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Some theorems on fixed point and its applications

Abstract. In this paper fixed point theorems have been established for the mappings which are 
contractive over two consecutive elements of an orbit, on metric and Banach spaces. With such an 
extension, a very general fixed point theorem is obtained to include a recent result of the author, 
which contains, as special cases, some results of S. Banach, F. E. Browder, D. W. Boyd and J. S. 
Wong, M. Edelstein, J. Dane§, R. Kannan, and many others.

1. Introduction and some results. In recent years a number of generalizations 
of the well-known Banach contraction principle have appeared in the literature 
where the authors have introduced mappings of contractive type and studied 
the existence of their fixed points. A comparative study of these generalization 
has been made more recently by Rhoades [17]. The well-known Banach 
contraction principle is the following :

Let T : X  -> X  be a mapping of a complete metric space (X , @) into itself. 
I f  T is a contraction, i.e. if
(A) {?[7x, 7y] ^  a@[x, y] for some a e [0 , 1), and all x , y e X ,
then:

(a) T has a unique fixed point Ç in X  ;
(b) T nx->Ç for all x e X ,  and
(c) there exists an open neighbourhood U of Ç such that for any 

neighbourhood V of Tç there is an n(V) which satisfies n ^  n(V) => T n(U) a  V, 
i.e.

T n x e K (Ç, a" (1 -  a)~1 g [x, 73c]), 

for every x e X  and n e N ,  where К is a closed ball.

In other words, if T  is a contraction mapping on a complete metric space 
X, then the equation Tx = x  has i n l a  unique solution. The theorem of Banach 
and its extensions usualy are proved by the fact that the geometrical series 
converges. A different proof of the Banach theorem is given by R. Kannan 
in [11], where he investigates properties of subsets of X,  defined as Sy 
: =  { x e l :  p [x , 73c] <  у, у > 0}. For extension of Banach contraction 
principle and certain other related results, see References.

Let T: X  -> X  be a mapping of a metric space (A, @) into itself. For x e X ,



324 M. R. T a s k o v i c

let us denote the subset (x, T x , ..., Tkx}, к = 1 ,2 ,... ,  of X  by 0(x, k) and the 
diameter of @(x, k) by 8[(9(x, /с)]. For x , y e X  we put 

ô [0  (x, oo)] : =  diam {x, Tx, T 2 x , ...}, 
ô [ 0 {x, y, oo)] : =  diam {x, у, Tx, Ту, T 2 x, T 2 y , ...}.

A space X  is said to be T-orbitally complete iff every Cauchy sequence which is 
contained in 0(x, oo) for some x e X  converges in X  (cf. [20]).

In [20] we have proved the following theorem.
T h eo rem  A. Let T  be a mapping of a metric space X  into itself and let X  be T- 

orbitally complete. Suppose that there exists a self-map (ponR + : = [0, +  oo) such 
that (p is (Vre(0, +oo)) (p{t) <  t, limsup«p(z) < t ( te ( 0 , + oo)) and with the

z~*t +  0
property

Q [Tx, Ту] ^  (p{max{g [x, y], g [x, Tx], g [у, Ту], g [x, Ту], g [y, Tx]}),

for each x, y e X .  Then for each x e X ,  the sequence (T"x) converges to a fixed 
point o f  T. The velocity of this convergence is not necessarily geometrical.

