
ANNALES SOCIETATIS MATHEMATICAE POLONAE 
Series 1: COMMENTATIONES MATHEMATFCAE XXIV (1984) 

ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Séria I: PRACE MATEMATYCZNE XXIV (1984)

M a r e k  W i s l a  (Poznan)

Separability and local boundedness of Orlicz spaces of functions 
with values in separable, linear topological spaces

Abstract. The paper deals with the theory of Orlicz spaces of functions with values in 
separable, linear topological spaces. In Section 1 we define Orlicz spaces Jf(T, X) and 
a subspace ЕФ(Т, X ) of the space I?(T, X). Section 2 contains a theorem on separability of the 
space ЕФ(Т, X). In Section 3 we prove a theorem on local boundedness of the space i f  (T, X).

1. Preliminaries.
1.1. We assume henceforth that (T, Z, /1) is a measure space, where Z is 

a <T-algebra of subsets of T, ц is a positive, tr-finite, atomless and complete 
measure on Z.

1.2. (X, t) will denote a separable, linear topological space. & will be 
always a base of neighbourhoods of в, where в is the origin of X. Moreover, 
A will denote the smallest a algebra of subsets of X  containing t .

1.3. Let e/#(T, X) be the set of all functions f  : T-+X  such that for 
every UeA, f ~ 1(U)eZ. <Ж0(Т,Х) will be a linear subspace of the set 
M (T, X).

1.4. Let со: R+ -> R + be a homeomorphism such that co(l) = 1 and 
co(u • v) ^  œ(u) co(v) for every u ,v e R +, (R + = [0, +эс)).

1.5. F: R + x R + ->Rï  will denote an F-operation, i.e. F have the 
following properties: F is continuous, F(-, u) and F(u, •) are non-decreasing 
functions for every fixed ueR+, F {и, v) = F (v, и), F(u,0) = u and 
F(u, F(v, w)) = F(F(u, v), w).

1.6. r: R + -> R+ is a function satisfying the properties:

F (г (и), r(v)) < r(u  + t>), г (и) > 0 for every u > 0  and limr(u) = 0 .
u -*0

1.7. D e f in it io n . A fu n c t io n  Ф : X  x T -* R + is  sa id  to  b e  a  Ф-function 
on  , # 0(Г , X), if

(a) Ф is Л x Z measurable,
(b) Ф(0, t) = 0 for almost every re T,
(c) Ф(х, t) = Ф( — х, t) for every x e X  and almost every feT,
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(d) for every / ,  g e J f 0(T, X) and и, v e R + such that co(u) + co(t;) ^  1

J <P(uf(t) + vg(t), t)dg ^ t)dg ; J <P(g(t), t)dp),
T  T  T

(e) Ф (-, г): X  -> R + is continuous for almost every teT, i.e. there is a 
set S of measure 0 in J  such that for every t$S, x e X  and e > 0 there is a 
neighbourhood U edS that for every y e x + U

\Ф(х, t)-<P(y, t)\ < 8,

(f) there is a set S e l  of measure 0 with the following property: for 
every clf c2 > 0 such that cx ^  c2, Ф{с1х, t) ^  Ф(с2х, t) for every x e X  
outside the set S.

1.8. D e f in it io n . A Ф-function Ф: X  x T -* R+ is said to be а ФА- 
function, if for every set A of finite measure and for every positive number e 
there is a neighbourhood Uedâ such that for every zeU ,

f Ф(г, t)dp < e.

1.9. For every Ф-function Ф: X xT->  R + a function q\J /0(T, X)-+ R + 
4 defined by g(f) = f Ф(/(г), t)dg is an (F, to)-pseudomodular on W0(T, X).

T

1.10 The space

L*(T, X) = ( /е . .# 0(Г, X): lim t>(cf) = 0!
c~*0

is an (F, (u)-pseudomodular space. We call the space F?(T, X) the Orlicz 
space (see [4]).

Moreover, a function |- |: Z?(T, X )-+ R + defined by

l/l = inf и > 0: Ф
T

fU)
o)~4u)'

dp < r(u)

is an F-pseudonorm on I?(T, X).
1.11 By Xa : T-+{0, 1} we denote an indicator function of the set 

A с  T.
P(T, X) will denote the space of all functions of the type

Z  4 l A k>
к = 1

where xke X ,  Ake l  and p{Ak) < +oo for every к = 1, 2, ..., n. The space 
P(T, X) will be called the space of simple functions.

We assume henceforth that P(T, X) c  J?0(T, X).
1.12. ЕФ(Т, X) will denote the subspace of the space lf(T, X) which
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consists of all these functions/ eI?(T, X) for which there is a sequence (gn) of 
simple functions that lim \ f—g„\ = 0 .

П-* 00
1.13. By 1%(Т, X) we denote the set

{ f e J f 0(T,X): f Ф (/(0, t)dn <+«>}.
T

Of course, I%(T, X) is a subset of the space I?(T, X).
1.14. The F-pseudonorm | | yields topologies on lf(T, X) and ЕФ(Т, X). 

We shall always consider the spaces lf(T, X) and ЕФ(Т, X) with these 
topologies. Therefore, the space ЕФ(Т, X) is the closure of the set P{T, X) in 
the space Z?(T, X).

1.15. By P(T, X) we denote the space of all functions of the type
oo
E X k * A k ,

k=  1

where (xk) c= X  and the family [Ak\ is a family of disjoint sets of finite 
measures.

