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1. Introduction. Let D0 = (x =  (xl5 ..., х„)е/?": |x,| < c, (i = 1, . .. ,  n)}, 
where ct (i =  1, n) are positive constants and let D = Do x(0, T], 
T  ^  x H. We construct the function и continuous in D, possessing 
continuous derivatives DXju, DxjXku, D, и in D and satisfying the following 
initial-boundary problem:

(1) ( £  aiD l.~D t~c{t))u{x, t) =  F(x, f) for (x, t)eD,
i= 1

(2) u(x, t) = F о (x) for (x, t )e S 0,

(3) и (x, t) =  F f(x \ f) for (x, t}eS{ (i = 1, n; j  =  1, 2),

where a, (/ =  1, n) are positive constants, с : [О, Г] ->R is a continuous 
function, F, F 0, Fj (/ =  1, ... ,  n; j  = 1, 2) are given real functions satisfying 
adequate assumptions,

S0 = [(x, 0): x e D 0]

and

Si =  {(x, t): |хл| < ck, к =  1, . .. ,  n; к ф  i, xf =  ( — te (0, F]],

where i =  1, ... ,  w; j  =  1, 2. We assume additionaly, for T  =  x ,  that
00

c0 = J c(x)dx < oo. In the sequel we call the (l)-(3) problem the (F) problem 
о

and we call the function u the solution of the (F) problem.
Results obtained are a generalization of those given by F. Baranski and 

J. Musialek in [1]. Some methods applied in this paper are patterned on 
those introduced by M. Filar in [2] by M. Krzyzanski in [3] and by 
J. Milewski in [5].

H If T  =  x ,  then we denote by the symbol (0, T] the interval (0, oo).
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2. Some notations, definitions and lemmas. We shall use the following 
notations:

X © II 'x x°„), x* =  (xf, .. -, x*),

x' =  (xb , x,-_~ 1 5 + 1 » • • • , Xn),

4  =  (** 9 • • • 9 X i “ 1 :, Л,- + 1 , .. -, X*) 0 =  1, n)t

xiJ = (x j, • • • 9X,_1, ( - l / c , - , Xi + 1 ■► • • • 9 x„) (i == 1 ,...: , n; j  = 1,2),

X1/  =  (*?, .* * * 9* f- l , ( — iy  Ci, X*+ 1, • * • 9 x?) (i ■= 1 , . . . , «;; j  = 1,2),

Di = { /: : |yk| <  ck, k == 1 .. . ., n; к Ф /} 0 =  1, , n),

>£II |x*| ^ c k, к = 1, . n; к Ф i, x t = ( -1УС|, te(0 , T]j

(i =  1, n; j  = 1, 2),
П

a = Yl ai* A — т а х { ^ : i =  1, n},
i — 1

and

M = max {sup|F0|, sup \F{\, sup|D“.T|, i = 1, n; j  = 1,2; a =  0, 1}.
Z)0 Dj x (0,T] D

For every fixed index ie{ 1, n}, we define the function U in the set
F 2\ [ 0] by the formula

U (t т а ) =  H47caiT)_ 1/2exP (_ (4aiT)_1 ^2) f o r r > 0 ,  ÇeR,
[Ç,T,ai) )o  for т < 0, Ç e R o r x  = 0, Ç Ф 0.

As а consequence of the inequality qme~q ^ r n m for 0 ^  q < oo and 
m > 0 we get the following

Lemma 1. Let 0 ^  s < t;  i = 1, n and a =  0, 1, 2, 3. Then there exist 
the positive constants Aa, Ba such that

Г  \ЩЩ£, t - s ;  a,)| «  Д ,(г-5 )(_““ 1,,2ехр(-(8а|(г-5 ))“ Ч 2)/<»' ( e R ,  
2° I D*( U ({, t - s ;  a,)\ «  B, —s)1/2 /or f  /  0.
Put

<tâ(x„ Jh) =  у,- +  ( -  l)k+1 [x ,+ ( -  iy  +1 2kct]
(i = 1, n; j  =  1, 2; к = 0, 1, 2, ...).

By Lemma 1 we obtain
Lemma 2. Let 0 ^  s <  r; i = 1, n дш/ a =  0, 1, 2, 3. Then

+ «

Г J |£>| c/(<ï, r —s; s)-"'2,
— ao 

ci
2° J Щ  U(dj,4, t - s ,  a,)\dy: «  2c,.B„(r-s)1,2(x,. +  c, ) - - 2

~ci
/or х ,е ( - с „  c,],



Limit problem for parabolic equation 1

30 .f \D% U{dÿl, t — s; a,)| dyt ^  2c{ Ba(t - s)1/2( -  xt + c.) “ 2
— Cj

for X, E [ C,-, Cj),
4° ID*XiU (d jl t - s ; а{)1 ^ ( 2 Ci) - ^ 2B A k - î ) - 2( t s ) 112 

for xh y,-g [ Cj, Ci], к = 2, 3, ...