T h eo r em  В (Taskovic [21]). Let T: X  -* X  be a mapping on X  and let X  be a 
T-orbitally complete metric space. I f  T satisfies the following condition : there exist 
real numbers cch fifor every x, y e X  such that <*i + a2 + аз > P and P — ct2 ^  0 v  
v  fi — oc3 ^  0 , and

<*i в №  Ту] + a 2 g [x, Tx] +a3 g [у, Ту] +
+ a4min (g [x, Ty],gly,  Tx]} ^  /fe[x ,y ],

then for each x e X ,  the sequence {T"x} converges to a fixed point Ç of T.
In other words, in [20] we introduced the concept of a (^-contraction T of a 

metric space X  into itself, i.e., of a mapping T: X  -» X  such that for all x , y e X

(B) g [Tx, Ту] ^  (p(g [x, y], g [x, Tx], g [y, 7y], g [y, Tx], g [x, Ту]),

where the existing mapping (p: R% -> R + is increasing and has the property 
( V t g(0, +  oo)) limsup<p(z,..., z) <  t.

z - * t  +  0
In the present paper we introduce the concept of a diametral «^-contraction 

Tof a metric space X  into itself, i.e., of a mapping T: X  -*■ X  such that for every 
x , y e X ,

(C) g[Tx, Ту] <  q>(ô [_0(x, y, o o )]) , ô[(9{x, oo ) ] e R + ,

where the existing mapping (p: R+ -*R+ with the properties

( V t e ( 0 ,  + o o ))(< p (t)  < t Д lim sup (p(z) <  t).
z  ! 0

It may be noted that T is «^-contraction implies that Tis diametral q>- 
contractive mapping.
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And finally, at the next step we prove a very general fixed point theorem 
which generalizes a great number of known results.

T h eo rem  1. Let T  be a diametral cp-contraction on a metric space X  and let 
X  be T-orbitally complete. Then for each x e X ,  the sequence {T" x} converges to a 
unique fixed point Ç of T. The velocity of this convergence is not necessarily 
geometrical.

The proof of this theorem is based upon the proposition, proved in [20].
P r o po sit io n  1. Let the mapping (p:(0, + oo) ->(0, + oo) have the properties 

(Vf e(0, +oo))<p(f) <  t and limsup<p(z) < t for te (0, +oo). I f  the sequence (x„)
z-*t + 0

of non-negative real numbers satisfy the condition xn+1 <  <p(x„), n = 1 ,2 ,. . . ,  
then the sequence (x„) tends to zero. The velocity of this convergence is not 
necessarily geometrical.

P ro o f  o f P r o p o s i t io n  1. Since (x„) is non-increasing sequence in R +, 
there is a t ^  0 such that x„ -> t {n -> oo). We claim that t =  0. It t > 0, then

t = limsupx„+1 ^  limsup<p(x„) ^  limsup<p(z) < t,
n-*ao n~*oo z -*t + 0

which is a contradiction. Consequently t = 0, and limx„ = 0.
P ro o f  of T h e o re m  1. For x0 = x g X,  let x„ = T nx (n — 0, 1, 2 ,...). 

It is easy to verify that the sequence (x„) satisfies condition 
<5[$(xn+i, oo)] <  <p(<5[0(x„, oo)]), n = 0 ,1 , 2 ,.. .,  and hence applying Prop­
osition 1 to the sequence (<5[C(x„, oo)]} we obtain lim<5[0(xn, oo)] =  0. This 
implies that {T nx } is a Cauchy sequence in X,  and hence, by Torbitally 
completeness, there is a Ç eX  such that x„ = T”x ->£ (n -*■ oo). Put yn =  T"£ 
{n =  0, 1, 2 ,...). Since {y„} is a bounded sequence, {<5 [6 (x„,y„, oo)]} is a non­
increasing sequence of non-negative reals, for some e0 ^  0, 0[(9{xn, y„, oo)] 
-» £0 (n -> oo). Similarly we have e0 =  0. Thus £ =  lim yn and by our Proposition 
1 we have S [C(£, oo)] =  0 and it means that £ is a fixed point of T. From (C) we 
have that ÇeX  is unique.

