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Some remarks on abstract form of iterative methods
in functional equation theory

It is well known that many functional equations can be written in the fixed
point equation form. In consequence of this, existence and uniqueness results for
such equations can be established by using fixed point results. There exists a
great variety of such results. Our purpose is to give some remarks on a certain
abstract comparison method of proving the covergence of successive
approximations for the fixed point equations.

The general idea of the method mentioned here goes back to the well-
known Banach contraction principle [1] and the Kantorovich comparison
method [9] (see also [7], [17]). To the present time rather a big number of
different generalizations of the Banach contraction principle and Kantorovich’s
comparison result have been published. But the most general and simplest is
Wazewski’s idea presented in 1960, [20].

In the present paper we give some modification and discussion of
Wazewski’s theory. First of all we note that the fixed point problem x = f (x),
where the set X and the mapping f: X — X are given is purely a set theory
problem. Usually this problem cannot be solved by set theory tools only. It is
necessary to introduce in X some mathematical structure which makes the
solving of the problem possible. In case we want to solve the problem
constructively the covergence notion is, among others, necessary.

1. Preliminaries. Let us introduce the set G by the following
AssUMPTION (A;). Assume that
(i) (G, <, ™, +, 0) is a partially ordered set with the minimal element 0,
a binary relation +: G x G —» G and a convergence notion of some decreasing
sequences of elements of G (we mean: the limit of a given sequence is unique;
decreasing <> non-increasing),

(ii) the relation + has the properties: for any u,v,weG
u+v=v+u, u+0=0, u<v=>u+w<vtw,
(iii) the convergence . has the properties:

(a) U, Nu=u,., ~u forany keN:=0,1,...,
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(b) U, = U=U, N U,

(c) u,Nu, v,Nv and u,<v,=>u<0v,
d) Uy N U, UV, NV=U,+0, NU+0.

We note that Wazewski assumed in [20] that all decreasing sequences in G
converge. This assumptions is sometimes too strong.

The good models for G defined by (A,) are: R%, where R, =[0, + ),
meN; C(£2, R7) — the space of all R -valued continuous functions defined on
a compact set Q; L(Q, R%) — the space of all R" -valued Lebesgue integrable
functions; Cy(Q, R") — the space of all R%-valued upper semicontinuous
functions (with the pointwise convergence of decreasing sequences); F (T, R%)
— the space of all R% -valued functions defined on an arbitrary set T (with the
pointwise convergence). Observe that in C(Q2, R%) not all decreasing sequences
converge to a continuos function. This means that C(£2, R") is not a model for
Wazewski’s axioms listed in [20]. Note that for G we can also take a cone
having suitable properties in a given Banach space (see [10], [6], [8], [18]).

Now we axiomatically introduce a mathematical structure in the main
space X. We take

AssUMPTION (A,). Assume that G is defined by (A;) and X is an abstract set
such that

(i) there is in X some convergence notion — with the properties:

(a) X,>xeX=Xx,,,—x for any keN and {x,} = X,
b x,=x€eX, neN, =x,-X,
(i) there exists a mapping r: X x X — G with the properties:
(a) r(x,y) =0ex=y,
(b) r(x,y) <r(x,2)+r(y, 2, xy,zeX,
(iii) for any x*e X, beG the ball
S(x*,b) =[x] xeX, r(x,x*) <b]

is closed (with respect to the convergence introduced above),

(iv) the space X is sequentially complete, ie., for any |x,} < X if there
exists {c,} = G, ¢, \ 0 and

r(xm xn+p) S Cm h, PGN,

then {x,} converges in X.

We note that in Assumption (A,) as well as in (A,) it is assumed that the
limit for the given sequence is unique and x, — x means that lim x, = x.

n—aw
Note that in X besides the convergence — assumed, we may introduce
another convergence. referred to as r-convergence: x, ', x€ X <> there exists a
sequence {e,} = G such that e, ~ 0 and r(x,, x) < e,, neN.
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Under Assumption (A,) we have the implication x, ' x = x,, — x. Indeed,
we have

r(xm xn+p) < r(xm x)+r(x’ xn+p) S en+en+p < 2em

which means that {x,} is a Cauchy sequence and in view of condition (iv) of (A ;)
it converges to .some x'. Moreover, r(x,, x') < 2¢, and r(x, x’) < 3e, what
imphies x = x'.