P roof. Assertions 1° and 2° of Lemma 1 imply assertions l°-3° of 
Lemma 2. Assertion 4° of Lemma 2 is a consequence of assertion 2° of 
Lemma 1 and of the inequalities

\d\il\ ^  2{k-l)C i  for xh y.eC-c,-, c,] (i =  к = 2, 3, ...)

3. The (0 problem. We shall seek the solution of the (F) problem in the 
form

(4) u{x, t) = y(t)v{x, t), {x, r)eD,

where
t

(5) y{t) =  e x p (-  j  c(T)dx)
0

and v is continuous function in D, possessing continuous derivatives Dx.v, 
DXjXkv, Dt v in D. By formulae (l)-(5) we obtain the following (la)-(ia) 
problem:

(la) Pv(x, t) = / ( x ,  t) for (x, r)eD,

(2a) v(x, t) = / 0(x) for (x, r)eS0,

(3a) y(x, t) = ^ { х \  t) for (x, t)eS{ (i =  1, n; j  = 1, 2), 

where

P = Z  a iD l.-D t, f ( x ,  t) = (y(t))~1F (x, t),
i= 1

/o(x) = F 0(X), i ï i x 1, t) = (y(f) ) -1 F{(x*, t) (i = 1, j  = 1, 2).

Obviously, if the function v satisfies the (la)-(3a) problem, then the 
function и given by formulae (4) and (5) is the solution of the (F) problem. 
Besides, if the real functions F0, F{ (i = 1, ... ,  n; j  =  1, 2) are continuous 
and bounded suitably in the sets D0, Д  x(0, T] and the real function F is 
continuous with its derivatives DX.F (i = 1, ... ,  n) in the set D, then the 
functions /о, f j (i = 1, . . . ,  n; j  — 1, 2) and /  have the same properties. It is 
evident that

L/ol^Af, If \ ^ M ,  \Dx. f \ ^ M  (/ =  1, ..., и; у =  1, 2),

where M = M  exp(c0).
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In the sequel we shall solve the limit problem (la)-(3a) which will be 
called the (f) problem.

4. The Green’s function (see [3], Section 58.7). Let x = (x1? xn) e R n, 
y =  (yi, • ••, y J e R "  and 0 ^  s < t < T. Define for i = 1, . . n; j  = 1, 2; 
к = О, I, 2, ... the following sequences:

(6) х\Ц =  ( — l)k [xf +( — i y +1 2kcf\,

(7) s U^k(Xf, t , y,-, s) = U (yf- x $ ,  t - s ;  a,),

(8) Ui(xh t, yh s) = U\%(xh t, yh s) 

and nne the function G by the formula
П

(9) G(x, t, y, s) = П  Gi(xi, G Уь s),
i = 1

where

(10) Gi(x„ Г, л , s)

= Г, yi( s )+  f  I, j-„ s )+ [/ iJ(x „  t, s)].
k=  1

Let us consider the sets

Z { = [(x,-, t, y,-, s): |x,-| ^  q,  |y{| ^  q, O ^ s  < t} (i =  1, ..., n).

Lemma 3. I f  (x,, t, y,, s)eZ, (i =  1, ... ,  n), then:
1° The functions G, (ï = 1, ..., n) are continuous with its derivatives 

Dax.Gi, Dy.Gi (a =  1, 2), D,G, properly in the sets Z t and PiGi{Xi, t, y(, s) 
=  0 for x, Ф у,- (i = 1, ... ,  n), where Pi = aiDl. — Dt,

2° G i((- lÿc i ,  t, y,-, s) =  0 /or i =  1, ... ,  n, j  = 1, 2,
3° Dy.G,( ( -  1 )4 , U ( - 1  Ych s) =  0 for i = 1, ... ,  n; j, r =  1, 2.

P roo f. Г  By assertion 1° of Lemma 1 and by assertion 4° of Lemma 2
00

the common majorants of the series DxXiUi + £  (— l)k[D£. U ^  + D?. U$~\
Jc= 1

(i =  1, . .. ,  n; a =  0, 1, 2) and of the series with the derivatives 
properly in the sets Z,, are the series

(11) 3Aa( t - s y - * - l)/2 + 2(2Ci)-a- 2Ba( t - s ) 1/2 £  (k - l ) ~ 2
k=2
(i = 1 , ..., n; a = 0, 1 , 2).