Special cases of diametral (^-contraction have been discused by
(1) (Rakotch [15]) There exist a monotone decreasing function f : (0, + oo) 

-> [0,1) such that, for each x, у е Х ,  x Ф y, q \_Tx , Ту] ^  fg[x, у].
(2) (Edelstein [7]) For each x , y e X ,  x Ф у, g[7x, 7y] < g[x , у].
(3) (Boyd and Wong [2], Browder [3]) There exists a continuous function 

(jо on non-negative reals R + satisfying (p(t) < t for t >  0 such that for all 
x , y e X

q \_Tx , Ту] <  <p(e[x,y]).

(4) (Kannan [11]) There exists a number ае(0, 2_1), such that, for each 
x , y e X ,

q [ T x , Ту] ^  ag[x, Tx] + ag[y, 7y].
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(5) (Bianchini [1]) There exists a number о с е [0, 1), such that for each
x , y e X ,

Q l T x ,  Ту] ^  a max [x, Tx],gly , Ту]}.

(6) (Reich [16], Rus [18]) There exist non-negative numbers a, b, c 
satisfying a + b + c < 1 such that, for each x , y e X ,

Q[Tx, Ту] ^  ag[x, Tx] + bg[y, Ty] + cg lx ,y] .

(7) (Sehgal [19]) For each x , y e X ,  x Ф y,

g[Tx, Ту] < max {g [x, y], g [x, Tx], g [у, Ту]}.

(8) (Rhoades [17], Chatterjea [4]) There exists a number he[Q, 1) such 
that, for each x, y e  X,

g [7x, Ту] ^  /imax [x, Ty],p[y, Tx]}.

(9) (Hardy and Rogers [8]) There exist non-negative constants af satisfying 
а1 +а2 + аз+ а 4 + а5 < 1  such that, for each x, y e X ,

g[Tx, Ту] ^  al g [x ,y ]  + a2 g[x, Тх] + аъд[у, Ty] + a4 g[x, Ty] + a5 gly , Tx].

(10) (S. Massa [13], Ciric [5]) There exists a constant qe  [0, 1), such that, 
for each x, y e  X

g[Tx, Ту] ^  q max [g [x, y], g [x, Tx],g[y, Ty],g\_x, Ty],g\_y, Tx]}.

(11) (Danes [6]) There exists a continuous increasing function (p: R + 
-+R+, satisfying q>(t) < t for t >  0, such that for all x , y e X

q [ T x ,  Ту] <  <p(max {e [x, y], g [x, Tx], g [y, 7y], g [x, Ту], g [у, Tx]}).

G e o m e tr ic a lly  

(A) =>(1) =£(2) =>(3)

(2)<=(4)=>(5)=>(7) (6)

(4)o(5) =>(6)^(8) =>(9)o(10) =>(11) =>(B)=>(C)

Since conditions (A) and (1)—(11) imply the condition of diametral (p- 
contractions, our Theorem 1 is a generalizations of theorems of Massa, Ciric, 
Kannan, Reich, Rhoades, Danes, Bianchini, Hardy-Rogers, Kurepa, Rakotch, 
Boyd and Wong, I. Rus, and others.

The following example shows that a diametral (^-contraction need not 
satisfy conditions ( 1)—(11).

Example 1. Let X  = [0, + 00) and define T: X -> X  by Tx = x(l + x)-1 , 
and distance function g is the ordinary euclidean distance on the line. The
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mapping T  is a diametral ^-contraction which for mapping cp: R+ ->R+ is 
defined as

(p(t) : = t (1 + f) 1, t > 0.

Then it is easy to verify that q> satisfies all the conditions of Theorem 1. 
Furthermore, for any x , y e X

q[Tx , Ту] = I*- .и
1 + x  + y +  xy

\х~у\
1 + |х -у |

^(p{ô {х, у, Тх, Ту}).

Thus (С) holds. Since X  is Torbitally complete, it follows by Theorem 1 that T  
has a unique fixed point — it is a point 0. However, T  does not satisfy (A) and 
(1НЮ) for otherwise there is a q < 1 such that for all x e X

(12) q [T0 , 73c] ^  ^  q max j o ,  — , x , , x l.
1 + x [ 1 + x 1+ x  J

Since for any x e X ,  x2(l + x) 1 < x, it follows by (12) that, for each x > 0, 
хЦ + х Г 1 ^  qx, that is, (1 + x) 1 < q for each x > 0.