It is clear that in general the converse implication does not hold.

The abstract set X for which (ii) of (A,) holds we can call a G-metric space.
In a G-metric space X we define the r-convergence mentioned above. It is easy
to see that for a G-metric space X which is sequentially complete (in the sense of
(iv) of (A ,)) with respect to the r-convergence Assumption (A,) holds (with Z, in
the place of —).

2. Comparison fixed point result. Now we are in a position to formulate a
modification of Wazewski’s result (see [20]).

THEOREM 1. Assume that X is defined by (A,) and

() f: @ — X, where % is a closed subset of X,

(ii) there exists an xqe % such that f"(xo)e %, ne N (we always mean
S (%) =f(f"(xo))a £°(x0) = xo),

(iii) there exists a beG such that r(xo, f"(xo)) < b,

(iv) there exists an isotone and monotonically-continuous mapping a: [0, b]
- [0,b] = G ([0, b] denotes an interval in G) which has the properties:

(@) u=a(), uel0,b]=u =0,
(b) {a"(b)} converges,
(c) for any x,ye 2, r(x,y) < b,

r(f(x), ) < alr(x, y)).
Under these assumptions there exists in 2 a fixed point of f, say X, and
f"(xo) = X. Moreover,

r(%, f*(xo)) < a"(b), neN,

and the fixed point X is unique in 2 N S(xy, b).

Proof. First of all we observe that the assumptions imposed on the
mapping a and element b imply a"(b) \ 0. Indeed, by (iv) (b) we have
a"(b) » be[0, b], but by the continuity of a we infer b = a(b), now (iv) (a)
implies b = 0. On the other hand, from (iii) and (iv) by induction we find

r(f™(x0), f"P(x0)) < a"(b), n, peN.

This, in view of the completeness of X, implies the convergence of { f"(x,)}. Let
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f"(xo) = X. The closedness of balls in X implies the evaluation asserted. The
evaluation

r(f, f(f)) < r(f,fn+l(xo))+r(fn+1(xo),f(f)) < 2an+1(b)

proves that X is a fixed point of f. The uniqueness mentioned follows from the
evaluation

r()"c', f"('xO)) < a"(b)’ nENa

being valid for any fixed point X of f contained in 2 N S(xo, b).

It is seen from the proof of the theorem that instead of conditions (iv) (a)
and (b) we can assume that only a"(b) ™ O or that {a"(b)} has a majorant
convergent to 0, ie. there exists {g,} = G, g, ™0 and a"(b) < g,.

Remark 1. If we assume that 2 = S(xq, b) and f: S(xq, b) = S(x,, b) then
assumptions (ii) and (iii) of Theorem 1 are automatically satisfied (obviously the
first of them is satisfied if f; 2 — 2). If we have only f: S(x,, b) = X, then
assuming that there exists an isotone mapping A4: [0, b] - G which has the
properties:

g+A(b) < b for some g > r(x,, f(xo)),
r(f (xo), f (%)) < A(r(xo,x), x€8(xo,b),

we get f: S(xg, b) = S(xq, b). Obviously, we can take A =a if g+a(b) < b.

Remark 2. Sometimes in order to establish the existence of a fixed point of
a mapping f: 2 - 2, 9 < X, it is enough to find a mapping ¢g: 2 — & which
commutes with f (i€, fg = gf) and has a unique fixed point in . Obviously, the
unique fixed point of g is a fixed point of f (see [10]). If we take for g some
iterate of f, say f¥, then the unique fixed point of f7 is the unique fixed point of
f- Now the existence and uniqueness of a fixed point of ' can bo asserted if the
assumptions of Theorem 1 are satisfied for some iterate of fand for instance for
2 = S(x,, b).