The common majorants of the series with the derivatives Dt are the series 
of the form (11) with a = 2 and with the coefficients multiplied by constant 
A. Consequently, the first assertion of thesis Г  of Lemma 3 is true.
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Since U $  (i = 1, . . n; j  =  1, 2; к = 0, 1, 2, ...) satisfy the equations 
Pt U ft(xt, f» Уь s) = 0 for (x,-, t, yt, s )eZ i , xf ф yt, it follows that the functions 
Gf(i =  1, и) satisfy the equations P,G,(x,, f, yf, s) = 0.

2° The functions G, (i = 1, n) may be written in the form

G,= t Ш!,‘1к- и ^ к+1)+  £  (U $*+2-U !.‘i +.)
k =  0 fc= 0

and
GO 0 0

G ,=  I  (Uf?2k — Gi>1zk+ ,) +  1 № +2 -1 /й *  + 1).
к = О k =  О

Since the following equations are satisfied

di*ik (Ch У/) =  4 22 k + l  (C f ,  У , ) ,  4 22k + 2 ( C n  Уд =  d $ fc +  1 (С/, У , ) ,

4 22к(-С/, У-) = </$k+l { ~ Ch >’i), d\% + 2( - Ci, Уд =  < 22k+l (“ Cf, У;)

for ; =  1, и; к =  0, 1, 2, condition 2° of Lemma 3 is true.
3° Observe that

G, = I  № - £ / & + , ) +  I  ( t / a  + 2- G a  + 1) (1 = 1 , . . . ,  «)
k= 0 k=0

and

G, =  £  № - С / $ »  + 1) +  £  ( G a  + 2- G S l + 1) (i =  1, . .. .  n).
k= 0 k= 0

Thus, from the equations

4 22fc (*., c.) = -  d\2lk + ! (X,-, c,), + 2 (X;, c.) = -  +1 (*.•» c«),

dj'2k(Xit Cj) = ^/,2k+l(^/’ fy)’ djt2k + 2 (^1’ ^d ^i,2fc+l(-*i’ ^i)’

where 1 = 1, ... ,  n; к = 0 , 1, 2, ... ,  we obtain 

Dy.GjiXi, t, s)

- g r 312 
2 */ к

( t - s )  3/2 { £  4 22к(*о c ,)exp(-(4a ,(f-s)) 1 («fikfo-, c,))2) +
k=0

+ Z  d\!ik + 2 (*,■, cd exp( -  (4a,- (f -  s)) 1 (d\% + 2 (*,•, O )2)} (/ =  ! , . . . , « )
k= 0
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and

Dy. Gi(xh t, - q ,  s)

— a f  3/2
( f - s )  3/2{ £  — ci)exP ( — (4a,-(t — s)) ~Ci))2) +

+ Z  di22k + 2(Xi, -C i)exp (-(4a i( t-s ))  1(d$k + 2(xi, -c,-))2)}
к = 0

O' = 1, n).
.Since

î,22k + 2(Ci> Ci) =  — ̂ /,2^+2 (Ct> Ci)-> d{f 2k + 2 ( — Cn ~  ci) = — + 2 ( — Ci > — Ci)>
d\% { - c h Ci) = -  d\% + 2( - c h Ci), d\% (Ci, -  Ci) = -  d\% + 2 (q, -  q)

for / =  1, n; к = 0, 1, 2, then condition 3° of Lemma 3 is fulfilled. 
Lemma 3 implies
Lemma 4. For every (x, f)e fio x(0, T], (y ,s)eD  such that xt Ф yt 

(i = 1 n) and s < t  the function G given by formulae (9) and (10) satisfies 
the following conditions:

1° The function G is continuous with its derivatives DX.G, Dy.G (a = 1, 2), 
DtG and PG(x, t, y, s) =  0,

2° G(x, t, y, s) =  0 for (x, t)eS{ (i =  1, •••, n ; j  = 1, 2),
3° DypG{x, t, yp'r, s) =  0 for (x, t)e§{ (i, p =  1, . . n; j, r =  1, 2).

5. The solution of the (f) problem. We shall prove in Sections 6-8 that 
under certain assumptions concerning the functions f 0, f j (i = 1, n; j  
=  1, 2) and / ,  the function v of the form

n

(12) v{x, t) =  v0(x, f)+ £  (^ (x , t) + vf{x, t)) + vf (x, t),
i = 1

where
M x, 0 = { fo(y)G(x, t, У, 0)dy,

d 0
t

Vf{x,  t) = -  f J f{ y ,  s)G(x, t, y, s)dyds,
0 D0

vj(x, t) = -2a,- j  j  f j {ÿ, s)Dy.G(x, t, y, s)\ ^dy*ds,
0 O; ‘ '

is the solution of the (1) problem.