1.16. A. Kozek in papers [1], [2] investigated spaces L0 of functions 
defined on an abstract set T with values in a Banach space X, generated by an 
N-function Ф : X  x  T -*  [ 0 ,  + o o ] .  Let us suppose that X  is a Banach space, 
F{u, v) = u + v, r(u) = и and co(w) = u. If Ф: X  x T  -> [0, +oo) is a convex 
Ф-function, then it is an iV"-function, too. Moreover, if X  is the space of real 
numbers, then Ф-function Ф: R x T  -> [0, Too) is a well-known ^-function 
with parameter which has been investigated in many papers, for example in 
[3] and [5].

2. Separability of Orlicz spaces.

2.1. We assume henceforth that D is a countable and dense subset of X  
and Ф: X x T - + R + is a Ф-function on J t 0{T, X). Let

P(x) = { teT : Ф(ах, t) > ЬФ(х, f)},

where a, b, c>  0. (It is easy to verify that P(x)el.)  Functions x: T -*■ R + 
and x : T^>R+ are defined in the following manner

x(t) = sup Ф(сх, t)xP(x)(t), Z(t) = sup Ф(сх, t)xP(x)(t).
x eX  xeD

Then we have the following lemma.
2.2 L e m m a . x(t) is equal to x(t) for almost every teT.
Proof. Since Ф is a Ф-function, there is a set S e l ,  fi(S) — 0, such that 

for every t f S ,  x e X  and e > 0 there is a neighbourhood U of the origin 0

10 — Prace Matematyczne 24.1
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with

\Ф{х,г)-Ф(у,г)\<в

for every y e x  + U (condition 1.7 (e)).
(a) We shall show that if tфS and teP{x) for some x e X ,  then for every 

there is yeD  n (x+ V )  such that teP(y).
Indeed, let teP{x) and F e J .  Then there is an t] > 0 such that

ЬФ(х, t) < ЬФ(х, t) + rf < Ф(ах, t) — rj< Ф(ах, t).

Now, putting e = rj/b in the first case and e = rj in the second one, condition 
1.7 (e) implies that

and
3 U e J tV  z e x + U  (Ф(х, ()~Ф(г, t)f < ц/b, 

3 W e ^ ^ f z e a x + W  \Ф(ах, t) — Ф(г, f)| < ц.
Moreover, since D is a countable and dense subset of X, there is a yeD  such 
that y e x  + (a~1 W n  U n  V). Hence

ЬФ(у, t) < ЬФ(х, t) + rj < Ф(ах, t) — tj < Ф(ау, t).

Thus teP(y).
(b) Now, we shall prove that

(*) x{t) = x(t)

for every t£S .
It is obvious that for every teT,
If x{t) = 0, then x(t) = 0 and equality (*) is true.
If x(t) = Too, then there is a sequence (x„) of elements of the space X  

such that for every n we have Ф(схп , t) > n and teP {xn). But condition 1.7 
(e) implies that for every n there is a set F „eJ  such that for every zec x n + V„,

Ф (cx„, t ) - l / n  < Ф(г, t).

By the first part of this proof, we obtain that for every n we can find 
yneD n(x„ + c_1 V„) such that teP{y„). Moreover, for every n

Ф (cxn, t ) - \ / n  < Ф {cyn, t).
Thus

x(t) ^  sup Ф(суп, t) > sup (Ф{схп, t) — l/n)=  + 00.
n n

Hence equality (*) is true.
Now, let us suppose that 0 < x(t) < +oo. Then there is a sequence 

(x j с  I  such that te P (x n) and Ф{сх„, t) > x(t)— \/2n for every n. By 
condition 1.7 (e) we obtain that for every n there is a set Wne $  such that 
IФ(сх„, t) — Ф(г, 0| < 1/2n for every zecx„+W„.
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Now, we apply the first part of this proof. For every n we can find 
yne D r\(x„ + c~1 Wn) such that teP(y„). Hence

Ix(t)-<P(cyn, t)\ < \x(t)-<P(cxn, 01 + 1 Ф(сх„, t) Ф (cyn, 01 ^  l/2n+l/2n = 1/n. 

Thus

x(t) ^  sup Ф(суп, t) ^  sup (x(t)—l/n) = x(t)
n n

and also in this case equality ( * ) is true.
2.3. C o r o lla r y . The function x is I-measurable.
Now we shall prove four lemmas. They will be used in proofs of 

Proposition 2.9 and Theorem 2.12.
2.4. L e m m a . If  there is a constant a > 0  such that

J к a, l i t )  dp < +oo,
T

where

*«,2(0 = sup Ф(2х, 0Хрд(х)(0
x e X

and

Pa(x) = {re T : Ф(2х, t) > аФ(х, 0},

then

(*) f Ф(2"/(0, t)dp < an J Ф ^ { 0, t)d[i+ £  an~k j xa(t)dfi
T T k = l  T

for every natural number n and f  е*Ж0(Т, X).
Proof. Let / b e  an arbitrary function from X ). Putting

A = { t e T : Ф(2/(0, г)< вФ (/(0 , 0}

we have A e l  and T \A  = {t e T : te P a(f(t))}. Hence

f 0(2f(t),t)dii = S 0(2f(t),t)dn+  J Ф {^^), t)dfi.
T A T\A

Thus

I Ф(2/ ( 0 , t)dn < a f Ф (/(0 , r)d^+ j xa 2{t)d/i.
T T T

Now, let us suppose that inequality (*) is true for some n and let 

В = { teT : Ф(2"+ !/ (r), r)«  дФ(2"/(г), r)}.
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Then B e l  and T \B  = {teT : te P a(2nf(t))}. Hence '