This is clearly impossible. Thus, T  does not satisfy (A) and ( 1 )—( 10) for any 
value of q <  1. On the other hand, let X  =  {— 1, 0,1, 2} and define q by letting

JO

0 if x = y,
\  if (x, y) e {(0, 2), (2, 0)}, 
2 if (x,y)e{(0, 1), (1, 0)},
1 otherwise.

It is clear that (X, q) is a complete metric space. Consider the functions T: 
X  -► X  and (p defined as follows: T( —1) =  71(0) = 0, T(l) =  2, T(2) = — 1, 
(p(t) : = i t  for all t e R+ . Inequality (C) holds for every x e X ,  and inequality (11) 
does not hold for any non-negative real valued function q> on R+ satisfying (p(t) 
< t for every t > 0, where x = 1 and у =  2.

Therefore, the results of Massa, Ciric, Kannan, Reich, Rhoades, Hardy- 
Rogers, Kurepa, Rakotch, Boyd and Wong, Danes, Rus and other authors 
are in fact a special case of Theorem 1.

2. Reflexive Banach space. In this section fixed point theorems are 
established first for the mappings T  which map a closed bounded convex subset 
К of a reflexive Banach space into itself and satisfy conditions of <pRBs- 
contractions. The theorems extend and generalize some recent theorems of 
Kirk, Kannan, Browder, Gôhde, Goebel, the author, and many others.

Let X  be a reflexive Banach space, let К be a non-empty bounded closed 
convex subset of X  and let T: К  -> К  be a non-expansive mapping, i.e., 
|| Тх — 7y|| ^  11 x — y|| for all x , y e K .  Our main concern is with the existence of 
fixed point of T, i.e., x e K  such that Tx =  x. In his paper (see [22]), Kirk proved 
the following theorem: If T  is a non-expansive mapping of К into itself and if К



328 M. R. T a s k o v i c

has normal structure (i.e., for each convex subset S of К  which contains more 
than one point, there exists x e S  such that sup{||x — y\\: yeS} < <5(S), c>(S) 
being the diameter of S ; see [22]), then T  has a fixed point in K. This result was 
also proved in a uniformly convex space X  by Browder [3], Gohde and Goebel 
(see [22]), the reflexivity of the space and the normal structure of К  being 
consequences of the uniform convexity of X.

Kannan [11] considers the existence of fixed'points for the mappings Г: К  
-*■ К which satisfy

Ц7ЭС-7М1 <  2~xl\\x — 7x|| + ||y — Ty\\), x , y e K .

In this paper we introduce the concept of a generalized <pRBS-contraction T  
of К into itself, i.e., of a mapping T: К -> К such that for all x , y e K ,  \\Tx — 
— Ty\\ ^  (p{3 {x, у, Tx, Ту}), where the existing mapping q>\ R+ -*■ R + :=  [0, 
+  oo) is with the property (p(t) <  t, teR + .

In other words, if (p{t) < t (it e R  + ), then the mappings T  will be referred 
to as having property of <j£>RBS-contraction.

Such mappings have been used to study fixed point and other similar 
problems in [16], [17], [21].

Before going to the theorems, wè first recall the following definitions. A 
mapping Fof a bounded subset К  of a normed space X  into itself is said to have 
property Bk on К  if for every closed convex subset F of K, mapped into itself by 
T and containing more than one element, there exist x e F  and a positive integer 
к (eJV) such that ||x — Tkx\\ <  sup{||x — Tky \\: yeF}.