6. On the function v0. Let
va0i(x, 0 = j  fo(y)DaXiG(x, t, y, 0)dy, v0t(x, t) =  j  f 0(y)Dt G{x, t, y, 0)dy,

d0 d0
where i =  1 , . . . ,  n; a =  1 , 2.
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Lemma 5. I f  the function / 0: D0 ~* R is measurable and bounded in the set 
D0, then:

1° The integrals v0, va0i, v0t (i =  1, ..., n; a =  1, 2) are locally uniformly 
convergent suitably at every point of the set D0 x (О, T ] .

2° For every point (x, t)eD 0 x (0, T] there exist the derivatives DXj v0, 
Dt v0 (i = \L ... ,  n; a =  1, 2) and D*x.v0(x, t) = v*0i(x, t), Dt v0{x, t) =  u0“(x, t) 
for (x, t)eD 0 x(0, Т].

P roof. 1°: By assertion 1° of Lemma 1, by assertion 4° of Lemma 2 and 
by simple calculations we get the inequalities

|D“. G(x, t, y, 0)| ^  Cl {t{- * - 1)l2 + t ll2) { r ll2 + t1/2)n- i

(i = 1, n; a = 0, 1, 2)

for (x, t)eD 0 x(0, Г], where

C ,= ( m a x  {3A.,2(2с ,Г ‘~2В. f  ( * - l ) - J})".
i=l,...,n k= 2a= 0,1,2

Therefore the integrals v0, vЛ01 are locally uniformly convergent suitably at 
each point of the set D0 x (0, T ]. Consequently, thesis 1° of Lemma 4 implies 
that the integral v0t is locally uniformly convergent for every (x, t)eD 0 x 
x(0, Г].

2°: By 1° we obtain 2°.
Theorem 1, I f  the function f 0 : D0 -+R is measurable and bounded in the 

set D0 and f 0 is continuous in an arbitrary fixed point x0eD 0, then:
1° The function v0 is the solution of the homogeneous equation

(lb) Pv0(x, t) =  0 for (x, t)ED0 x(0, Т].

2° The function v0 satisfies the initial condition

(2b) v0(x, t) -* /0(*o) as (x, t) -+(x0, 0+), (x, f)eD

and the boundary conditions

(3b) v0(x, t) = 0 as (x ,t)eS{ (i = 1, . . n; j  =  1, 2).

P roof. Г: It follows from Lemmas 5 and 4 that

Pvq(x, t) =  J f 0(y)PG(x, t, y, 0)dy = 0 for (x, t)eD 0 x(0, Т].
D0

Ф
\fo(y) for y e D 0, ^
( 0 for y e R n\D 0.

2° Let
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According to the Weierstrass theorem (see [4], p. 347) we get

(13) J М у) П  u i(xi’ L Уь °)dy
D 0 i=  1

= (4n)~nl2a~112 f f 0{y)t~nl2 e x p (-  £  (4ai t)~1(yi - x i)2)dy
R n 1=1

->/o(*o) as (x, t) ->(x0, 0 +), (x , t ) e D .

Now we shall prove that

(14) f f o (y)[G (x , t, у , 0 ) -  П  u i(x i, t , yit 0)]dy->0
d 0  i = l

as (x, t) ->(x0, 0 +), (x, t)eD.

To this end let Im = (/15 im) (1 ^  m ^  n) denote an arbitrary strongly 
increasing variation without the repetition of the set } 1 , . . . , л ]  and let 
J m = (im+ i„) denote a strongly increasing permutation of the set 
[1, n) \ \ilt im}. Hence

П

j  /o()0[G(x, t, у, 0) -  П  l/f(x,., t, yit 0)]dy
Dq 1=1

n m n

= Z  Z  J М у) П  Rir(x ir’ L yir, 0) П  Uir{xir, t, yir, 0)dy
m=  1 I m , J m Dg r — 1 r = m +  1

for (x, t)eD, where

(15) Л ,=  f  +
k =  1

Since, by Lemma 2,
m

IJ М у) П  Rir(xir> у*г> °)
D0 r=  1

П
r =  m+  1

< M C*tm/2

Uir(xir, t, yif, 0)dy\

П  [ 1+(х,г +  ̂ гГ 2 + ( - * ; г + с1гГ 2]

for every (ilt . .. ,  im) e / m, (im+1, i„)eJm and (x, f)eD, where

C * = (  max [2c( B0, q  1B0 £  ( к - 1) 2})m
i = l , . . . , n  k=  2

and m =  1, n, it follows that formula (14) is true. From (13) and (14) we 
get (2b). *