J Ф(2n+1f(t) ,  t)dp = j Ф(2"+1/(f), r)d^ + j Ф(2"+1/(г), t)dp
T  в  T \B

^ a J ф(2й/ (f), f)<^+ J xa>2(t)dfi
T  T

< a n+1 J Ф(/(г), + £  an~k+1 J xa,2(t)dp +
T  k =  1 Г

+ J *a.2(t)dll
T

= a"+1 f Ф (/(0, f ) ^ +  Z  «"+1“fc j *e,2(f№-
Г k =  1 T

Thus inequality ( * ) is true for every n.
In [5] P. Turpin considered a function sx>A>a: T -> [0, + oo] defined by 

soO>a,«(0 = sup ix ^  0: Ф(Лх, t) > аФ(х, t)}, where 2, a > 0 and Ф is a <p- 
function with parameter. Putting 2 = 2, a — a, X  — R, F(u, v) = u + v, r(u) 
= u, and со(м) = и we have ил>2(0 = Ф(2яа0р2,а (0* 0» where Ф is a Ф-function. 

2.5. L e m m a . Let c be a positive real number and let us put 
T = U T„ where 7i c  T2 cz ..., p(Tn) < +oo,

n = 1
D = (y„: n e J } ,

*«,c(0 = SUP 0 ZpwO„)(0,n
Xm,n,c(0 =  SUP Ф(СУЛ, *)ХРм( у * ) ( 0 'Х г и(0>

kün
where m, n are natural numbers and Pm(yk) = {teT : Ф(2ук, t) > 2тФ(ук, t)}.

If
J Xnv(t)dfi = +00
T

for every m e.V , then for an arbitrary sequence (ak) of real positive numbers 
there are sequences (mk), (nk) of natural numbers, lim mk = + oo, and

k~* oo
a countable family of disjoint sets Gke l  of finite measures such that

J Xmk,nk,c(t)dp = ak
Gk

for every к / .
Proof. Since J x ltC(t)dp — + oo there is an n1e A r such that

T

§Xi,ni,c(t)dp ^  2ax. The measure p is atomless and p(Tni) < +oo; moreover,
T
0 ^  x i,n1,At) < + oo for almost every t. Thus, there is a set A 1 a  Tny such that 
J X\,n1,At)dR = a1.
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There is also a set Bl eZ, Bx c= T„\AX, such that J x Xt„ c(t)dn = .
в1

(Indeed, if { x u„ltC(t)dpi < alt then J x 1>n c(t)d/i < 2a1 and this con-
T \ A X T

tradicts the assumption.) Moreover,

J xmtC{t)dn+ $ xm>c{t)dn= + go
T \ A 1 A x

for every m > 1 .
Let us write ml = 1,

Г2 — {m> 1: J xmfC(t)dfi = + oo}, /" = { m > l: J xm<c{t)d î = + oo}.

Of course, /'2 u /2  =  { m e / :  m > 1}, thus one of these sets is infinite. Let us

7 V i  i f / 2 = /'2',
A x if / 2 = / 2.

Then ^(Gx) < +oo and J xmc(t)dfi = +oo for every me/2.

Let m2 = m in /2. Then J xm2tC(t)dn = +  оо, and hence there is an

и2 е .Г  such that j  xm2 „2C(t)dn ^  la2. Thus there are sets A2 a F l n 
Fin  T„2, B2 a  n  7̂ 2, Л2 о B2 = 0  such that

j K*2,„2>c(0 ^  = J *т2,п2.Л*)аВ = fl2- 
^2 B2

Moreover,

j  * m , c ( 0 ^ +  j  * m , c ( 0 ^ = + O O
Л2 f l \^2

for every m e l2.
Analogously, we write

denote this set briefly by / 2. 
Moreover, let us write

G, =
A x
£i

if l 2 = I'i, 
if I2 = r2,

/3 = {m e l2\{m2}: J xmtC(t)d/i = + 00},
^2

I'i = {m e l2\{m2}: J xm>c{t)dfi ^  + со},
В l\f 2

where m2 > 1 ; we choose this set (from /3 and / 3) which is infinite and we 
denote it by / 3.

Now, let us put

( a 2 if /3 = Vi, ( T \A 2 if I3 = Vi,
2 ~ \ b 2 if I3 = V3, 2 \ a 2 if /3 =  /'3.
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Then J xmc(t)dp= +  oo for every m e l3. Moreover, p{G2) < + o o, 
F 2

G2 n  Gi -  0 ,  m2 > m l and { xm2,»2,c{t)dp = a2.
g 2

Let us put m3 = min / 3.
Continuing this process, we obtain the sequences (mk), (nfc), (G*) possess­

ing all required properties.
2.6. Lemma. For every n e J f , me Ж  am/ c > 0 there is a simple function 

f  : T -* X such that for every t e T

<P(cf(t), t) = xm>n>c (t),

where the function xm>„)C is defined in the same way as in Lemma 2.5. 
Proof. Let us put

Â! = [t e T „: xm̂ c{t) = Ф(СУ1 , t)xpmiyi){t)},
k - 1

Ak = \ t e T f  U AP: = Ф(сУк, 0 */>„,<,*> (Oi
p =  i

for к = 2, 3, ..., n. Since functions x and Ф(сук, •) are measurable Ake l  
and p(Ak) < +oo for each к = 1, 2, ..., n.

