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On a certain limit problem for parabolic equation
in the (n+ 1)-dimensional time-space-cube

1. Introduction. Let Dy = [x =(x,, ..., x,)eR" |x] <¢ (i=1,...,n),
where ¢; (i=1,...,n) are positive constants and let D = Dy x(0, T],
T< x® We construct the function u continuous in D, possessing
continuous derivatives iju, D,jxk u, D,u in D and satisfying the following
initial-boundary problem:

n

(1) (Y, @Di—D,—cu(x,)=F(x,1) for (x,1eD,
i=1

2) u(x, 1) =Fy(x) for (x, t)eS,,

3 u(x,)=Fi(x,r) for (x,t)eSl (i=1,...,n;j=1,2),

where a; (i=1, ..., n) are positive constants, c¢: [0, T] — R is a continuous
function, F, Fo, Fi (i=1, ..., n; j =1, 2) are given real functions satisfying
adequate assumptions,

So = I(x, 0): xeD,}
and .
Si={x,0: Ixd <cp k=1, ...,m k#i, x; =(=1c, te(0, T]},

where i=1,...,n; j=1,2 We assume additionaly, for T = oc, that
a0

¢o = | c(t)dr < o0. In the sequel we call the (1)~(3) problem the (F) problem
0
and we call the function u the solution of the (F) problem.

Results obtained are a generalization of those given by F. Baranski and
J. Musialek in [1]. Some methods applied in this paper are patterned on
those introduced by M. Filar in [2] by M. Krzyzanski in [3] and by
J. Milewski in [5].

© If T = x, then we denote by the symbol (0, T] the interval (0, o).
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2. Some notations, definitions and lemmas. We shall use the following
notations:
x0=(X?,...,x,?), x*z(x;k"”, x:)a

X = (Xqy eey Xjm 1y Xid 1o oes Xn)s
xio=(xt, L xE L, xh, LX) (=1,..,n),

xi’j=(x1, coey xi_1,(‘—1)ici, xi+1, ...,x") (i= 1, ey n;j= 1, 2),
g =(xt, LxtnL (=W, Xy, o x¥) (i=1,..,nj=1,2),
Di={y:nl<ea, k=1,...m k#i} (i=1,..n),

Si={(x,0): Il <co k=1,...,n; k#i, x; =(—1Y¢, te(0, T]}
(i=1,..,nj=1,2),

a;,
1

a =

and

M = max {sup|Fo|, sup [F, sup| DL, Fl, i=1,..,n;j=1,2; =0, 1}.
Dg D; x(0,T] b

For every fixed index ie{l, ..., n}, we define the function U in the set
R*\ {0} by the formula
U 15 a) = (4na; 1) " Y2 exp(—(4a;71)" 1 E?) for T > 0, £€R,
0 fort<0,fcRort=0,¢#0.

As a consequence of the inequality g"e ? < m™ for 0 < g <o and
m >0 we get the following

LEMMA 1. Let O<s<t;i=1,...,nand a =0, 1, 2, 3. Then there exist
the positive constants A,, B, such that

I° ID{UE, t—5; @) < A, (1) V2 exp(—(8a;(1—s5)) ' &%) for eR,

2 DU, t—s; a)l < B |¢| 7" 2 (t—5)'? for £ # 0.

Put

A9 (x;, y)) = yi+(— D g +(— 1)1 2ke,]
(i=1,..,nj=1,2k=0,1,2,..).

By Lemma 1 we obtain
LemMMA 2. Let 0<s<t;i=1,...,nand a=0,1, 2, 3. Then

+ o
1° [ IDFU(E, t—s; a)ldE < /8 A,(t—5)7",
[ DL UMR, t—s, @) dy; < 2¢; B, (t—9)" (x;+¢)™* 72

1
for x;e(—c¢;, ¢,
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i

3 [ |D?c.~ U(d?, t—s; a)ldy; < 2 Ba(t—s)llz.(“xi'f‘ci)_a_z

Jor xie[‘_ci, C)s
& D5, U, t—s; a) <(2¢)7* "2 B, (k—1)"*(¢—5)"/?
for Xi» yie[—cia ci]3 k= 2’ 33
Proof. Assertions 1° and 2° of Lemma 1 imply assertions 1°-3° of

Lemma 2. Assertion 4° of Lemma 2 is a consequence of assertion 2° of
Lemma 1 and of the inequalities

|9 = 2(k—1)¢; for x;, y;e[—c,c](i=1,...,n k=2,3,..)