3. A relation between Banach’s and Wazewski's results. It is quite easy to
observe that Banach’s contraction principle and a number of its generalizations
(so-called non-linear contraction principles [3]) are special cases of the
Wazewski result. Obviously, now G = R, , X is a complete metric space and the
mapping a for the Banach case is a(u) = au, ue R4, a€[0, 1). A more important
fact is that in view of a very interesting result due to Bessaga [2] the Wazewski
result is in some sense equivalent to the Banach contraction principle. Let us
quote

Tueorewm (Bessaga). If f: U — U, U is an arbitrary set, and any iteration f"
of f,n=1,2,..., has a unique fixed point, then for any ae(0, 1) there exists a
complete metric in U such that f satisfies in U the Lipschitz condition with the
constant a.
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We note that in the proof of this theorem the axiom of choice is used;
precisely this theorem is equivalent to the axiom of choice (see [2]).

From Theorem 1 we get

CoRrOLLARY 1. If the assumptions of Theorem 1 are satisfied, 2 = S(x,, b)
and f: S(xq, b) = S(xq, b), then f": S(xq, b) — S(xg, b), ne N, and for any f",
n=1,2,..., there exists in S(xq, b) a unique fixed point.

Proof. It is clear that the fixed point X of fis a fixed point of any f*,
n=1,2,... It remains to prove that X is the unique fixed point of any f". We
observe that for any fixed ne{l,2,...} we have

r(X, f™(xo)) < a™(b) < d*(b), keN.

This implies the relation f™ (xo) — X if k — oo for each n = 1, 2,... Note that it
follows from assumption (iv) (c) of Theorem 1 that

r(fp(x), fp(y)) < a”(r(x, y)), peN,

for x, ye S(xq, b), r(x, y) < b. Let X€S(x,, b) be another fixed point of f". If we
put x = x4, y =X, p=kn, then we get

r(f*"(xo), X) < d*"(r(xo, X)) < d*(b), keN.

This means that f*"(x,) — X if k = oo. By the uniqueness of the limit in X we
infer ¥ = x. Now the proof is finished.
If we now combine Corollary 1 with Bessaga’s result we get

COROLLARY 2. If the assumptions of Theorem 1 are satisfied, f- % — &, and
2 = S(xq, b), then there exists a complete R , -metric in S(xq, b) such that f is a
classical contraction in S(xq, b) (with respect to the metric mentioned) and the
fixed point result is implied by Banach’s contraction principle.

We observe that Corollary 2 has only theoretical meaning, because the
non-constructive character of Bessaga’s theorem. Because of this, in
applications, Wazewski’s theorem is still very useful (see, for instance, [11}-
[15]). In spite of this we should keep in mind that in each case that we use
Wazewski’s theorem there exists the possibility to obtain the same result by
using the Banach contraction principle if we find a suitable metric in the space
considered. Below (see Section 7) we shall show the cases where we really can
find such a metric.

4. Some examples. In order to explain the ideas mentioned above let us
consider
ExampLE 1. Suppose that we consider the integral equation
t
x(t) = [F(t,s, x(s)ds+h(1),
0

in C(I, B), i.e., in the space of continuous functions defined in I = [0, T],

8 — Prace Matematyczne 24.2
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T> 0, with values in a Banach space B. Obviously, it is assumed that
FeC(I*>xB, B), heC(I, B). Now we take C(I, R,) for G with usual partial
order and addition. For the convergence  in C(I, R,) we take the pointwise
convergence of decreasing sequences in C(/, R.) (clearly, not all sequences are
convergent in C(I, R,)). We take C(I, B) for X with uniform convergence and
with G-metric r defined by the relation

r(x, )@ =llx@-y@Il, rel,
for any x, ye C(I, B) (J| - || denotes the norm in B). If we assume that there exists
weC(I?> xR, ,R,) such that
IF(t, s, )= F(t, s, Il < o(t,s,lx—yll),

then we can take for the mapping a
t
a()(t) = [olt, s, u(s))ds.
0

Now the way in which, by using of Theorem 1, some existence and uniqueness
result for the mentioned equation can be obtained is clear (see [14], [15], [4]).
We want only to emphasize the fact that by the compactness of the operator a it
transforms any decreasing sequence into one convergent in C(I, R, ). By this
assumption (iv) (b) of Theorem 1 holds if a(b) < bforsome be C(I, R,). This is
not the case in the following

