ANNALES SOCIETATIS MATHEMATICAE POLONAE ("
Series I: COMMENTATIONES MATHEMATICAE XXIV (1984) cmptm
ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO ‘
Seria I: PRACE MATEMATYCZNE XXIV (1984)

ALEXANDER ABIAN (Ames, Iowa)

Determinant version of Taylor theorems and some generalizations

Abstract. It is shown that Taylor’s theorem in either of its derivative or integral remainder
forms has a simple determinant formulation and proof. Also, some generalizations involving several
functions of a single variable are derived.

In what follows all functions are real-valued and of a single real variable.

Without loss of generality and for the sake of clarity of the exposition we
give below the determinant formulation and proof for the special case of n = 2
of Taylor’s theorem in its derivative remainder form.

THEOREM 1. Let f be a function whose 2-nd derivative is continuous on the
closed interval [a, b] with a < b and let the third derivative f"" exist in the open
interval (a,b). Then there exists ¢ with a < ¢ < b such that:

) b bb1
f@ a a*al
(1) f'(@ 3a*2a10|=0.
f"(@ 6a 2 00
"6 0 00

Proof. Let us consider function F given by:
fb) b b2 b1
fla a®'a*all
F(x)=|f'(a) 3a* 2a 1 0|.
f"(a) 6a 2 00
fx) x* x*x1

If in the last row of the above determinant we replace x by a we obtain the
second row and therefore F(a) = 0. Similarly, if in the last row of the above
determinant we replace x by b we obtain the first row and therefore F(b) = 0.
Thus, F(a) = F(b) = 0. Moreover, from the hypothesis of Theorem 1 it follows
that F is continuous on [a, b] and F’ exists in (a, b). Hence, by Rolle’s theorem
there exists e such that

(2) a<e<b
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and

fb)y b* b* b1
f@ a® a*al
3 F'(e)=|f'(a) 3a* 2a 1 0|=0.
f(@ 6a 2 00
f'(e) 3¢* 210

Next, let us consider function F’ given by:

f(b) b* b* b1
fl@ a® a*al
F(x)=|f(a) 3a® 2a 1 0].
f"(@ 6a 2 00
f'(x) 3x22x 10

If in the last row of the above determinant we replace x by a we obtain the
third row and therefore F’(a) = 0. On the other hand, (3) shows that F'(e) = 0.
Thus, F'(a) = F'(e) = 0. Moreover, from the hypothesis of Theorem 1 it follows
that F’ is continuous on [a, b] and F” exists in (a, b). Hence, by Rolle’s theorem
there exists h such that

“) a<h<e

and

fb) b* b2 b1
f@ @& a*al
)] F'(hy={f(a) 3a* 2a 1 0|=0.
f"(@ 6a 2 00
f'(hy6h 2 00
Finally, let us consider function F" given by:
f(b) b b* b1
f@ a a*>al
F'(x)=|f"(@) 3a® 2a 1 0|.
f"(@) 6a 2 00
f'(x) 6x 2 00
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If in the last row of the above determinant we replace x by @ we obtain the
fourth row and therefore F”’(a) = 0. On the other hand, (5) shows that F”(h)
= 0. Thus, F”(a) = F"”(h) = 0. Moreover, from the hypothesis of Theorem 1 it
follows that F” is continuous on [a, b] and F’” exists in (a, b). Hence, by Rolle’s
theorem there exists ¢ such that

(6) a<c<h

and

f) b b2 b1
f@ a a*al
(7) F"(c)=|f"(a) 3a® 2a 1 0|=0.
(@ 6a 2 00
)6 0 00

Clearly, (7) establishes (1) and from (2), (4), (6) it follows that a < ¢ < b.
Thus, Theorem 1 is proved.

It can be readily verified (by expanding the determinant appearing in (1))
that (1) implies

CE
L B ~0
213!
£ o 0
=10~ @120~ L 06— L D ap
and therefore,
1) =1 @+ Q-+ D p—ap+ 100 —ap

which is the classical formulation of Taylor’s theorem in its derivative
remainder form for the case of n = 2.

Based on the above, it is obvious how to give the determinant formulation
and proof of Taylor’s theorem in its derivative remainder form for the general
case. Without giving the proof, we state below the determinant version of that
theorem.

THEOREM 2. Let f be a function whose n-th derivative is continuous on the
closed interval [a, b] with a < b and let the (n+ 1)-st derivative f ™V exist in the
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open interval (a,b). Then there exists ¢ with a < ¢ < b such that:

by bl b b1
f(a) art! a" ... al
f(a) (n+1)a" na" "1 ... 10

(@ nm+Da""! m—na""2... 00

D) (n+1)! 0 ... 00

Remark 1. We observe that the first row of the determinant appearing in
(1) consists of the values for x = b of five functions:

(8) f(x), x3, x2, x, 1.