3. The (f) problem. We shall seek the solution of the (F) problem in the
form :

4) ulx,y=y@®v(x, 1, (x,teD,
where
©) 7(t) = exp(~ [ c(t)dr)

0

and v is continuous function in D, possessing continuous derivatives D, v,
D, . v, D,v in D. By formulae (1)-(5) we obtain the following (la)—(éa)

x jxk

problem:

(1a) Po(x,t)=f(x,t) for (x,t)eD,

(2a) v(x, t) =fo(x) for (x, t)eS,,

(3a) v(x, ) =fI(x',t) for (x,0)eSi (i=1,...,n;j=1,2),
where

P=Y &Di-D, [(x 1) =(®) " Fx 0,

i=1
fo)=Fo(x), [ 0=@0) " Fi(x,1) (@(=1,..,nj=12).

Obviously, if the function v satisfies the (la)-(3a) problem, then the
function u given by formulae (4) and (5) is the solution of the (F) problem.
Besides, if the real functions Fo, F{ (i=1,...,n; j= 1, 2) are continuous
and bounded suitably in the sets Dy, D; x(0, T] and the real function F is
continuous with its derivatives D, F (i=1,...,n) in the set D, then the
functions fy, ff (i=1,...,n;j=1,2) and f have the same properties. It is
evident that

ol <M, fISM, [fISM, D fISM (i=1,..,nj=12),
where M £ M exp(co).
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~In the sequel we shall solve the limit problem (1a)-(3a) which will be
called the () problem.

4. The Green’s function (see [3], Section 58.7). Let x = (x4, ..., x,)€R",
y=0 -, y)ER" and 0<s<t< T Define for i=1,...,n;j=1,2;
k=0,1,2,... the following sequences:

(6) x = (=D [x;+(—1Y "1 2ke],

(7) N Uﬁj) (xia t? Yis S) U(yl xka t— S5 ai)’

(8) ‘ U (xx’ s Vi S) i.O(xi’ t’ yis S)

and -iine the function G by the formula

9) G(x,t,y,8 =[] Gi(xi, t, yi, ),
i=1

where

(10) G'(xi9 t, Yis S)

=Ui(x;, t, yi, )+ Z (=) LURxi, 1, yiy )+ UR(xi, 2, yi, 9)].

k=1

Let us consider the sets

Zi=(x;, 1, ¥, 8): |xil <, Vil <y, 0<s<t} (i=1,...,n).
LemMa 3. If (x;, t, y;, 5)eZ; (i=1, ..., n), then:
1° The functions G; (i=1, ..., n) are continuous with its derivatives
D, G, DG (x=1,2), DG properly in the sets Z; and P,G;(x;,t, y;, S)
-—Oforx;ﬁy,(z—l ),whereP,—aD —D,,

2 Gi((— l)Jc,,Iy,,) 0fori=1,. n]—12,
3° Dy'.G,-(( We;, t,(=1) ¢, s)=0for i=1,....nj,r=1,2.

Proof. 1° By assertion 1° of Lemma 1 and by assertion 4° of Lemma 2

the common majorants of the series D} U;+ z (= D*[D3, U+ D5, U
k=1

(i=1,...,n;2=0,1,2) and of the series with the derivatives Dj vy,
properly in the sets Z;, are the series

0

(11)  34,(t—s)"*" V2 42(2) " ?B,(t—s)"? ¥ (k—1)"2

k=2

i=1,...,n;2=0,1,2).

