R  +

X e Q J "1...... "*

for b 'eA ni....„k, nk] C= N\{ i] ,  i e N ,  k = \ , . . . , p .

P roo f. By (2) and (31) 

r~l Df Uk(r)

= ( — l)/c_22_fe+1 c~ 2 k + 4 [(k —1 ) \ ~ \ ~ 1 (cr)p~n/2 (cr) ~ p + k ~ 1 Y„/2- k+ i (cr),

к = 2,3,  . .., p,

r _1 DrU1 (r) = — c2 (cr)p~n,2 (cr)~p Yn/2 (cr).

Let K(Xi ,ô)  be a sphere with the center at ^ i eS i+ and such radius 
<5 > 0  that its projection on St is in S f  ( ieN).  Then there exist positive 
numbers <51? M, M l9 > 1 such that

(40) Tb>Sl h r  X e K ( X i , ô ) n ( Q v S ? ) ,  Y eS? ,
{ rb ^ M  Й  for X e K ( X h 0 ) n ( Q u S ? ) ,  = 0, yj ^ M l ( jeN\\ i }) ,

as b e B \ { ( 0, ... ,  0), e,} ( ieN)  and

rv > b x for X e K ( X h 0 ) n ( Q v S ? ) ,  Y e S f ,

(^лр •••’ Dnk) e R n „ ,
(41) _ \

rb, ^  M(\ÿ\ + v4  + ... +v„k) for X e K ( X i ,  <5)n(OuS,- ),

yi =  0, y j ^ M y  ( j e N \ { i }), v„s ^ M u s = l , . . . , k ,

as ь'е Л И1....Пк, [щ, ..., nk] cz N\{i}  (ieN).
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Thus we have
\Оу. и кьЫ х , М 2 \уГ-" 'г

for X e K ( X „ S ) n ( B u S ; ) ,  y j » M ,  (JeN\\i}) ,

(42) \Dy. Uk„,\ ^  x, M 2 (|УI +  vnkf - 12

for X e K ( X h ô)n(£2u Sf) ,  y j » M ,  (JeN\<i}),
v„s > Mi,  5 = 1.......k,

where M 2 is a convenient positive constant (i e N ).
By (42) and by the assumptions of Lemma 14 we obtain Lemma 14. 
Lemma 15. Let v — p + 1 ^ 0 ,  i.e., n/2 —p ^ O . I f  the function f ( ÿ )  is 

measurable and bounded in £>, and j  \ f (ÿ ) \dy l < со (ieN), then

lim J f  ( / ) Dy. Ukb\y.= оdÿ  =  0 for b e B \  {(0, ..., 0), et\ ,
П:X̂ X;eS.+ Di

XeQ
lim S f i f i d y t  1 exp[h(v4 + . ■ •+ vHk)]dv„i ...dvKk = 0

X^X:eS + Di R +* 1XeQ " 1—■•nk
for b 'eA fnЩ....1 '*1 ? ' • • » щ} c  N \ \ i }, i e N , к =  1, . .., p.

The proof of Lemma 15 is similar to that of Lemma 14.
Lemma 16. Let v — p + l < 0 ;  (p =  (<plt ... ,  (рп)еФ. Let be the

function which is continuous and bounded in Dj and let

f 1Л7(У)11УГП/2̂ У <00, j e N  (к =  0, 1 . . . . .P - 1 ) .
Di

Under these assumptions we have 
1° I f  (Pj =  1, then

lim y. i f i W ) D x t f G » k\ 0 dy> = \ °  ,
X ^ X : e S  + D j  U j , k ( X )

x L J
(q, к = 0, 1, . .. ,  p -  1), j e N ,

2° I f  q)j =  2, then

lim -  •/„ ! S h  ( / )  D  Л - G ’/1  „ dy> =  | ° 2 j
X - X . &  + D j  I J i .k  Iх  >

Xei> J
(q, k = 0, 1, . . . ,  p -  1), j e N .

3° I f  (pj = 3, then

for q ^ k ,  
for q = k

for q ^ k ,  
for q = k

lim
x ^XjeSf

Xei!

y. .1 Л ? Л /) (^ + А )л « с Д ,.=„

(q, к =  0, 1, . . . ,  p -  1), j e N .

for q Ф k, 
for q = k
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Proof. Consider the case where j  = 1. For the case j  Ф 1, the arguments 
run analogously. The function Gp,k is a linear combination of functions of the 
form

G ^ o U p ,  b = (0,b2, . . . , b n)EB,

Gp*e io I ( U p/ ) ,  b' =  (0, b'2, ... ,  b'n) e A ni... „k, \nu  ..., пк} c  N\{1},

By Lemma 4 we obtain

(43) DH A- (GJi‘ о и£-“) reSÎ = -  Dn  A" (Gfc‘ о Щ*) yeS +
XeQ XeQ

(Dx, + h)Aq(G&l о u n  YeS;  =  2 Dxt A- U f k YcS*
Х е йХ е й

?П AqlJp’k +г и У1 n Uh YeŜ  
XeQ

(44) DXi A* (Gf‘ о Ц и П )  y ^  = - D ri A* (G?‘ о I (l/£ ‘)) yeS+

= (DXl+h)Aq[Gtf1 o I ( U n i  YeS+
XeQ
fpM

XeQ

XeQ

2{2hf j  DX1 Aq Up/  YeS+ exp [h(v4  + ... + 4 )] dvHl... dv„k
R XeQ

= —2(2h)k f DУ1 Aq Ufrk
1 i--«k

Xe.Q
exp m v „ l + . . . + v 4 )-]dv4 . ..dv4 .

From (43), (44) and from Lemmas 3, 11, 13, 14 follows the conclusion of 
our lemma for / = 1.

Lemma 17. Let v - p + 1 ^ 0 ,  (p = {(ри (р„)еФ. Let f ^ ( y J) be a 
function which is continuous and bounded in Dj and

\ \fj\i(yj)\ d ÿ  < oo, j e N ,  к = 0, 1, ..., p - 1 .

Under these assumptions, theses 1°, 2°, 3° of Lemma 16 are satisfied. The 
proof is similar to that of Lemma 16 and it is based on formulas (43), (44) 
and Lemmas 3, 12, 13, 15.

From Lemmas 7, 9 and 16 follows
Theorem 3. Let v — p+ 1 < 0  and let tp = (<jol5 (p„) be a fixed point of 

the set Ф. Let /}7(У) =  0, 1, ... ,  p — 1) be functions which are continuous
and bounded in Dj and

f lÆ V )l \yir n,2 dyj < oo, j e N ,  к = 0, 1, ..., p - 1 .
°j

Then the function uv defined by formulas (17), (18) is the solution of 
equation (1) in Q with the boundary conditions (19).
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From Lemma 7, 10, 17 we get
Theorem 4. Let v — p + 1 ^  0 and let q> =  (<p1? q>n) be the fixed point

of the set Ф. Let (У) {к — 0, 1, p — 1) he functions which are continuous 
and bounded in Dj and

I 1/$(У)МУ < 00, j e N ,  k = 0, 1, p - 1 .
DJ

Then the function u^ defined by formulas (17), (18) is the solution o, 
equation (1) in Q with the boundary conditions (19).
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