ExamMpLE 2. Let us now consider in C (I, B) the functional equation of the
form

x(t) = F (1, x(B(®)),
where FeC(I x B, B), BeC(I, I). Suppose that for some [eC(l,R,)
IF @, x)=F(t, yl < I®)llx=yll, x,yeB. "\
Now we use the same G and X as in Example 1. For the mapping a we can take

a(u)(t) = () u(B(1)).
Let us take x,eC(I, B), and

h(t) = ||F (¢, xo (B(0))=xo (1)
For b we take now the continuous solution of the equation
u(t) = 1(u(B@)+h().

Such solution certainly exists if the series

> LOh(B ),
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where [, (1) : = 1O L(B(1), Lo(t) = 1, B2 (1) = B(B'(1), B°(r) = 1, converges to
the continuous sum. Assuming this we put

b(t) = Z‘O Lh(B (), tel.

It is easy to check that f: S(xq,b)— S(xq,b) = C(I,B) with f(x)(1)
1= F(t, x((1)). Observe that

e &)

a"(b)(t) = Y L) h(B().
This proves that a”(b)(t) v 0 uniformly in /. Now in view of Theorem 1 we can
assert the existence in S(xg, b) of a unique solution X of the equation under
consideration. Moreover,

%(1) = lim x, (1),

where

Xpr1 () = F(t, x,(8(1)),  neN,
and

[1x (1) = x4 (D)]] < Z L (1) h (B (1))

We note that in the same way we can proceed for much more general
functional equations, e.g.
a(t)

x(t) = F(t, [ g(t,s, x(s))ds, x([i(t))).
0
For more details see papers [13}-[15].
Observe that in our consideration / need not be an interval in R, , it can be
a compact set of some topological space (the non-compact case can also be
considered).

5. How to guarantee that O is the unique fixed point of a ? This assumption
(see Theorem 1) is very important. On the other hand, it is often difficult to
check it. In the present section we try to answer this question. We do this first of
all by assuming a bit more on the space G. We introduce

AsSUMPTION (A;). Assume that

(1) Assumption (A;) holds,

(i) the mapping -: R, xG — G is defined and it has the properties:
(@) A+pwu=Au+uu, lu=u, A(uu) =(AWu, A, ueR,, uegG,

b)) A<y, u<y, A, peR,, u,veG=Au < uu, Ju < Av,
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(© A, N4, u, ~u, A, AeR,, u,,ueG==24,u Au, Au, ™ Au.

Now we have

COROLLARY 3. Assume that

(1) X and G are defined by (A,) and (A,),

@) f: S(xq, b) = S(x0, b) for some xoeX, beG,

(iii) there exists an isotone and monotonically-continuous mapping a,
a: [0,b] —[0,b] = G with the properties:

(a) a(Ab) < Aa(b) for any Ae[0, 1],

(b) a(b) < vb for some ve(0, 1),

© r(f(x), f) < alr(x,y), x,yeX, r(x,y) < b.

Under these assumptions there exists in S(x, b) a unique fixed point of f,
say X, f"(xo) — x. Moreover,

r(%, fM(x0)) < a"(b) < v"b, neN.

Proof. To prove this corollary it is sufficient to show that condition (iv) (a)
of Theorem 1 holds and that the sequence {a"(b)} has a convergent majorant.
This is now implied by the relation

uel0,b], u<aw=u<a"(b)<v'bh, neN,

which can be obtained by induction. .