The common majorants of the series with the derivatives D, UY) are the series
of the form (11) with x = 2 and with the coefficients multiplied by constant
A. Consequently, the first assertion of thesis 1° of Lemma 3 is true.
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Since UY) (i=1,...,n;j=1,2; k=0,1,2,..) satisfy the equations
P, U9 (x;, t, yi, ) = O for (x;, t, y;, )€ Z;, X; # ;, it follows that the functions
G;(i =1, ..., n) satisfy the equations P;G;(x;, t, y;,s) =0

2° The functions G; (i =1, ..., n) may be written in the form

Gi=Y (UB—-UZi)+ Y (U= UBsy)

k=0 k=0

and
a0
= Z (Ufzz)k UM+ 2 (Us2—UBii1).
k=
Since the following equations are satisfied
i,12)k(c|" y) = dg.ZZ)k+l (ci, ¥i) d( 2k+2(C., yi) = 2k+1 (i, ¥i)»
d}.zz)k(_ci’ ) = d§.12)k+1(—ci, ¥ d. 2k+2( Ci» Yi) = 2k+1( Ci» Vi)

fori=1,...,n; k=0,1,2,..., condition 2° of Lemma 3 is true.
3° Observe that

M8

G.'=

k

(U -UZ )+ Z (U1(12)k+2_U( W) (=1,...,n
k=0

0

and

8

G = Z U—-UY )+ Z (Ufzz)uz“Ug,zz)kH) (i=1,...,n).
k=0 .

Thus, from the equations

1
dfzz)k (x;, ¢) = d. 2+ 1 (%> €), d.‘.’z’wz(xn ¢) = _d§.2)k+ 1 (x;, €,
dE.IZ)k(xi’ —c) = —d}.lz)kﬂ(xi’ -¢), d§.22)k+2(xi’ -¢) = "d}.zz)kﬂ(xi, -,

where i=1,...,n; k=0,1, 2, ..., we obtain
Dini(xia t, Cis S)
__a—a/z

2./n

N\

(1—3)"%? i dy (x;, ciyexp(—(4a; (1 —3) ™" (d3i (x;, ¢))?)+
k=0

+ Z 1k+2(xn C)exp( (4ai(t—s))—1(d$,12)k+2(xia Ci))z)} (i = la ey n)
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and

D G’(xia t, —¢, S)

a7 302
> x (1”9)_3/25 Z k(xia -¢) exp(_(4ai(t_s))_l(d$,12)k(xis —ci))2)+
N
Z :22)k+2(xi, —Ci)exP(_(‘lai(t_S))_l(d5',22)k+2(xiy _Ci))z)}‘
i=1,...,n)
.Since
d:'.22)k+2(cia ¢) = “d( 2k+2(cn Ci)s dgl)uz(—ci, —¢) = _d$,22)k+2(_ci, —¢),
d:'.22)k(_ci’ ¢) = —d( 2k+2( i Ci)s d}.lz)k(ci’ —¢) = _d§,22)k+2(cia -¢)

fori=1,...,n; k=0,1, 2, ..., then condition 3° of Lemma 3 is fulfilled.

Lemma 3 implies

LeEmMma 4. For every (x,t)eDox(0, T1, (v, s)eD such that x; # y;
(i=1,...,n) and s <t the function G given by formulae (9) and (10) satisfies
the following conditions:

1° The function G is continuous with its derivatives D, G, D}, G (a = 1, 2),
D,G and PG(x,t,y,s) =0,

2 G(x,t,y,)=0for (x,)eSl (i=1,...,n;j=1,2),

3 D, G(x,t, y, s) =0 for (x, NeSi G, p=1,....,nj,r=1,2).

5. The solution of the (f) problem. We shall prove in Sections 6-8 that
under certain assumptions concerning the functions fy, f/ (i=1,...,n; j
=1, 2) and f, the function v of the form

(12) v(x, 1) = vg(x, 1)+ Z (v} (x, D+ (x, 0)+v,(x, 1),

where
UO(x7 t) = jfo(J’)G(X, L, y, O)dya

Do
t

ve(x, 1) = — | jf(y, )G(x, t, y, s)dyds,

0 D
vi(x, 1) = —2a [jf’(y s)D,. G(x,1,y,s)| o= (= 1¥e; dy' ds,
0 D;

is the solution of the (f) problem.