If T  is a mapping of К  into itself such that for each x e K ,  lim„S[(9(Tnx)}\ 
< < $ № )]  when <5[0(x)]>O , where Ф (Т х)  :=  { T x ,  Tr+1 x , ...}, r ^  0, 
T° x — x, then T  is said to have diminishing orbital diameters over К  (see [22]).

It has been shown in [22] that if К  has normal structure, then a mapping T, 
having property of фкв8-contraction on K, of К  into itself must have property 
Bk on К  but not conversely.

Here we obtain some fixed point theorems for mappings having property of 
^Bs-œntraction by using certain additional hypotheses. Then we compare the 
notions of diminishing orbital diameters, normal structure, and property Bk.

We are now in a position to formulate our theorem.
T h eo r em  2. Let X  be a normed space and let T be a mapping of X  into itself 

having the property of (pRRS-contraction over X. Then if T has diminishing orbital 
diameters over X, T  has the property Bk over X.

P ro o f. Let F be a closed subset of X,  mapped into itself by T, containing 
more than one element. If possible, let for every element x e F ,  ||x —Fkx|| 
=  sup{||y— F*y|| : y e F } = a ( =  const), a is evidently non-zero, for if a =  0, 
then F would contain more than one fixed point of T, which is not possible.

Now we use the following lemma, proved in our paper [22].
L em m a  ([22], p. 243). Let T: X  -+-X be a (pRBS-contraction or generalized
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cpRBS-contr action on X  and let n be any positive integer. Then for each x e X  and 
all positive integers i and j : i , j e { l , . . . , n }  we have \\V x —TJx\\ ^  S\_(9(x, n)], 
and for every positive integer n there exists a positive integer к ^  n such that

| |x - T kx|| =S[&(x,n)], where &(x, n) = {x, T x , ..., T n x } .

Now, for x e F  and from lemma we have WT*x—T*x\\ ^  a (r ,s  ^  1). 
Hence, for r ^  1, <5[0(7T*)] = à \ T x ,  Tr+1 x , ...} (because ||Trx - T sx|| < a 
and ЦТ^х— Tr + 1 x|| =  a). Hence, at 73ceF, T  does not have a diminishing 
orbital diameter. This contradiction completes the proof.

R em ark . From the lemma we are now iri*a position to prove our result : Let 
X  be a normed space and let Г be a mapping of X  into itself having the property 
of <pRBS-contraction over X.  If T has diminishing orbital diameters over X,  T  
mapping a subset К  of a normed space X  into itself, then for every closed subset 
F of К mapped into itself by Fand containing more than one element there exist 
x e F  and positive integer к ^  n such that ||x — Tkx\\ < 0[&(x,  n)].

2.1. Main result. Throughout this section, unless otherwise mentioned, X  
is a reflexive Banach space and К  a non-empty bounded closed convex subset 
of X.

T h eo rem  3 . Let T  be a mapping of a non-empty bounded, closed and convex 
subset К  of a reflexive Banach space X  into itself and let T  have the property of 
generalized q>RBS-contr action over K. Then if there exists a positive integer к such 
that sup (||y — Tky\\: yeF} < 0(F) for every non-empty bounded closed convex 
subset F of К  (containing more than one element and mapped into itself by 7), the 
set I(K,  T) :=  { xe K:  Tx =  x} is non-empty.

In the proof of the theorem we shall make use of the following theorem.
T heo rem  4 (Smulian). A necessary and sufficient condition that a Banach 

space X  be reflexive is that : Every bounded descending sequence (transfinite) of 
non-empty closed convex subsets of X  has a non-empty intersection.

P ro o f  o f T h e o re m  3. Let be the family of all closed convex bounded 
subsets of K, mapped into itself by T. Obviously, &  is non-empty. By the result 
of Smulian (see [22]) and applying Zorn’s lemma, we get a minimal element S in 
&, S being minimal with respect to being non-empty, bounded, closed and 
convex and invariant under T. If S contains only one element, then that element 
is a fixed point of T. If not, let S contain more than one element. Now for x, y e S 
(from the lemma)

|| Tx -  7>|| ^  (p(ô (x, y, Tx, Ту}) ^  S {x, у, Tx, Ту} <  <5[0(x, «)]
^  sup J||x—Tfex ||: xeS}, k e N .