Clearly, of the five functions above, the last four are very special cases of
functions. With a proof verbatim of that of Theorem 1, we can prove the
following generalization of Theorem 1, where instead of special function listed in
(8) we consider five arbitrary functions f(x), g(x), u(x), v(x), w(x).
THEOREM 3. Let f, g, u, v, w be functions whose 2-nd derivatives are

"

continuous on the closed interval [a, b] with a < b and let the third derivativesf'",
g, u", v, w" exist in the open interval (a, b). Then there exists ¢ with a < c
< b such that:

fB) gb) u®) o) wib)
f@ 9@ u@ v@ w
© f@ ¢@ w@ v@ w@|=o.
/1@ g'@ W@ v'@ W
170 §7(@) w(0) v () W @)

Naturally, Theorem 2 can be similarly generalized.

Remark 2. A special case of (9) deserves a particular attention. Let us
replace in (9) functions u(x), v(x), w(x) respectively with the particular functions
x%, x and 1. As a result we obtain:

fb) gb) b* b1
fl@ g@ a*al
(10) f'@ g@ 2a10|=0.
f"(@ g"(@ 2 00
f7(€) 9" 0 00
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It can be readily verified (by expanding the determinant appearing in (10))
that (10) implies:

16~ @-2

f"(a)
21

4(b)— g(a)—g—‘—)(b—- -2 -y

(b—a)———(b—a)’

f"(©)

v 90

provided the denominator in the left-hand side of equality (11) does not vanish
and provided f"' and g’ do not vanish simultaneously.

It is remarkable that in the right-hand side of equality (11) the same ¢
occurs in f"’(c) and g''(c). Clearly, (11) is a first step generalization of the
classical generalized mean-value theorem. By considering larger (dimension-
wise) determinants than (10), however, with the same pattern as indicated in (10),
we can easily derive further and further generalizations of the classical general-
ized mean-value theorem. Obviously, the classical mean-value theorem of the
differential calculus is the special case of Theorem 1 given by:

f) b1
f(a) a1l|=0
fillepy1 0

and the classical generalized mean-value theorem of the differential calculus is
the special case of Theorem 3 given by:

fb) gb) 1
f(@) g(a) 1}=0.
f(€) g'(c) 0

Next, again, without loss of generality, we give below the determinant
formulation and proof for the special case of n = 2 of Taylor’s theorem in its
integral remainder form.

First, however, let us observe that if f"” exists then it can be readily verified
that the derivative of the determinant appearing in (12) satisfies the equalities
given in (12):

f(b) b* b1 f() b2 b1 0 b b 1
(12 dlfx) x> x1| |f(b) x*x1 0 x? x 1
dx | ') 2x 1 0] |f'(x) 2x1 0| |0 2x10
ff(x)2 00 f"(x)0 00 f7(x)0 00

= 1" (x) (b—x)2.

1"

Now, we prove:



178 A. Abian

"

THEOREM 4. Let f be a function whose third derivative ' is continuous on the
closed interval [a, b] with a < b. Then for every xe(a, b] it is the case that:

fb) b b1 fb) b2 b1
13) flx) x* x1 =fbg fy 2t 1
fl(x) 2x 10 dt | f'(t) 2t 10

ffx)2 00 "2 00

b
dt = ff’”(r)(b—t)2 dt.

Proof. Clearly, the left most determinant appearing in (13) is a function of
x. Let us denote it by F(x). Obviously, F (b) = 0. Moreover, from the hypothesis
of the theorem it follows that F'(x) is continuous on [a, b]. Therefore F(x)

b
= [F’(1)dt which, in view of (12) implies (13).

It can be readily verified (by expanding the determinant appearing in (13))
that (13) implies

b

=207 0-109-L 2 0-0-L 2 6-7) = [0-02 770

X

and therefore,

J'(%) f"(x)

b
l ”"r
fb)y= f(X)+~—1——(b'—X)+T(b—X)2+§T Jf Ob-0dt,

where upon replacing x by a yields
b

’ " 1
10 =1@+ L 26-a+ L0 0-ar 41 [r06-0a

X

which is the classical formulation of Taylor’s theorem (in its integral remainder
form) for the case of n = 2. .

Based on the above, it is obvious how to give the determinant formulation
and proof of Taylor’s theorem (in its integral remainder form) for the general
case. Without giving the proof we state below (using (12)) the determinant
version of that theorem.
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THEOREM 5. Let f be a function whose (n+1)-st derivative f**V is
continuous on the closed interval [a,b] with a < b. Then

fby b b=t ... b1
fl@ a" a1 ooal
f'@ nat (n—1a"? .. 10| | t+ D) (b—1)"d
S"(a) (n—l)na"_z (n—2)(n—1)a"‘3 .00 = jf ((b—1t)"dt.
f(n)(a) n! 0 o0

Obviously, as expected, the Fundamental Theorem of Calculus, ie.
b

f(b)—f(a)=[f'(t)dr is the conclusion of Theorem 5 for the special case
of n=0.
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