6. On the function v,. Let
U?)i(x’ t) = f fO(y)DiiG(x9 t, Vs O)dy’ UO!(X’ t) = j fO(y)DlG(xs L, Vs O)dy’

Do Do
where i=1,...,n, a=1, 2
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LemMA 5. If the function f,: Dy — R is measurable and bounded in the set
Dy, then:

1° The integrals vy, V3, Vo, (i=1, ..., n; a =1, 2) are locally uniformly
convergent suitably at every point of the set Dy x(0, T].

2° For every point (x, tye Dy x(0, T] there exist the derivatives D5 vo,
Dvy (i=1,...,n; a=1,2) and D3, vo(x, 1) = v (x, 1), D,vy(x, t) —vo,(x 1)
for (x, t)eDo x(O T].

Proof. 1°: By assertion 1° of Lemma 1, by assertion 4° of Lemma 2 and
by simple calculations we get the inequalities

D3, G (x, £, y, Ol < Cy(t7* 7 P24 2)(e7 2 412y
i=1,...,na=0,1,2)
for (x, )e Dy x(0, T], where

C, =( max {34,, 2(2c) " ?B, Z (k=172
i=1,.., n k=2
Therefore the integrals vy, vf; are locally uniformly convergent suitably at
each point of the set Dy x (0, T]. Consequently, thesis 1° of Lemma 4 implies
that the integral v,, is locally uniformly convergent for every (x, t)e Dg x
x(0, T7].

2°: By 1° we obtain 2°.

THEOREM 1. If the function fy,: Dy — R is measurable and bounded in the
set Do and f, is continuous in an arbitrary fixed point xoe Dy, then:

1° The function v, is the solution of the homogeneous equation

(1b) Poy(x,t) =0 for (x, e Dy x(0, T].

2° The function v, satisfies the initial condition

(Zb) DO(x’ t) —)fO (xO) as (x7 [) _)(x05 0+)) (x’ I)ED
and the boesdary conditions
(3b) vo(x,)=0 as (x,)eSi (i=1,..,nj=1,2).

Proof. 1°: It follows from Lemmas 5 and 4 that .

Pog(x, )= | fo(MPG(x,1,y,0dy=0 for (x, t)e Do x(0, T].

Do
2° Let .

fo( )_%fO(y) fOI' yEEO’

for ye R"\D,.
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According to the Weierstrass theorem (see [4], p. 347) we get

13) [ W H Ui(xi, t, yi, 0)dy

Do i=
— (@40 2a 2 [ fo) " exp(— Y (4a;0) (= x)?)dy
R" i=1
—folxo) as (x,1)—>(x0,07), (x,1)eD.

Now we shall prove that

(14) ‘fo(}’)[G(x L Y, 0)_ n U; (Xn’ Yi» ]dy'ﬁo

o i=1
as  (x,1)—(x,0%), (x,1)eD.

To this end let I, =(i, ..., I,) (1 <m< n) denote an arbitrary strongly

increasing variation without the repetmon of the set {1,...,n] and let

J,,,=(z,,,+1,.. i,) denote a strongly increasing permutatlon of the set
S\, ..., i, . Hence

j fo(y)[G(X, t, Y, O)— H Ui(xi’ t, Yis 0)]dy
Do i=

n

= Z Z ‘fo()’) n R (xlr t yl ’0) H U (xlr t y,,O)dy
m=1 I,.J, Do r=m+1
for (x, t)e D, where
(15) Ri=Y (—1FUR+UR).
k=1

Since, by Lemma 2,

| J foy) H R, (x;,1,y;,0) n U (x;, 1, i, 0)dy|

r=m+1
< MCx ™2 [] [1+0x,+¢) 2 +(=x +¢)7 2]
r=1

for every (iy, ..., in) €1, (ins+1s ..., in€J, and (x, NeD, where
C,‘,‘,g( max |2¢; By, ¢ ' B, z (k—=1)"2}y

and m=1, ..., n, it follows that formula (14) is true. From (13) and (14) we
get (2b). .

Next, it follows from assertion 1° of Lemma 5 and from condition 2° of
Lemma 4 that conditions (3b) are satisfied.