Moreover, we have A-x n  Ak = 0  for г + к . Let
И

/ ( 0 =  z  ЛХл*(0хрм(,*)(0-
к=1

Then
n

Ф(с/(Г), f) = Z  ф (с>’к, t)xAk(t)xpmiyk)(t) = Xm<n<c(t).
k=  1

2.7. Lemma. I f

f Xm,2(t)dp = +00
T

for every natural number m, then there is a sequence (fk) of simple functions 
such that the following conditions hold :

(a) j  Ф(/к(г), t)dp ^  r(l)/2fc for every k,
T

(b) j Ф(2fk{t), t ) d p ^ r {  1) for every k,

(c) {teT: f k(t) ф в } п  {t e T  : f{t) ф в] = 0  /or г ^  К
where xm2 is defined in Lemma 2.5 {for c = 2) am/ r is the function defined in
1.6 .

Proof. In the proof we shall consider two cases.
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Г Let us suppose that there is a number m0 such that

j  *mo,l(0 ^  < + 00,
T

where the function хтЛ is defined in Lemma 2.5 (for c = 1).
Putting c — 2 and (ap) = (r(l)), Lemma 2.5 implies that there are se­

quences (mp), (np) of natural numbers and a countable family of disjoint 
sets GpgI  of finite measures such that

J ^m„,np,2 f̂)d(x = r(l) for every p.
Gp

Since lim { xm l(t)dp = 0 (this follows from the Lebesgue theorem), for
m ~ +  o o  T

every к there is a number mk such that

J xml (t)dn < r(l)/2k for every m> mk.
T

Since mp -+ + oo for p -> + oo, for every к there is q number pk such that 
mPk > max {mk, k}. Then we have

1 xmpi,yk,2(t)dn = r(l)
Gpk

and

I ^ dfi ^  i" XmPk’1 ^  г^У 2к-
°pk T

Putting c = 1, Lemma 2.6 implies that there are simple functions gk : T 
X  such that 4>{gk(t), t) = x (1 (f) for every t e T. Hence, if f k = дкХсВь> 

we have:

J Ф{ГМ> t №  = I XmPk,nPk,i(t)dg ^ r(l)/2k
T Gpk

and

j Ф(2/ к(0 , t)dp = r{ 1). 
r

It is easy to verify that condition (c) holds also.
2° If

J xmA(t)dp = +oo
T

for every natural number m, then taking с = 1 and (ak)■= (r(l)/2fc) we obtain, 
by Lemma 2.5: there are sequences (mk), (ик) and a countable family of 
disjoint sets Gke l  of finite measures such that for every к

I %mk,nk.i(t)dv = r(l)/2k.
Gv
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Lemma 2.6 (with c = 1) implies that there are simple functions f k\ T 
-» X  such that every function f k is of the type

"fc
/*(') = Ii= 1 ’ *

where

Акл = {teGk: Ф{уи  0Zpmfc(yi)(0 = xmk,nk,i (0}

and

Akfi = ( teGk\{J AktP: <P(yh t)xPm ,y0(f) = xmk,„k,i(t)}
p= i k

for / = 2, 3, . . wk.
Let us suppose that f k{t) ^  9. Then there is exactly one i such that 

t e A ^ n P ^ i y , ) .  Thus f t (t) = y, and teP„k(fk(t)). Hence

* ( % « ,  r) > 2”‘Ф(Л(О,0-

If /* (0 == 9 then the above inequality is obvious. Thus we have 

|Ф(Л(Г), ()<//< = r(l)/2‘,

j  Ф ( г т ,  t)dfi »  2m‘
rll)

Ф(/Лt), t ) d n > 2 k - ^ > r ( l )

for every natural number k.
Condition (c) is obvious.
A function Ф: X  x T  -*■ R+ satisfies the d 2-condition if there are a set T0 

of measure zero, a contstant K >  0 and an integrable function h: T-+R + 
such that

Ф(2х, г)^Х Ф (х, f) + /i(0 

for every x e X  and t e T \T 0.
2.8. C o r o l l a r y . A function Ф satisfies the A2-condition if and only if

j  xat2{t)dn < +oo 
r

(*)

for some a > 0.
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Proof. It is easy to verify that condition (*) implies the d 2-condition. 
Suppose that there is a Ф-function Ф: X x T  -> R + which satisfies the

d 2-condition, but j  xm, 2(t)dfi— -fee for all m.
T

Lemma 2.7 implies that there is a sequence (f k) such that 

J Ф(/Лt), t)dfi r(l)/2\  J Ф(2/ t (r), t)dp »  r(l)
T  T

for every к and Fk nF{ — 0  for к ф i, where Fk = {teT: f k(t) Ф 0}. Then
00

I  J Ф Ш ‘), l)dp= + co
k =  1 T

and
00

Z  j  Ф ( т ,  t )d f i^ r o ) .
k =  1 T

On the other hand, since Ф satisfies the d 2-condition,
00  00

I  J #(% «), r)<  ̂=  £  J ф (% (4 t)dn
* =  1 Г  /с= 1 F*

ОС’ 00

Z  I ф (Л(0 , Z  I л(*№
= 1 F k к =  1 F k

^  X r(l) + J h(t)dn < +00
T

and we obtain a contradiction.
2.9. P r o p o s i t i o n . Let us assume that P(T, X) c  ,Æ0{T, X) and let 