Remark 3. In some applications (see, for instance, Examples 1 and 2) for b
for which condition (iii) (b) of Corollary 3 holds we can take the solution of the

; 1
equation u =—a(u)+ h for some heG.
v

We also have

COROLLARY 4. If the assumptions of Corollary 3 (except (iii) (a) (b)) hold, there
exists a non-decreasing and upper semi-continuous function ¢: [0,1] — [0, 1]
such that @(0)=0, o(t) <t, 0 <t <1, and

a(Ab) < o(H)b, A€[0,1],

then the assertion of Corollary 3 holds with the evaluation

r(X, f"(xo)) < a"(b) < @"(1)b, neN.

Proof. Now the result asserted is implied by Theorem 1 and by the
relation

uel0,b], u<aW=u<a"b) <e"(1)b, neN,
obtained by induction. Noté that ¢"(1) -0 if n— o0.

6. Global comparison fixed point results. Now we are going to consider the
~case f: X — X. We note that some global comparison results have been
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formulated in [12], [16]. In the last paper also the chainability notion is used
(see [5], [18]). Here we formulate only results which are in some sense related to
these contained in Corollarles 3 and 4.

We have

THEOREM 2. Assume that

() X and G are defined by (A,) and (Aj),

(i) f: X - X,

(iti) there-exists an isotone and monotonically-continuous mapping a: G — G
and beG such that:

(a) a(4b) < Za(b), AeR,,

(b) a(b) < vb for some ve(0,1),

© r(f(0.f¥) < alr(x,y) for x,yeX, r(x,y) < Ab, A€R,,

(iv) xo€X and r(xo, f(xo)) < Aob for some o€R,.

Under these assumptions in any ball S(xq,Ab) with 1 = Ao(1—v)™! there
exists a unique fixed point of f, say X and f"(xy) — X. Moreover,

r(X, f"(xo)) < a"(Ab) < v"2b, neN.

Proof. To prove this theorem it is enough to observe that all assumptions
of Corollary 3 are satisfied if we take Ab instead of b. Indeed, we have for
xeS(xq, Ab)

r(f(x), xo) < a(r(x, xo))+4ob < a(Ab)+4ob < (Av+4o)b < Ab

This means that f(S(xo, b)) = S(x¢,4b). It is also clear that
a([0, 7b]) = [0, Ab]. Now the assertion of the theorem is implied by Corol-
lary 3.

Remark 4. The uniqueness asserted in Theorem 2 takes place in the subset
X(xq, b) of X defined by the relation

X(x0,b) = U S(xo, 4b).
A>0

Note that if xoe X and for some peR,, r(xy, xo) < ub, then X (x5, b)
= X (xo, ). Sometimes we have "X (x,, b) = X. Whether that is the case
depends on X and b. The equality takes place for instance for any metric space
and b> 0. If X =C(,B) and G = C(I,'R,), then the equality mentioned
holds if inf[b(2): tel] > 0.

Corollary 4 is related to the following

THEOREM 3. Assume that

(i) X and G are defined by (A,) and (A;),

i) f: X - X,
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(iii) there exists an isotone monotonically continuous mapping a: G — G,
beG, and non-decreasing continuous function ¢: R, — R, such that

@ @0 =0, o)y <t, t >0,

(b) a(ib) < @(4)b, AeR,,

© r(f(x), f() < alrx, ) for x,yeX, r(x,y) < ib, AeR,,

(iv) xo€ X, r(xq, f(x0)) < Agb for some AoeR, .