Limit problem for parabolic equation

7. On the functions v,’ Let

' )
o (x, )= =24, | | f7 (), )DL, Dy, Glx, 1, 3, 9), _ _ . dV'ds
0 D; 1 1
and
t
vh(x, )= =2a; | [ /', ) D, D,,G(x, t, y, s)[y‘=(_mc_dy"ds
0 D: 1 ]

where i, r=1,...,n;j=1,2; a=1,2

13

LemMaA 6. If the functions f7: D;x(0, T]-R (i=1,...,n, j=1, 2) are

measurable and bounded suitably in the sets D;x(0; T} (i=1, ..., n), then

1° The integrals vl vi*, v} (x =1, 2) are locally uniformly convergent

suitably at every point of the sets (Do x (0, T])\Si.

2° For every point (x,1)e(Dox(0, T])\S! there exist the derivatives
D3 vl, Dol (x=1,2) and Dj vi(x,t) =vf(x,t), Dvl(x,t)="0l(x,1) for

(x, )e(Da x (0, TI)\S].
3° lim | f/(', 5)D,, G(x, t, y, s)lyi

s=t D;

Proof. 1°: In view of Lemmas 1 and 2 we have

(16) ol (x, )

dy' = 0.

=(“1)jC,'

24C, Hj(x;, ¢;) [ t—5)?[1+(t—9)'/*)""Yds  for r =i,
0
:E; t
24C, H?j(x,., c) j (t=s)2[(t—=5)" 2 +(t =) [1 +(t —5)V*]"" 2ds
[0}

for r #1i
for (x, t)e(Dy x(0, T)\S!, where
(17)  HY(x, c)=1+[(=1We—x|* >+ (= 1Y e+ x+2¢| 7273+
(=1 i+ x =217 73,
i,r=1,..,nj=1,20=0,1,2 and

yoon

Wn
a=0,1,2

Cz =( max {3 VvV 8nA Aa’ Ba+1, 2(2C;)_m—lBa Z (k_l)‘-Z,
i k=2

TR

226) "3 Byy 3 (k=1)"2))

k=2

Therefore the integrals vi, vi* are locally uniformly convergent suitably at
every point of the sets (Do x(0, TJ)\S/ and by thesis 1° of Lemma 4 the

integrals v, have the same properties.
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2°: From 1° we get 2°.
3°: Applying the similar estimations as in the proof of inequalities (1

we obtain
lf)‘.-fij(yi’ ) Dyi G(x, t, y, S)ly,'=(—l)fc,~ dyil
H?j(xi, Ci)([—s)I/Z [1 +(I—S)1/2]"_ 1

for (x, t)e(D0 x(0, TY\S!, i =1, ..., n; j = 1, 2. Consequently, formula 3° «
Lemma 6 is fulfilled.

Put
) —1 i o x. n 2
K(x,y')f—ﬁ(-(-—y;c‘-—’i 2 W= X™ iy pi=1,2)
i k= k
;t

LEMMA 7. Let xeDy, s<t and i=1,...,n; j=1,2. Then
a An) " (= 1Y ¢ —x)) x

X } [ (1= "2 T exp(—(4(t—9) ' K(x, y))dy'ds = 1.

—aw gn—1
Proof. It is easily verified that applying in the above integrals tk
substitutions
2= (da,(t—9)" VP —x0)  (k=1,...,nk#i),
z = (4a;(t—9)" (= 1V ¢;—x)

the integrals considered are of the form

2n~"2 [ exp(—z})dz; | exp(—|Z)dZ =1 (i=1,...,n).
0

rn—1

THEOREM 2. If the functions fi: D;x[0, T]->R (i=1,...,n;j=1,%
are measurable and bounded suitably in the sets D;x(0, T} (i=1,...,n), |
are continuous suitably at arbitrary fixed points (x/, to)eSi and xo€ Dy is a

arbitrary fixed point, then:
1° The functions vl (i=1, ..., n; j =1, 2) are the solutions of the homc

geneous equations
(1c) Pvi(x,)=0 for (x,)eD (i=1,...,n; j=1,2).
2° The functions vl (i=1, ..., n; j =1, 2) satisfy the initial conditions