Next, it follows from assertion 1° of Lemma 5 and from condition 2° of 
Lemma 4 that conditions (3b) are satisfied.
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7. On the functions vj. Let

vj?(x, t) = -2a-x J j  f j {ÿ, s) D*XrDy.G{x, t, y, s)\y_ {_ ^ d ÿ  ds

and

v!t (x, t) = - 2 щ f J f j (ÿ, s)D,Dy.G(x, t, y, s)|y. = (_ ^ dÿ ds
0 D,

where i, r =  1, n; j  = 1, 2; a =  1, 2.
Lemma 6. I f  the functions f j : D-t x(0, T] R {i =  1, . . n, j  =  1, 2) are 

measurable and bounded suitably in the sets D,x(0; T] (i =  1, ri), then
1° The integrals v j v j ,  (a =  1, 2) are locally uniformly convergent 

suitably at every point of the sets (D0 x(0, T])\S/.
2' For erer>' po/wr (x, r)e(D0 x (0, TJ)\Sj there exist the derivatives 

Dxrvj, p,vj (a =  1, 2) and ^ v j j x ,  t) =  vj?(x, t), D,vj{x, t) =  0 far
{x, t)e(Dn x(0, T\)\S j.

3° lim j  f f ( ÿ ,  s)Dy.G(x, t, y, s)| _ : d ÿ  = 0 .
S~*t D; 1 ‘

P roof. 1°: In view of Lemmas 1 and 2 we have 

(16) I vj?(x, r)|

2АС2Щ ( х(, Cj) j (t — s)1/2 [1 + (f — s)1/2]" 1ds for r = i,
<  °t

2ЛС2Щ {хь Cj) f ( t - s ) 1/2[(t-s )-* /2 + ( t - s ) l/2] [ l + ( t - s ) 1/2y - 2ds 
о

for г Ф i

for (x, f)e(£)o x(0, T~\)\Sj, where

(17) H?J(x„c,) = l +  | ( - i y c |. - x , r l “3 + l ( - i y c 1. + x1. + 2cir “"3 +
+ l ( - i y c l +  xi - 2c , r ^ 3,

i, r =  1, . . n; j  =  1, 2; a =  0, 1, 2 and
___  00

C2 = (  max \3y/SnA Ax, Ba+l, 2(2ci)~x~1 Ba £  ( k - \ ) ~ 2,
i =
a = 0 ,1 ,2

k =  2

2(2c , ) - - 3B„+1 X  ( t - I K 2!)"-
k= 2

Therefore the integrals vj, iff are locally uniformly convergent suitably at 
every point of the sets (Do x(0, T2)\Sj and by thesis 1° of Lemma 4 the 
integrals if, have the same properties.
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2°: From Г  we get 2°.
3°: Applying the similar estimations as in the proof of inequalities (1< 

we obtain

I f s) Dy. G (x, t, y, , Л/ У |
D,-

^  C2 H?j(xh Cj)(t s)1̂ 2 [1 + ( t - s ) 1l2Y - 1

for (x, f)e(D0 x (0, T~\)\Sj, i — 1, n ; j  = 1, 2. Consequently, formula 3° t 
Lemma 6 is fulfilled.

Put

• d f  ( (  —  1  У с , — x , ) 2  "  (Ук — Хк ) 2
K ( x , ÿ )  = K- ---- — -----,J- +  У —---- —

а,- k=1 ак
kïi

(i =  1, n; j  = 1, 2).

Lemma 7. Let x e D 0, s < t and i =  1, n; j  — 1, 2. 77ien 

a~ 1/2 (4tt)- "/2 (( — IV C{ — X{) x
t

x j  J (t — s)_n/2_1 exp( — (4(r — s))-1 K(x, yl))dÿds — 1.
— OO Д Л - 1

P roof. It is easily verified that applying in the above integrals tl: 
substitutions

zk =  (^ak( t - s ) )~ ll2(yk- x k) (k = 1, ... ,  n; к #  i),
z(- =  (4a,(r — s))“ 1/2 (( — I)7 Ci -  xf)

the integrals considered are of the form
00

2k~"12 J exp( — zf)dzi j  exp( — \z'\2)dzl =  1 (i =  1, ..., n).
0 Rn~ 1

Theorem 2. I f  the functions f j \  Д  х[0 , 7 ]-> Л  (i = 1, ... ,  n; j  =  1,  ̂
are measurable and bounded suitably in the sets Df x ( 0 ,  T] (/ =  1, . . . ,  n), У 
are continuous suitably at arbitrary fixed points (xlf ,  t0) g S{ and x0eD 0 is a 
arbitrary fixed point, then:

Г  The functions vj (i = 1, ..., n; j  = 1, 2) are the solutions of the home 
geneous equations

(lc) Pvj(x,t) = 0 for (x, t)eD  (i = 1, ... ,  n; j  = 1, 2).