Hence, T(S) is contained in the closed ball M with T  as a center and 
SUP {||x— Tkx|| : xeS} as a radius. Also S n  M is invariant under T, therefore, by
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the minimality of S it follows that S с  M, i.e., \\Ty — x|| ^  sup {||x — Tkx\\ : 
xe S]  for every x<=S. Hence, for any arbitrary but fixed y eS ,  we have

(13) sup '|| Ту — x|| : xeS]  <  sup !||x — Tkx\\ : xeS] .

Let

S0 = { z e S : sup{||z — x||: xeS} ^  sup{||x — Tk x \\: xeS}}.

Obviously, S0 is closed, convex and non-empty (TyeS0). Again if z e S 0, then 
z eS ,  and hence TzeS0 by (13). Hence S0 is invariant under T. Also 
<5(S0) ^  sup {I|x — Tk x|| : xeS} < S(S), by hypothesis. Hence S0 is a proper 
subset of S, which contradicts the minimality of S. Therefore, S has only one 
element which is a fixed point of T, and the set I(K,  T) is non-empty.

3. On a family of contractive maps on a Banach space. Kakutani [10] has 
shown that if a commutative family of continuous linear transformations of a 
linear topological space into itself leaves some non-empty compact convex 
subset invariant, then the family has a common fixed point in this invariant 
subset. The question naturally arises as to whether this is true if one considers a 
commutative family of continuous not necessarily linear transformations. We 
shall show that it is true in a rather special, but non-trivial, case, thus giving 
some hope that further investigation of the general question will yield positive 
results. The main result of this section is the following Theorem 5.

In this section we introduce the concept of a diametral contraction T  of a 
Banach space X  into itself, i.e., of a mapping T: X  -> X  such that for every 
x , y e A ,

II73c— 7y|| <  <p(sup ;||x - j / ||:  y e X \ ) ,

where the existing mapping cp: R + ->R+ with the property (p(t) ^  t for 
te{  0, + 00).

T heorem 5. Let В be a Banach space and let X  be a non-empty compact con­
vex subset of B. I f  ¥  is a non-empty commutative family of diametral contractive 
mappings of X into itself then the family +  has a common fixed point in X.

Some r e ma r ks .  If the norm for В is strictly convex, then the above 
theorem is almost trivial since in this case each contraction mapping has a fixed- 
point set which is non-empty, compact, and convex. In the general case, 
however, the fixed-point set of a diametral contraction mapping is not convex. 
An example illustrating this fact is constructed as follows. Let В be the space of 
all ordered pairs (a, b) of real numbers, where if x = (a, b), then ||x|| 
= max j|a|, \b\]. Define X  — |x: ||x|| ^  1} and T: X  -> X  as follows: if 
x =  (a, b), then T(x) =  (|fi|, b). It is easily shown that Г is a diametral contrac­
tion mapping and that x =  ( l , l )  and у =(1,  —1) are fixed points for T. 
However, 4(x + y ) = ( l , 0 )  is not a fixed point for T.

P r o o f  of  T h e o r e m  5. One may show by using Zorn’s lemma that there
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exists a minimal non-empty compact convex set X 0 c= X  such that X 0 is 
invariant under each Те & .  If X 0 consists of a single point, then the theorem is 
proved. We shall now show that if X 0 consists of more than one point, then we 
obtain a contradiction.