(20) vi(x, >0 as (x,1)—>(x0,0"), (x,0)eD
(i=1,...,nj=1,2)



Limit problem for parabolic equation 15

and the boundary conditions
vix, )= fi(xh, to) as (x, 1) > (XY, 1), (x,0)eD
i=1,...,n;j=1,2),
(3¢0)
vi(x, ) >0 as  (x,0)—> (x4, ), where (x,t)eD, (k, I} # (i, J)
(i, k=1,...,n;j,1=1,2).
Proof. 1°; Lemma 6 and assertion 1° of Lemma 4 imply that

t
Pvl(x, )= =2a; | | f/(¥, 9D, PG(x, 1, y, s)|y_=(_1},~cldy"ds+
0 D; ! !

+2a; lim | (', 5)D,, G(x, t, y, s)ly. dy' =0 for (x, t)eD.

st Di |=(—1)'IC,‘

2°: Condition (2c) is a consequence of inequalities (16) with o = 0. Next
by 1° of Lemma 6 and by conditions 2° and 3° of Lemma 3 we obtain the
second conditions of formula (3c). Thus, to prove of condition (3c) it remains
to show that

(18)  vi(x, ) >fi(xk, 1)) as  (x, 1) > (x, to),
(x,t)eD (i=1,...,n;j=1,2).

To this end observe that
vi(x, t) = al(x, )+bi(x, )+ci(x, 1) for (x,neD, i=1,...,n;j=1,2,

where

t n
alx, )= =2a; [ [ /9Dy Ul _ _ s T1 Un(es t, 3, ) Ay ds,
0 D; ! Yr=1 :
r#i

t

b{(x, t) = —20,- j‘ jf;](yls S)Dyi Uilyi=(—l}ici(n Gr(xn L Ve S)—
D: r=1

0
! r#i

- l—l U,.(X,., t, Yrs S))dy' dS,

r=1
r#i

dx, 0= —2a, [ [ 09 3 (~ 1D, UR+
0 D; k=1

+D, UR, _ - 1o (] 6ol 1, 31, 9) i ds.

r=
r#i

~—
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First, we shall prove that
(19)  d(x, ) >fl(x,, t0)  as  (x, 1) > (xg, to),
(x,neD (i=1,...,n;j=1,2).
Put

IR {f:"(y", s) for (¥, s)e D; x[0, T], |
c 0 for (¥, s)e R"™* x(—o0, TI\(D; x [0, T])
and
K¢S (yeD;: ly,—xtl <o (r=1,...,m r#i),

where ¢ is an arbitrary positive number.

Let ¢ > 0 denote an arbitrary positive number. By continuity of the
functions f/ suitably at the points (x4, to)e D; x (0, T] there exists a number
d; > 0 such that

(20) IO )= F (xg 1ol < 3¢

for yeK' cD, 0<ty—06, <s<to+d, <T (i=1,...,nj=1,2).
We can assume that |t —to| <46, where

(21) 8 =min {d;;in(en \/5/3M)2"’}.

Now the set R"!x(—oc0, t) may be represented as a union:

3
Rn_l X(—CX), t)= U Z?‘k,
k=1

where
Z:'s.l =K?X(t0—‘§a t)’ Z;’,2=K?x(_°0ato_5],
Z)y =(R"M\K) x(—o0, 1).
Therefore,
3
(22) aii(x, t)_ﬂj(x'*’ tO) = Z I!j.k(x’ t)
k=1

for (x, t)eD, |t—ty| <36 (i=1,...,n;j=1,2), where

Hox, = [ (FO\ 9= (X, to)a™*(4n)~"2(t—s)"">" ! x
z,

x((— 1Y ¢;—x;)exp(—(4(t—9)"* K (x, y))dy' ds.
Then formulae (20), (21) and Lemma 7 imply that
(23) |H (x, 0 <}e for (x,0)eD, |t—t)| <3 (i=1,...,nj=1,2).
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Next
10—5
[H2(x, 0] <2Ma™'"?2@m)~"? (= 1Y c;—x| [ dy' | (1—9)""*"'ds
K? - ®

for (x, )eD, |t—to] <36 (i=1,...,n; j=1, 2). Since we can assume that
|x;—(—1Y ¢ <46, we get by (21) that
(24) 2 (x, 0 <3e
for (x, )eD, |x;—(—1Yc| <446, t—togl <id (i=1,...,n, j=1,2).