Ф: X x T  -*■ R+ be a Ф-function on J î 0{T, X). The equality

I*(T, X ) = L*(T, X )

holds if and only if there is a positive number a > 0 such that

J xa>2(t)dn < GO.
T

Proof. Sufficiency. We shall show that L^(T, X) is a linear space.
Let feL%{T, X) and ceR . Then there is a natural number n such that 

|c| < 2". Lemma 2.4 implies that

j Ф(с/(f), r)d/i ^  j Ф(2"/(Г), 
t  t

^  я" J Ф(/(0> t)dn+ £  an~k J xa 2(t)dn < +oo.
Г  fc= 1 r

Thus cfeLg{T, X).
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Now, we assume that /, gEL$(T, X). There is a natural number n such 
that l/w -1 (iK 2 " . Applying Lemma 2.4, we obtain

/ = j ф(я о +0(о> t)dn =  | ф  ̂ ш-1 ( ^ "'(Wco+gco), t
t  t

^ j' Ф (2" (cu ~1 Й) (/ (0 + 0 (t))), r) dg.
J
T

Therefore

/  ^ a" j Ф (т-1 Й)/(г) + ш-1 (i)0(O, Z a"~k J ^a,2 (0 dfi
T k =  1 r  I

n

^ a nF (J Ф (/(0 , I Ф(0(О, Z a"~k I *e,2(f№ < + °°-
Г T  k =  1 T

Thus L%(T, X) is a linear space.
Necessity. If

j  xa 2(t)dn = +  GO
T

for every a > 0, then Lemma 2.7 implies that there is a countable family 
f k: T -» X  of simple functions such that

J- Ф(/к(Г), t)dfi a  r(l)/2* J- Ф(2Л(f). t)dn >  r(l)
T T

for every к and

{ г е Т : / ( О # 0 } п / е Г : / к(О ^0} = 0

for i Ф k.
Let us put

00

9 (0 =  I  /*«■
fc= 1

Then ge.J?0(T, X) and
00

j ф (0(О, 0 ^  = Z I ф(/*(о, 0 ^  < r(!);
T  fc =  1 T

hence gel${T ,  X).



Orlicz spaces of functions 155

On the other hand,
00

J <P(2g(t), t)dp = X I ф (2/к(0, *)dp = +oo;
Г k=  1 T

thus 2gfL$(T, X) and this contradicts the assumption.
2.10. L e m m a . Let us assume that the following conditions hold:
(a) Ф is а Ф ̂ function on J f  0 ( T, X),
(b) there is a positive number a such that

$ xa,2(t)dp < +cc,
T

(c) the measure p is separable.
Then there is a countable family of sets Z' such that for an arbitrary set 

A e Z  of finite measure, for every x e X  and e > 0 there is a set B e l '  such that

J Ф(х, t)dp < E,
A + B

where by A + B we denote the set (A \B) и (B\A).
Proof. Since the measure p is separable, there is a countable family of 

sets I '  such that for any set A e Z  of finite measure and for every e > 0 we 
can find a set B eZ '  that p(A-i-B) <  e .

Let x e X ,  A e Z ,  p(A) < +oo and let e be a positive number. For every 
natural number n there is a set B„eZ' such that

p(A + B„) < 1/2".
f Let us put

E = A kj (J (B„V4).
n =  1

Then
00

p{E) ^  p{A)+ X \ + p{A) < + 00.
n=  1

Since Ф is a -function, lim j Ф(сххЕ{t), t)dp = 0. Thus, cx%EeL0(T, X)
c->0 T

for sufficiently small c. Therefore, by condition (b) and Proposition 2.9, 
x%EeL%(T, X). Thus for every e > 0 there is a positive number r\ such that

J Ф{х, t )  dp < E
G n E

for every measurable set G such that p(G) < v\. Taking n so large that 1/2" 
< r\, we obtain A ~ B ncz E, p(A-eBn) < 1/2". Thus

j  Ф(х, t ) dp < E.
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2 .1 1 . C o r o l l a r y . I f  conditions (a), (b) and (c) of Lemma 2.10 are fulfilled, 
then the space P{T, X) of simple functions is separable.

Proof. Let D = {yk: к = 1, 2, ...}, x g X,  e > 0 and let Л be a set of 
finite measure. Since Ф is а Фх -function, there is a neighbourhood U of the 
origin 0 such that

V  z e U  J Ф{г, t)dp < ^ г{е).
A

Since the space X  is separable, there is an yeD  such that

y e x  + a)~l {e) U .

Lemma 2.10 implies that we can find a set B g I '  such that

j * y W T ,<ir(e) and j
A -hB

Then we have
A+B

Ф( m"I (g) (ХХл^ ~ Пв

j  ФЫ+)(Х_У)’ j d* +  j  j  ' ) dfl
AnB A\B

< ir(e) + ir (£ )+ i r(s) = г (е).

Thus \ххА ~УХв\ < So we have proved that the set of functions of the
type

П

X УкХвк,
k=  1

where ykeD and BkeZ', is dense in the space P(T, X). Since this set is also 
countable, the space P(T, X) is separable.