We may use Zorn’s lemma again to show that there exists a minimal non­
empty compact but not necessarily convex set M  a  X 0 such that M  is invariant 
under each 7e . We will now show that M  — {T(x): x e M } for each Te 3T. 
Since each T  is continuous and M  is compact, T(M) must also be compact. For 
all Те ФР we have T(M) cz M. Let us assume that for some g e 3* we have g (M) 
— N Ф M. Now, for any x e N  there exists y eM  such that x = g(y). Since all 
functions in Ф? commute, we have, for all Te 3F, T(x) — T(g(yj) = g(T(y))EN, 
because T(y)E M . Thus, we have T(N) cz N cz M for all Те ^ . But since N is a 
non-empty compact subset of X 0 which is invariant under each Те ФР and since 
N cz M  and AT #  M, we have contradicted the minimality of M. Consequently, 
our assumption that M  Ф N  is false. We may assume that M  has at least two 
points; otherwise, the theorem is proved.

Now we use the following proposition, proved in [21].
Proposition 2. (a) Let В be a Banach space and let M be a non-empty 

compact subset of В and let К be the closed convex hull of M. Let d be the 
diameter o f M. I f  d > 0, then there exists an element u e K such that sup (||x — m|| : 
x e M} < d.

(b) Let X 0 be a non-empty convex subset of a Banach space and let T be a 
diametral contraction mapping of X 0 into itself I f  there is a compact set M  cz X 0 
such that M  = {T(x): x e M} and M has at least two points, then there exists a 
non-empty closed convex set К x such that T(x) e K 1 n  X 0for all x e K 1 n  X 0 and 
M n C K x Ф 0 .  CKX is the complement of K l .

We may now apply Proposition 2 to each Te 3F. Referring to the notation 
of Proposition 2, we see that the set n l 0 is invariant under each TeJ^. 
Since К i is closed, we see that K x n  X 0 is a non-empty compact convex subset 
of X 0. Since X 0 n  CK± z> M  n  C K X ф 0 ,  we see that K 1n X 0 Ф X 0. Thus, 
we see that if X 0 has more than one point, then we obtain a contradiction to the 
minimality of X0.

4. Some applications. Non-linear functional equation of order 1. We will 
prove in this chapter that we can use obtained theorems, when we are concerned 
with the integrable solutions of functional equation in a single variable. The 
functional equations which appear in this paper have been thoroughly 
investigated in many classes of functions, such as continuous, differentiable, 
analytic functions, etc. Concerning the integrable solutions of functional 
equations, the situation is different. There are two papers on this subject. 
Therefore, we consider the Lebesgue integrable solutions, in turn for non-linear 
equations of the single order.

Let R be the set of real numbers and R* := R u {  — oo, +  oo}, and let
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(X , S, p) be a measure space. For а р  > Owe denote by F£P(X, S, fi) the set of all
S-measurable functions fk  X  -+ R such that j  \P\Pdfi < oo. The relation “ in

x
E (X , S, fi) defined as follows: pt ~  p2 iff Pi =  Pi a.e. in is an equivalence. 
We denote by J¥ p(X ,S ,p )  the set E (X , S, fi)/ ~  and by [j8] the class of 
equivalence of a P e E (X ,  S, fi). It is known that for every pe(0,1), the space
F£(X, S, fi) with the metric Q([fii], [/?2])• =  J \Pi ~Pi\pdp is a complete metric

x
space, and for p ^  1, J?p(X ,S ,p )  with the norm J|[/TJ|| :=  ($\p\pdp)llp is a

x
Banach space. Put a(p) =  1 for p e (0 ,1), and \/p for p ^  1. For every p > 0,
(J |P\pdfiYip\  lP ^ \e ^ p{X, 5, p) is a paranorm. The convergence of /?„ to p in 
x

the sense of this paranorm means the convergence in measure.
To simplify the formulation of the results, in the sequel we assume the 

following convention. The expression “Р еИ (Х ,  S, p) is a solution of some 
functional equation” means, in particular, that after inserting P into this 
equation its both sides are identically equal in X , whereas the statement 
“[/1] e ££P{X, S, p) is a solution of some functional equation” means that for 
every ge[P~\, g satisfies this equation a.e. in X. Besides these conventions, we 
treat the elements of J<fp(X, S, p) as functions.