Finally, applying in the integrals I, the substitutions v, = (4(t—
—s))" ' K(x, "), we obtain

I3 (x, 0)

S2Ma™ 2T (— 1Y - x| [ o2 exp(—v)dy, | K(x, ¥)""*dy
0

R*—1\k9
1
I

for (x,t)eD, |t—tol <348 (i=1,...,n; j=1,2). The transformation y,—x,
= Jaja)(—1Y c;—x|v, (r=1,...,n; r #i) maps the cube K{ into the
cube
Q) =WeR™ 1 xF—x,—3 < /(a/a) (-1 c;—xiv,
<x¥f—=x,+0 (r=1,...,n;r#i).

Assume that |x,—x*| <46 (r=1,...,n; r #i). Then R""'\Q¢ = R""'\(?,
where

~ . o /a;
Q?=%U16Rn_l:|vrl< .\/al — (r=1’~"9n; r?él)%
(=Y e—xil/a,

and consequently

H3(x, )] < 2Ma;n="? [ o>"lexp(—v)dy; | [1+ Y o] "2dv
0 Rn-1ygd  r=1
for (x, eD, |x,—x¥ <316 (r =1, ..., n; r #£.), |t—to| <34. By the conver-

gence of the integrals | vf/2~'exp(—v)dy;, | [1+ ) v?] "*dv" and by
1 r=1

(1] n—
R r#i

the convergence to infinity of the length edges of the cube 3¢ as x; —»(—1) ¢
there exists, under fixed 4, a number §, depended on & such that

(25)  |Hs(x, 0| <%e for (x,)eD, |x,—x¥ <36 (r=1,...,n;r#i,

IXi=(=1Y ¢l <y, |t—1tf <A%5 (i=1,...,nj=1,2).

2 — Roczniki PTM — Prace Matematyczne XXV
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From (22)—-(25) we get the inequalities
Ia{(xa t)_j;'j(x:n tO)I <e&

for |x,—x¥ <id (r=1,...nr#i), |xxi—(—1¥c|<min(3d,d;), |t—to
<16 and therefore (19) is satisfied.
Since Dy, U;(x;, t, (= 1Y ¢, 5) >0 as x; > (=1Ye (i=1,....,nj=1,2),
then
(26)
bi(x,t) >0 as (x,0)—>(x, ty), (x,0)eD (i=1,...,n;j=12).

Finally,' analogously as in the proof of condition 3° of Lemma 3, we
obtain that (see (15))

Dy, Ri(x;, t, (=) ci,s) >0 as  x —>(=W¢g (@(=1,..,nj,r=12
and therefore

(27)
dix,) >0 as (x,0)>(xY, 1), (x,0eD (i=1,...,n;j=1,2).

By (19), (26) and (27) we get (18).
8. On the function v,. Let

t

vhi(x, )= — | [ f(y,5)D%,G(x, t, y, s)dyds

0 Dg

and
t

vp(x, )=~ [ [ f(y,9D,G(x, t, y, s)dyds,

0 Dy
where i=1,...,n,a=1, 2.
LemMma 8. If the function f: D — R is continuous in the set D, then:
1° The integrals v;, v5;, vy, (i =1, ..., n; a =1, 2) are locally uniformly
convergent suitably at every point of the set Dy x(0, T].

2° For each point (x, t)e Dy x(0, T] there exist the derivatives D5, vy,
Do, (i=1,...,n;a=1,2) and D‘j,‘,vf(x, t) = v} (x, 1), D,vs(x, t) =vg(x, 1)
for (x, )e Dy x(0, T].