Under this assumption there exists a fixed point of f, say X, and f"(x,)
— X. Moreover,

r(f"(xo), X} < a"7P(b) < " P(1)b, n=p,p+l,...

for some pe N. The fixed point X is unique in X (x,, b) defined in Remark 4.
Proof. By the assumptions we have ¢"(4y) » 0 if n— c0o. We have also

r(f4, f*) < d(r(x, ), keN,
for x,ye X, r(x,y) < ib, AeR,. If we put x =Xx4, y =f(xp), then
r(1* (x0), S*(f(x0)) < @*(r (o, f (x0)) < @*(Aob) < @*(Ro)b,  keN.
Since ¢*(4,) — 0, there exists peN‘ such that
0" (o) € 1=@(1).
Consider the ball S(xp, b), xp =f7(x). We have f(S(xp, b)) < S(xo, b).
Indeed, for any xeS(xp, b) we get
r(f (%), xo) < r(f (%), f (x0))+r(f7(xo), f7F " (xo))
< a(r(x, xp))+ ¢ (Ao)b < [@(1)+¢"(A)]b < b.

Now Theorem 1 can be applied to the ball S(xg, b). By this theorem there exists
in S(xp, ) a unique fixed point ¥ of f, f"(xp) = X and

r(x, f"(xp)) < a"(b), neN.
By the definition of x, we get f"*"(%,) —» X if n— o and
r(%,f"P(xo)) < a"(b), neN.
Hence we infer that f*(x,) » X if k> o0 and
r(%, f"(xo)) < a"?(b) < @"P(1)b, n=p,p+1,...

To prove the uniqueness asserted we first observe that X is a unique fixed point
of fin X (X, b). Indeed, if Xe X(X,b) and X =f(X), then

r(%, %) =r(f"(%), /"(9) < a"(r(%, D) < a"(Ab) < @"(Aib

for some AeR,. Now by ¢"(4) -0 if n— oc we infer that ¥ = X.
Now we prove that r(X, xo) < Ab for some A€ R, . Obviously, we have
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r(x, xp) < b. It is enough to prove that r(xp, xo) < Ab for some AeR,. We
have

p—1 p-1

Z r(f1(xo), f111(x0)) < Z a'(r(xe), f(xo))
lp—_O1 i=0 .

2
i=0

p—1
< a'(lob) < Y ¢'(Ao)b.
i i=0

r(x’Oa xO) S

Thus we find that r(X, x,) < A’b, where

1

-
¥=1+ ¥ ¢'(o).

0

In view of Remark 4 the proof of the theorem is completed.

. Remark 5. If in Theorem 3 we assume additionally that (1) =t —¢(¢)
— + 00 if t > + o0 and ¥ is increasing, then we have the assertion of Theorem 3
with the evaluation

r(%, f"(xo)) < @"(4*)b, neN,

for 2* being the solution of equation A = @(4)+ 4o. For this case it is easy to
show that Theorem 1 can be applied for any ball S(x,, 4b) with 4 > A*.

Remark 6. Under the assumptions of Theorems 2 and 3 it is easy to check
that for any iteration f?, pe N, the assumptions of these theorems hold with a”
instead of a, v* instead of v, ¢” instead of ¢ and a suitable A; instead of 4,. In
view of this, in X (x,, b) there exists a unique fixed point of all f?, peN.

7. X(xo,b) as a metric spaces. In this section we shall prove that
X(xg,b) € X can be metrized and that the global comparison results
established in Section 6 can be obtained by using the Banach contraction
principle. This will mean that in the case of X (x,, b) = X we are able to find the
usual metric, the existence of which is asserted by Bessaga’s theorem.

We have the following

LeMMA. If X and G are defined by (A,) and (Aj), xoe X, beG, then
X (xo,b) 1= U S(xo, Ab)
A>0

is a complete metric space with the metric

d(x,y) =inf[4] r(x,y) < Ab, A€eR.].

Proof. By the axioms introduced in (A,) for the abstract metric r (the:
symmetry property for r is implied by (A,) (ii)) it is quite easy to check that d is a
metric. The completeness of X (x,, b) is implied by sequential completeness of
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X . Indeed, if {y,} = X (x,, b)is the Cauchy sequence, i.c., there exists a sequence
s,,} < Ry, &, %0 and d(y,1p, o) < &, for n,peN, then we have

r(yn+p9 yn) < (d(yn+p’ yn)+ l/k)b < (8n+1/k) ba kGN
If k> o0, we get
r(yn+p’yn) < cm n’ PEN,
with ¢, = ¢,b, ¢, \ 0. This means that {y,} converges to some yeX. By the
closedness of balls in X, r(y,y,) <c, ne N. Now
r(y, xo) < r(y,y)+r(y1, Xo) < ¢y +4; b =(s1+44)b.