2° The functions vj (i = 1, ..., n; j  = 1, 2) satisfy the initial conditions

(2c) v j ( x , t ) ^ 0  as (x, t) ->(x0, 0+), (x , t ) e D
(i = 1, ..., n; j  = 1, 2)
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and the boundary conditions

v{(x, t) - ^ ' ( х 1*, t0) as (x, t) ->(xl*j, tQ), (x, t)eD
(i =  1, n;j = 1, 2), 

(3c)
t) -» 0 as (x, t) ->(х*У, r0), where (x, t)eD, (k, t) Ф {i,j)

(i, к =  1, n; j, l = 1, 2).

P roof. 1°: Lemma 6 and assertion 1° of Lemma 4 imply that 

Pvj (x, t) = -2a,- f J s)Dy.PG(x, t, y, s)\ >c dylds +
0 D( ‘ '

+ 2a,- lim J f j {yl, s)Dy.G{x, t, y, s)\ j c dÿ  = 0 for (x, t)eD.
s - f  D, ‘ *

2°: Condition (2c) is a consequence of inequalities (16) with a = 0. Next 
by Г  of Lemma 6 and by conditions 2° and 3° of Lemma 3 we obtain the 
second conditions of formula (3c). Thus, to prove of condition (3c) it remains 
to show that

(18) vj(x, t) -> # (x ;, f0) as (x, t) ->(xÿ, to),
(x, t)eD  (i = 1, ... ,  n; j  = 1, 2).

To this end observe that

v{(x, t) =  a{(x, t) + bj(x, t) + c{(x, t) for (x, r)eZ), i =  1, ..., n; j  = 1, 2, 

where

a/(x, t) = - 2a,- J j  f j {ÿ, s)Dy. L,-| . 1 : f ]  Lr(xr, r, yr, s)dy‘ ds,
o n ,  ‘ ‘ r =  1

r

M(x, t) =  - 2a,- j  j  / /(У . s)Dy. L,-| j c ( П  Gr(xr, t, yr, s ) -
o n, r =  1

ГФ1

-  П  Gr(xr, t, yr, s))dy4s,
r — 1 
ГФ1

сЦх, t) =  - 2 а , f E  ( - D ‘ (D„i/i,y+
0 n, fc= 1

+ 0 y, 1̂ .2Д|,£а8(_ 1)/с|(П  Gr(xn G Угу s))dÿds.
r=  1 
r
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First, we shall prove that

as (x, t) -* (x^, t0),
(x, t )eD (i =  1, n; j  = 1, 2).

for ( / ,  s) e Д  x [0, T], 
for ( / ,  s )eR n~l x( — oo, Т ] \ (Д х [0 ,  T])

and

Xf = { /е Д :  \yr-x* \  < q (r = 1, . . . ,  n; г Ф i)},

where g is an arbitrary positive number.
Let e > 0 denote an arbitrary positive number. By continuity of the 

functions f j suitably at the points (x1*, r0)e Д  x (О, Г] there exists a number 
0г > 0 such that

(20) IÏ Ï i ÿ ,  s ) -p (x '+, ?0)| < ie

for ÿ e K f1 с: Д , 0 < tn — ô1 < s < tn + ôi < T (i =  1, ..., n; j  =  1, 2).
We can assume that |r — r0| < H  where

(21) S — min [(5i ; j  n(enyfa/3M)2,n}.

Now the set R n l  x( —oo, t) may be represented as a union:

Л "-‘ х( —oo, t )=  (J Zf,t ,
k= 1

where

(19) a/(x, t) r0)

Put

ZU = K Î x ( t 0- ô ,  f), Z£2 =  K ? x ( - o o , t0-,5 ],

Zf ,3 = 1 \K f ) x (  —со, [).

Therefore,

(22) a { ( x , t ) - f / ( x ‘„ , 0)=  £  Г)
k= 1

for (x, f)e Д  | r - t 0| < ?<> (i =  1, •••, n; j  = 1, 2), where

/{*(*, 0 =  J (fii (yi, s ) - f i i (xî t Q))a~ll2{4K)-nl2{ t - s ) - nl2- 1 x
zf k

x (( - 1 У C; -  x,)exp( -  (4 (r -  s ) ) '1К  (x, y'))dy‘‘ ds. 