2 .1 2 . T h e o r e m . (1) I f  X  is a separable space and
(i) Ф: X x T ^ R  + is а Ф^function,

(ii) the measure p is separable,
(iii) there is a positive number a such that

J xat2(t)dp < +oo,
T

then ЕФ(Т, X) is a separable space.
(2a) I f  the space ЬФ(Т, X) is separable and P(T, X) а  <Ж0(Т, X) then 

condition (iii) holds.
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(2b) I f  the space ЕФ(Т, X ) is separable and there is x e X  and a set 
SeZ , p(S) = 0, such that

(iv) inf Ф{х, t) > 0,
t*S

then the measure p is also separable.
Proof. (1) Let f  е Еф(Т, X), then there is a sequence (g„) of simple 

functions such that \ f—g„\ < e/2 for n ^ n 0. Corollary 2.11 implies that for 
some function h: T -> X  of the type

m

(*) h = Y , y i X Bi,
1= 1

where y,eD, Bt,eZ' for i = 1, 2, ..., m, we have \g„0 — h\ < e/2. Thus

\f~h\ ^  \ f - g no\ + \9n0-h \  < e/2  +e /2  = e.

So the countable set of all functions of type (*) is dense in the space, 
ЕФ(Т, X). Thus the space ЕФ(Т, X) is separable.

(2a) Let us suppose that

j  xa>2(t)dg = + go
T

for every a > 0. Lemma 2.7 implies that there is a sequence (f k) of simple 
functions such that

f Ф(Л(0 > t)dp ^  r(l)/2\  f <P(2fk{t), t)dp ^  r(l)
T  T

for every к and

{feT: f i t )  *  0} n  {teT. f k(t) Ф 9} = 0  for i #  k.

Let us denote by M  the set of all functions of the type
QO

X (Ж,
fc= 1

where (^t)f°=i = s being the space of all bounded sequences. Taking c 
= Щ Ц = 1/sup \£k\ we have

к

CO 00
S ф(с Z  £kfk(t),t)dp= X s ф(с£М*)> t)d/i
T  к - 1 к = 1  T

oo
^  X  !  ф ( / к ( 0 ,  t)dp <  + 00,

к=  1 Г

for every £ #  0. Thus the space M  c= I?(T, X).
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Moreover, the space M with topology determined by the F-pseudonorm 
)*| is complete since the mapping from M into s defined by

00
X  a k 9k  ^  (a k)k^ l

k= 1

is a linear isomorphism. Thus the space M  is a closed linear subspace 
of ЬФ(Т, X ).

The space ЬФ(Т, X ) is separable, hence the space M  is also separable. 
Let us suppose that the set

00

( . )  { I  Й Ч : (Éttr-i = «‘"es. пеЛ'}
k=  1

is dense in the space M. We denote it by Q.
Since the space s is not separable, there is a sequence rj = (rjk)k=l es  and 

a positive number г > 0 such that

for every n. Thus for every n there is an index p„ such that

Let us assume that e < 2  and let d be a positive number such that d 
= <х>(е/2). Then d ^  a>( 1) = 1 and

Ф
T

Æ  ( % - f m w

со 1 (d)
dn ^ Ф

T

2fPn(t), t )dfi

^  Ф(2/Pn(r), t)dn ^  r( 1) ^  r{d).

Thus, there is a sequence rjes and a number d > 0 such that
GO 00 00

IX  (Лк~йп))/к\ =  IX  n J k -  X  й и)Л |  > d
k = 1 fc = l fc = l

for every n. This contradicts the assumption that the set Q is dense in the 
space M.

Hence condition (iii) holds.
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(2b) Let us suppose that the measure pi is not separable. Then there are 
a non-countable family of sets (Aa)aeI of finite measures and a positive 
constant c such that pi(Aa + Ab) > c for every a, b e l ,  аФЬ.

Let x be an element of the space X  for which condition (iv) is fulfilled. 
Then

f Ф (*Х а 0(0 ~ 4 a „ (0,  t)dpi =  j Ф(x, t) dp
T  A a + A„

^  pi(Aa + Ab) inf Ф{х, t) > c inf Ф(х, t).
t i s  t$s

Let d be a positive number less than 1 such that

r(d) < c inf Ф(х, t).
téS

Then œ 1{d) < со 1 (1) = 1 and

Thus

Ф
%
T

XXAa(t)-XXAh(t)
co~1(d)

dpi ^ &(xXAa(t)~xXAb{t), t)dp
T

^  c inf Ф(х, t) > r(d).
I$s

I XXAa-XXAb\ > d

for every a, b e l ,  аф Ь .  So the set (xxAa)aei is uncountable and is not dense 
in ЕФ(Т, 2Q. This contradicts the assumption that the space ЕФ(Т, X ) is 
separable.

Hence the measure pi is separable.
Let F(u, v) = u + v, сo(u) — и and r(u) = u.

2.13. C o r o l l a r y . I f  the measure pi is separable, X is a separable Banach 
space, Ф is an N"-function with finite values, continuous at 0 and for every set 
A of finite measure and £ > 0 there is a real number rj> 0 such that

J Ф{х, t)dpi < e for\\x\\<rj,
A

then the space Еф (see [2]) is separable if and only if Ф satisfies the A2- 
condition.

2.14. C o r o l l a r y . I f  pi is a separable measure, Ф: R x T -* R +  is 
a cp-function with parameter and Xa e ^  ( T, R) for every set A of finite measure, 
then the space ЕФ(Т, R) is separable if and only if Ф satisfies the A2-condition.