This means that ye X(x,, b). Thus the proof is complete.
Now we can formulate

THEOREM 4. If the assumptions of Theorem 2 are fulfilled, then f: X (x,, b)
— X (xo, b), f is a contraction in X (xq, b) and there exists a unique fixed point

of fin X(xo,b).
Proof. First we observe that for any xe X (x,, b)

(an f(xo))+"(f(xo) f(x))

r(f (%), Xo) <
< dgb+a(Ab) < (Ao+ )b,

where A depends on x. This means that f(x)e X (x,, b). We prove that fis a
contraction. Let x,yeX(xq,b); then there exists AeR, such that

x, yeS(xq, Ab). Now we get

r(f (%), £ () < a(r(x, ») < a((d(x, y)+1/k)b)
< (d(x,y)+1/k)vb, keN.

Hence if k —» o0 we have
r(f(x), f) < vd(x, y).
This proves the inequality

d(f (), f () < vd(x, ),

for any x, ye X (x,, b), i€, f is a contraction. The last part of the assertion of
the theorem is implied by Banach’s contraction principle.

We have also

THEOREM 5. If the assumptions of Theorem 3 are fulfilled, then f: X (xq, b)
— X (xg, b), f is a non-linear contraction in X (xq, b) and there exists a unique
fixed point X of f in X (xq, b). Moreover, for any yoe€ X(xo, b), f"(¥o) = X.
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Proof. Observe that for any xe X (xq, b)
'r(f(x), Xo) € "(xo’ f(xo))‘*‘r(f(xo), f(x)) < Aob+a(r(x0, X))
< Aob+a(Ab) < Agb+@(A)b =(Ao+@(H)b

for some AeR,. This proves that f(x)e X (xo, b).
Let x, y € X (xo, b); then there exists A€ R, such that x, yeS(xo, 4b). Now
r(f (), f) < a(r(x, ) < al(d(x, )+ Vk)b) < 9(d(x, y)+1/k)b,  keN.

Hence if k - o0 we get

r(f(x), f() < o(d(x, y)b

and this implies the inequality

d(f(x), f(¥) < o(d(x, ).

This means that f is a non-linear contraction in X(xo, b). To prove the
existence and uniqueness of the fixed point of f we can use the Boyd and Wong
result [3]. But we give here the proof based on Theorem 1. We have for any
X, ye X (X, b)

d(f*(x), f*(») < ¢*(d(x,y), keN.
Take x = yo, ¥ =f (o), where yo€ X(xq, b) is fixed. Now

A(f* o) £ 1 () < 9*(d (o, £ (¥0))-

Since ¢*(t) - 0 for any ¢t > 0 and k — oo, there exists pe N such that

¢(do) <1—0(l), do= d(yOs f(}’o))-
Let zo =f7(yo) and
V(zg, 1) = [x| xeX(xq,b), d(x,2zo) < 1].

Clearly we get f: V(zo, 1) = V(zo, 1). Applying Theorem 1 to the considered
model of the general theory we infer that in V(z,, 1) there exists a unique fixed
point of f, say X, and f"(z,) — X (in X (x,, b), i.€., with respect to the metric d).
But the convergence with respect to the metric d implies the convergence in X
introduced by (A,). Hence f"(y,) — X (in X). By the properties of ¢ it follows
that there exists in X (x,, b) at most one fixed point of f. Now we infer that, for
any yo,€ X (xg, b), f"(yo) = X. Thus the theorem is proved.

The example of an application of the idea mentioned here can be found also
in [19].

The results of the present paper have been presented at 16 Internationales
Symposium iiber Funktionalgleichungen, Graz, 3-10 September 1978.
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