The general functional equation of order 1 has the form F (x, P (x), P \jg (x)]) 
=  0, where F and g are given and P is unknown. We confine ourselves to the less 
general equations, namely, to the equation P(x) = h(x, P[_g{x)]), when we are 
interested in the uniqueness of solutions, or P[g{x)] = i(x, P(x)), when the 
problem of the dependence of solutions on an arbitrary function is considered.

In this section we formulate the general assumptions on given functions for 
the equation P(x) =  h(x, P Q/(x)]) and we prove a uniqueness theorem. We 
assume :

(a) g is strictly increasing in an interval /  =  (0, x0), 0 <  x0 <  +  oo and 
g ,g _1 are absolutely continuous in /  and g (I), respectively; and 0 < g(x) < x 
(xel) .

(b) For every y e R, function h (x, y) : /  x R -> R is measurable in /  ; and for 
almost every x e l ,  h(x, y): R -> R  is continuous, such that

\h (x ,y )-h (x ,z) \  ^  (p{\y-z\) ( x e l ;  y ,z e R ) ,

where (p: R+ ->R+ is concave and fulfils the conditions (V teR+)(p(t) 
< t and limsup<p(z) <  t (t e R +).

z - * t  +  0

At the end of this section we give one more result, whose proof is based on 
fixed point Theorem A (Theorem 1). We shall use the following lemma which 
contains Jensen’s inequality for concave functions (cf. W. F e lle r, An 
introduction to probability theory and its applications, Vol. II, Chapter V).
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Proposition 3. I f  (p: (a, b) -*■ R, — oo ^  a < b <  + со, is concave, then for 
every function jв е Ц Х ,  S, p), p(X) = 1, such that /?: X  -> (a, b) we have

J (pofidp <  vUPdfi).
X  X

Theorem 6. Let I = (0,1) and let (a) and (b) be fulfilled, where 
h(x, 0)e ДО, 1). Then the functional equation f (x )  = h(x, fi[g{x)f) has exactly 
one solution [/?] eii?(0, 1). Moreover, for every /?0е Д 0,1) the sequence of 
successive approximations fin+1 (x) =  h(x, [#(x)]), n e N ,  converges to /? in 
measure.

P roo f. We shall prove that the transformation T  defined by 
= \h(x, p[g(x)~])\ maps ДО, 1) into itself. Take а /?еД 0, 1). Then, by (b) we 
have ,

|A(jc,PCflr(Jc)])| <  <Kl/?[0 (*)]l) +  |A(*,O)|, 

and, consequently, in view of (a) and (b), we get

f m iP M  <  S\Pog\ + l\h(x,0)\ <  f \P\ + S\h{x,0)\ < + 00.
I  I I  9( 1)  I

Let filt f}2 e L (0 ,1). It follows from (a) and (b) that

е ( Д [ Л ] ) ,  Д [ / У »  =  f |f t (x ,  f t  [e(tc)])-A(x, f t  [<?(x)])|dx
I

^ $ < p ( \ P i l g ( x ) l - p2l g m ) d x =  f
/ »(/)

<  (x ) - / î2(x)|)dx.
/

Hence, be the lemma of Feller, we have

e(T ([ft]), r ( [ f t] ) )  W -f t(x ) |d x )  =  H e E f t.f t] ) -
I

Now the result follows from Theorem A (Theorem 1).

Example 2. Apply Theorem 6 to the functional equation

B(x2) 1
ftx) =  2 (x -  + 1̂ 2)1 X€*°> *)’

assuming p = 1. Since h(x,y)  satisfies conditions of Theorem 6, there exists 
exactly one solution [/?] ej£?p(0, 1).

R em ark . This idea is due to Matkowski [14].

11 — Prace Matematyczne 24.2
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