160 M. W isla

3. Local boundedness of Orlicz spaces.
3 .1 . T h e o r e m . Let us assume that the following condition hold :
1° the space X  is locally bounded and separable,
2° there is a set S, p(S) = 0, such that for every t$S , if a sequence (x„) is 

such that sup Ф(х„, t) < +oo, then it is bounded.
П

Then the Orlicz space ЬФ(Т, X ) is locally bounded if and only if

( V )

where

and

3 V 3 3 J àa<bfC>q(t)dp < +oo,
q >  0  a>  0  b>  О c > 0  т

à a,b,c,q ( t )  = sup Ф(сх, t)xpabqix)(t)

a ,b ,q (x) te T :  Ф bco-'jq) .
co~1(aq) > ^ T  ♦(*.*)

r ( q)

Proof. Let us assume that the Orlicz space ЬФ(Т, X) is locally bounded. 
Then it is easy to verify that there is a constant q0 > 0 such that for every 
a > 0 we can find a number b > 0 such that

(1) b K(q0) <= K(aq0),

where K(q) denotes the set { / еЬ ф(Т, X): | / |  < q] and the set K(q) is the 
closure of K(q).

Let us suppose that for every q > 0 there is a > 0 such that

(2) J bgtl,tCtq (f) dp + 00 
T

for every b > 0 and c > 0 .
Let us put in condition (2) q = q0. For this q there is a positive number 

a such that condition (2) holds for every b > 0 and c > 0. For this number a 
there is a positive number b such that condition (1) is true.

For these numbers q, a, b and for с = 1 we denote by ф„ the function

sup Ф ( у к, 1 ) Хр j , }( t ) x T, ( t ) ,l^k^n 9 94
oc

where the set [yk: t e / )  is dense in the space X  and T=  (J T„, p(T„) < oo.
n = 1

Then ij/„(t) is a non-decreasing sequence for every t e T  and tends to Sablq(t).
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By Beppo-Levi theorem, we obtain

lim J il/n{ t ) d f i  =  J SatbtUq{ t ) d n  = +  o o .
и-* x  T T

Thus,
J tyn(t)dfi > r(q)
T

for sufficiently large n.
Since the measure ,и is atomless and ju(T„) < -boo, there is a set A e I  such 

that A c  {te T: i//n ( t )  Ф 0] and

f Il/n{t)dfi = r(q).
A

In an analogous fashion as in Lemma 2.6, we can find a measurable 
function /  : T -> X  such that Ф (/(t), t) = (f) for every teT.  Then we have

| ф (  —- r = J ф ( / ( 0 , t)dn = J \j/n(t)dn = r{q).
T  A A

Hence

I<о~1(я)/Хл\ <
so a)-i (q)fxA^K(q).

On the other hand,

Ф
T

b(o l {q)f{t)xA(0
co~l (aq)

dn Ф
A

bu> H q)
co~l (aq) f(t), t dfj.

r (aq)

r(q)
J ̂(/(0, t)dfi

A

r ( m )

r{q)
r(q) =

Thus bco~1(q ) fХа ФК(щ )- This contradicts condition (1).
Hence condition (v) holds.
Conversely, let condition (v) hold. We shall show that the set K(q) is 

bounded, i.e. for every d > 0 there is a number e > 0 such that 
eK(q) cz K(dq).

Let d be an arbitrary positive number. Since r(-) is continuous at 0, we 
can find a number ae(0,d) such that 2r(aq) < r(dq). By the assumption, 
there are numbers b > 0, c > 0 such that

j ^a,b,c,q (0 df-l < +00.
T

11 — Prace Matematyczne 24.1



162 M. W isla

Let us put

<Pu(t) ^ e ,b ,M ,q (0 »

where и > 0. Then lim (pu{t) = 0 for almost every teT .
u~> о

Indeed, let e be an arbitrary positive number. The assumptions imply 
that there hold the conditions:

(3) there is a measurable set Slf = 0, such that for every t$ S t if 
a sequence Ф(хп, t) is bounded, then the sequence (x„) is bounded, i.e. there 
is a neighbourhood Vt of the origin such that xneV, for every n,

(4) there is a measurable set S2, fi(S2) = 0, such that for every t$ S 2 
and £ > 0  there is a set WteM  such that <P(z, t) < e for every zeW t 
(condition 1.7 (e)).

By Z we denote the set { teT : q>c(t) = +oo}. Since

J <pc ( t ) d f i  <  +  с о ,
T

we have n{Z) = 0.
Now, let t be an arbitrary element of T  which does not belong to 

S1 u S 2u Z .
If <pe(t) = 0, then 0 ^  q>u(t) ^  (pc(t) = 0 for every и < c, thus <pu(t) tends 

to 0 .
If <jpc(f) #  0 , then putting /, = Jn e .V : t e Ра,ь,я(Уп)\ we have and

sup Ф(суп, t) < + x . Hence by (3), there is a set Ute S  such that y„eUt for
nelt
every n e It . Moreover, by condition (4), (r^S2) there is a set Wte $  such that 
Ф(г, t)< e  for every zeW t. Since the space X  is locally bounded, there is a 
number ut > 0 such that utUt cz Wt. Hence Ф(иуп, t) < e for every 0 < и ^  ut 
and every n e l t, i.e.