3 lim [ f(v,9G(x,t,y,s)dy =f(x, 1) for (x, t)eD.

st DO

Proof. Assertion 1° is consequence of the following inequalities (see
proof of assertion 1° of Lemma 5)

(28) D5, G(x, t,y, )
< Cl ((f-—s)(‘a— 1)/2 +(t"'s)1/2)((t_s)— 1/2 +(l _S)I/Z)n— 1’

where (x, )e Dy x(0, T], i=1, ..., n; a =0, 1, 2, and of 1° of Lemma 4. By
assertion 1° we get 2°. To prove assertion 3° observe that, according to the
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Weierstrass theorem, we have

(29) - lim | f(y,s) : Ui(xi, t, i, ) =f(x, 1) for (x, t)eD.
i=1

s—t DO i

Applying the same notations and argumentations as in the proof of Theorem
1, we obtain that

| ‘ f(y’ S)[G(x’ Ly, S)_ I_[l Ui(xia L Yi, S)] dyt
Dg i=

<M Zn: Cr(t—9)™? Y ITI [1+(xir+ci'_)—2+(_xi,+ci,,)_2]

m=1 Im,.lm r=1
for (x, t)e D and therefore
(30)

lim | f(y,9)[G(x,t,y, s)— ﬁ Ui(xi, t, yi, s)]dy =0 for (x, t)eD.
i=1

st Do

Hence, from (29) and (30), we see that 3° is true.
THEOREM 3. If the function f- D — R is continuous with its derivatives

D, f(i=1,...,n) in the set D and x,eD, is an arbitrary fixed point, then:
1° The function v, is the solution of equation (1a) in the domain D.
2° The function v, satisfies the initial condition

(2d) vf(xa t) “*0 as (x’ t) —’(xo’ O+), (X, I)ED

and the boundary conditions

(3d) v, (x,)=0 as (x,0eSl (i=1,...,nj=12).

Proof. Lemma 8 and thesis 1° of Lemma 4 imply assertion 1°.
Condition (2d) is a consequence of the inequalities (see formula (28))

t
lo,(x, ) KC; M [ (L+(t—s)!/?yds  for (x, 1)e Dy x(0, T]
0
and condition (3d) is a consequence of assertion 1° of Lemma 8 and of

condition 2° of Lemma 4.

9. Fundamental theorem. As a consequence of Theorems 1-3 and of
Section 3 we get the following fundamental theorem:

THEOREM 4. Assume that
1° a; (i=1, ..., n) are positive constants, c: [0, T] = R is a continuous

function such that additionaly for T = oo, | c(r)dt < o0,
0

2 F: D> R is a given function continuous with its derivatives D, F
(i=1,...,n) in the set D,
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3° Fo: Do — R is a given function continuous and bounded in the set D,

4° Fi: D;x[0, T]>R (i=1,...,n; j=1,2) are given functions con-
tinuous and bounded suitably in the sets D;x(0, T] (i=1, ..., n).

Under these assumptions the function u given by formulae (4), (5) and (12)
is ihe continuous in D and possessing continuous derivatives D, U D, i o D,u
in D solution of the (F) problem.

Remark 1. It is possible to prove:

THEOREM 5. Assume that assumptions 1° and 2° of Theorem 4 are satisfied
and assume additionaly that

3° Fo: Dy — R is a given function continuous in the set D,

4 Fi: D;x[0, T]-R (i=1,...,n;j=1,2) are given functions con-
tinuous suitably in the sets D;x[0, T] (i=1, ..., n),

5° Fy, Fi(i=1,...,n;j=1,2) satisfy the compatibility conditions in
the suitable sets.

Under these assumptions the function u given by formulae (4), (5) and (12)
is the continuous in D and possessing continuous derivatives D, s D, i s D,u
in D solution of the following (F) problem:

(Y @,DL—D,—c()u(x,1)=F(x,t) for (x,1)eDox(0, T]

u(xa I) = FO(x) for (-x’ t)€§0a
u(x,t)=Fi(x', 1) for (x,0)eS (i=1,...,n;j=1,02).

Remark 2. It is known (see [3], Section 20,9) that under the assum-
ptions of Theorem 5, if we additionaly assume that ¢(t) > 0 for te[0, T1],
then the solution of the (F) problem in the domain D is unique and depends
continuously on the boundary conditions in the metric of continuous
functions.
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