Then formulae (20), (21) and Lemma 7 imply that

(23) |//,i(x, 0| <  Je for (x, t)eD, |r — f0| <i<5 (i =  1 , ..., n;j  =  1 , 2).
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Next
r0 -<5

|//>2(*, 01 < 2Ма~1/2(4к)~п/2\(— 1Ус{ — xf| J dyl J (t — s)~n/2~1ds
KS -oo

I

for (x, t)eD, |f — r0l 0’ =  1, n; j~*= 1, 2). Since we can assume that 
|x ; - ( - l ) 'c i| < \5 ,  we get by (21) that

(24) |/{2(*,0I <

for (x, t)eD, ÎCf — ( — iy c (-| < iô ,  \ t - t 0\ < \ d  (i =  1, n, j  =  1, 2).
Finally, applying in the integrals 7{3 the substitutions r, =  (4(t —

— s))~l K(x, yl), we obtain

W.3(*. 01
00

^  2Ma~1/2 7i~"/21( — 1Уct — x,-| J r>,"/2_ 1 exp( — v,)dvt j  К (x, д')~"/2dÿ
0 R n~ l \KÏ

I 1

for (x, t)eD, |r — f0| < i<$ (i = 1, n; j  =  1, 2). The transformation yr — xr
— \ / ( ar/ai)l( — ly'c,- — xf|r r (r =  1, n; r #  i) maps the cube K? into the 
cube

Qt = W e R "_1: x * - x r- S  < J (ar/a.) |( - 1}7' cf- x,| i?r
< x* —xr +  5 (r = 1, n; г Ф i)}.

Assume that |xr —x*|<^c) (r = 1, . n; г Ф i). Then R n 1\gf ,
where

Qf = { vle Rtn - 1 \Vr\ <
2\(- lYC i-X i\ J a r

(r = 1, n; г Ф i)

and consequently

\H.3 (x , 01 ^ 2Ma{ к - "/2 j V?2 - 1 exp ( -  vt) dv{ j [ 1 + £  vr ] " "/2 dvf
0 *"“ 4 -  ;= ;

for (x, 0 e A  |xr —x*| (r =  1, . . . ,  n; г ФЛ), \t — t0\ <^S.  By the conver-
00 n

gence of the integrals J v”/2~l exp( — Vi)dvh J [1+  £  v2Ji~n/2dvr and by
0 R n ~  1 r =  1

гФ1

the convergence to infinity of the length edges of the cube Qf as x; ->( — 1У cf 
there exists, under fixed <5, a number S2 depended on e such that

(25) |/{3(x, OI<ifi  for (x, t )eD,  |xr —x*| < \ 5  (r = 1, ..., n; г Ф i),

! * , - ( - 1>4I < ô2, \t - t0\ < \ ô  (i = 1, ... ,  n; j  = 1, 2).

2 — Roczniki PTM — Prace Matematyczne XXV
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From (22)-(25) we get the inequalities

Ia\{x, 0 - /? (* * , f0)| < e

for |xr - x r*| < i<5 (r =  1, n; г Ф i), |x{- ( - \y c t\ < min(i<5, ô2), \ t - t 0\
< i s  and therefore (19) is satisfied.

Since Dy. Ui (x,, t, ( -  ly cf, s) -> 0 as x,-^ ( -  iy c, (i = 1, ... ,  n; j  = 1, 2),
then

(26)
b}{x,t)-*  0 as (x, * )-> № , f0), (x, t)eD (i = 1, n; j  =  1, 2).

Finally, analogously as in the proof of condition 3° of Lemma 3, we 
obtain that (see (15))

DyiRi(xh t , ( - l Y c h s)->0 as x, —► ( — 1 Ус,- ( / =  1, . . . , n ; j ,  г =  1, 2)

and therefore
(27)

c/(x, r)-^ 0  as (x, t) -»(xiy, f0), (x, Og D (j = 1 , n; j  = 1 , 2).

By (19), (26) and (27) we get (18).

8. On the function vf . Let

Vfi(x,  t) =  -  J J / (y ,  s) Dax. G (x,  t, y, s)dyds 
о d 0

and
t

vf t (x, t) =  -  j  j  / (y ,  s)D,G{x, f, y, s)dyds, 
о n 0

where i = 1, . .. ,  и; a = 1, 2.
Lemma 8. I f  the function f : D - + R  is continuous in the set D, then:
1° 77ie integrals vf , vafh vft (i — 1, ... ,  n; a =  1, 2) are locally uniformly 

convergent suitably at every point of the set D0 x (0, T ] .
2° For each point (x, t)eD 0 x (0, T] there exist the derivatives Dx.vf , 

D,vf  (i =  L ... ,  n; a =  1, 2) and D^.Vfix, t) = v*f i (x, t), Dt vf (x, t) = u/ t (x, f) 
for (x, f)e /)0 x (0, Т].