(Pu(t) = sup ф{иуп, t)Xpab <yn){t) < s.
nelf ' ’

Thus (pu(t) tends to 0.
Therefore, by the Lebesgue theorem, we obtain

lim J (pu(t)dn = 0 .
u->0 T

Hence there is a number и > 0 such that

f (Pu(t)dfi <  r(aq).
T
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Now, let

uco 1 (aq) 
e = mm \ b, — zy7 — (D *(q )

We shall show that eK(q) c= K(dq).
Let f  eK(q). By Gf  we denote the set

геТ:Ф( ^ ’'
Then we have 

(5) Ф 1 o / ' d q ) ’ ' îdf> ° ’
SiuS2uZ

(6) Ф' о Г Н а д У ' У ^  J Ф(  <а"‘ (g)’ ' ^
Gj\(S 2 J/

< J <Pu(t)dn < r(aq),
T

T \( G y u S i US2UZ)

If f£G/5 then

T\Gf

(pu(t) =  s u p0 ( ux , t ) xpabaix)(t)<<P[  -  Ly -  ■ , f  I .
e ’0,9 V со

uf(t)

Hence t£P a<b<q( f  (f)/co 1 (<?)). Therefore

Ф

Thus

( 7 )

ь/(0
со- 1  (aq)

t =Ф bco '(q) f( t )  \ ^ r { a q ) f  f(t)
0) ‘ (a?) ft) 1 (q)’ ' )  " r(q) ‘ V v f  1 (4)=T7^>f

T\tif T

r(aq) /
< r(4) = г И ).

r(<?)
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Adding inequalities (5), (6) and (7), we obtain

ф (  — t )di,^2r(aq).
J \û> (aq) J
T

Since 0 < a < d, we have

И 1 ) d>i * H 1 ) dii * Maq) K r m ■
T T

Thus efeK(dq).
Hence we have proved that the Orlicz space ЬФ(Т, A) is locally 

bounded.
3.2. C o r o l l a r y . I f  X  is a separable and locally bounded space, Ф: X  x T  

-* R+ is a convex Ф-fundion, and assumption 2° of Theorem 3.1 holds, then the 
space ЬФ(Т, X) is locally bounded.

Proof. We shall show that

V V 3 V n(P',b,q(x)) = 0.
q>  0 a > 0  b>  0  x e X

Let q >  0 and x e X . If a  is a positive real number such that r(aq) /r (q)  ^  1, 
then putting b  =  со- 1  ( a q ) r ( a q ) / w ~ l (q) r(q)  we obtain

Ф l {q)b——:-----
(о (aq)

x, t = Ф r(aq)
r{q)

x, t r(aq)
r(q)

Ф(х, t)

for every x e X  and almost every teT . Thus p(Pa b q(x)) — 0. 
Suppose that r(aq)/r(q) > 1. If b = co~1 (aq)/a>~1 (g), then

Ф u o) 1(q)
b——j—  со (aq)

x, t = Ф(х, t)< r(aq) 
r(q)

Ф(х, t)

for every x e X  and almost every teT . Hence p(Pabq(x)) — 0 in this case 
also. Thus

V V 3 V < ^ ( 0  = 0
q>  0 a> 0 b>  0  c > 0

for almost every t e T  and obviously condition (v) holds.
33. Let us put X — R, F(u, v) — u + v, co(u) — и and r(u) — u. Then we 

obtain (see 2.4)

where
àa,b.c.q(t) =  Ф (csy.xjt), t),

Ьсо-Чд)
w ~ 1 (aq)

and _  r(aq)
r (q) '
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Thus condition (v) is equivalent to the following one 

(vi) — 3 V 3 Ясо>Д1вбЬф(Т,Я).
q > 0 a > 0 A > 0

3.4. C o r o lla r y . I f  Ф is a (p-function with parameter and!

lim Ф(х, t) = +oo
X-*ao

for almost every teT, then the Orlicz space ЬФ(Т, R) is locally bounded if and 
only if condition (vi) holds (see [5]).

3.5. E x a m pl e . Let X  be the space C of all continuous functions from R into 
R with topology т determined by the base $  which consists of sets of the form

V(xlf x„, e) — {/e C : V |/(x*)|<e},

where x 1, . . . , x „ e X  and e > 0. Of course the space C is separable and 
non-metrizable.

Let (R, I ,  p) be a measure space, where by p we denote the Lebesgue 
measure on R and I  denotes the cr-algebra of all Lebesgue measurable sets. 
Moreover, let F(u, v) — u + v, r(u) = и and co(u) = u.

We define the function Ф: C x R - + R + in the following manner

Ф(х, t) = |x(t)|.

Then Ф is а Ф1 -function on M 0(R, C) with respect to the F-operation F, 
where J t 0(R,C) is a linear subspace of the set of functions / :  R -*C  
fulfilling the property: the set f ~ x{U) is measurable for any Uex.

3.6. E x a m pl e . Let X  be the space Lp(0, 1) of all p-integrable functions 
(pe(0, 1)) with the topology given by the F-norm

1*1 = J \x(s)\pds.
0

The space Lp(0, 1) is separable and locally bounded.
Let (T, X, p) be a measure space and let F(u, v) = u + v, r(u) — и and 

o)(u) = и. Let h: T-+R+ be an integrable function and let us assume that

inf h(t) > 0 .
t e T

The function Ф: LP(0, 1)x F -► R +, Ф(х, t) = \x\-h(t) is a p-convex Фх~ 
function on Lp(0, 1)) with respect to the F -operation F.

Since Ф is а Фх -function and satisfies the ^ 2“сош^ оп> space 
ЕФ(Т, Lp(0, 1)) is separable if and only if the measure p is separable (see 
Theorem 2.12).
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Moreover, sup Ф(х„, t) < + oo if and only if sup |x„| < + oo, thus
n n

assumption 2° of Theorem 3.1 holds. Further, since Ф is a p-convex Ф- 
function, ôa b'C q (t) = 0 for almost every t e T (compare Corollary 3.2).

Hence the Orlicz space L0(T, Lp(0, 1)) is locally bounded.
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