3° lim J / (y ,  s)G(x, t, y, s)dy =  / ( x ,  t) for (x, t)eD.
s-+t D0

P roof. Assertion 1° is consequence of the following inequalities (see 
proof of assertion 1° of Lemma 5)

(28) \DX. G(x, t, y, s)|

^  C1((r-s)(- “- 1)/2+ ( t - s ) 1/2) ( ( f - s ) - 1/2+ ( t - s ) 1/2)"-1,

where (x, t)eD 0 x(0, Г], i =  1, ..., n; a =  0, 1, 2, and of 1° of Lemma 4. By 
assertion 1° we get 2°. To prove assertion 3° observe that, according to the
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Weierstrass theorem, we have
ft

(29) lim { f{ y ,  s) П  U f a ,  t, yh s) = / (x ,  t) for {x, t)eD.
s-*t D q i =  1

Applying the same notations and argumentations as in the proof of Theorem 
1, we obtain that

П

I f f ( y ,  s) [G(x, t, y , s ) ~  П Ui(xh t, yh s)]dy|
Do i=l

X C*(t — s)ml2 £  П [1+(*,, + Сг) 2 + ( - x ir + cir) 2]
m= 1 r= 1

for (x, t)eD  and therefore
(30)

n

lim { f ( y , s)[G(x, t, y, s) П  C/,(x,, f, y,, s)]dy = 0 for (x, t)eD.
D0 i =  1

Hence, from (29) and (30), we see that 3° is true.
Theorem 3. I f  the function f : D - + R  is continuous with its derivatives 

Dy f  (i =  1, ... ,  n) in the set D and x 0eD 0 is an arbitrary fixed point, then: 
1° The function vf  is the solution of equation (la) in the domain D.
2° The function vf  satisfies the initial condition

(2d) vf (x, f) ->0 as (x, t) ->(x0, 0+), (x, f)eZ)

and the boundary conditions

(3d) vf (x, r) = 0 as (x ,t)eS{ (i =  1, ..., n; j  = 1, 2).

P roof. Lemma 8 and thesis 1° of Lemma 4 imply assertion 1°. 
Condition (2d) is a consequence of the inequalities (see formula (28))

r
Ivf (x, f)| ^  Cj M j  (1 +(f — s)l/2fd s  for (x, t)eD 0 x(0, T]

о

and condition (3d) is a consequence of assertion 1° of Lemma 8 and of 
condition 2° of Lemma 4.

9. Fundamental theorem. As a consequence of Theorems 1-3 and of 
Section 3 we get the following fundamental theorem:

Theorem 4. Assume that
1° я, (i =  1, ..., n) are positive constants, с: [0, Т] -» R is a continuous

00

function such that additionaly for T  =  oo, j  c(t)d i < oo,
о

2° F : D R is a given function continuous with its derivatives Dy. F 
{i = 1, ..., n) in the set D,
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3° F 0: D0 -> R is a given function continuous and bounded in the set D0,
4° Fj: Д- x [0, T] -*■ R (i = 1, . . n; j  = 1, 2) are given functions con­

tinuous and bounded suitably in the sets Д  x(0, T] (i = 1, n).
Under these assumptions the function и given by formulae (4), (5) and (12) 

is the continuous in D and possessing continuous derivatives Dx.u, Dx.Xku, Dt u 
in D solution of the (F) problem.

R em ark  1. It is possible to prove:
Theorem 5. Assume that assumptions 1° and 2° of Theorem 4 are satisfied 

and assume additionaly that
3° F 0: D0 -*R is a given function continuous in the set D0,
4° Fj: Dj X[ 0, T\ R (i = 1, . . n; j  = 1, 2) are given functions con­

tinuous suitably in the sets Di x [0, T] (i =  1, n),
5° F0, Fj (i = 1, . . n; j  = 1, 2) satisfy the compatibility conditions in 

the suitable sets.
Under these assumptions the function и given by formulae (4), (5) and (12) 

is the continuous in D and possessing continuous derivatives Dx.u, DXjXku, Dt u 
in D solution of the following (F) problem:

( £  af Dx. — Dt — c (t)) и (x, t) = F (x, f) for {x, t)eD 0 x (0, T]
i = 1

u(x, t) =  F0(x) for (x, t )e S 0, 

и (x, t) = F /(x \ t) for (x, t)eSj {i = 1, n; j  = 1, 2).

R em ark  2. It is known (see [3], Section 20,9) that under the assum­
ptions of Theorem 5, if we additionaly assume that c(t) ^  0 for fe [0 , T], 
then the solution of the (F) problem in the domain D is unique and depends 
continuously on the boundary conditions in the metric of continuous 
functions.
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