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Separability and local boundedness of Orlicz spaces of functions
with values in separable, linear topological spaces

Abstract. The paper deals with the theory of Orlicz spaces of functions with values in
separable, linear topological spaces. In Section 1 we define Orlicz spaces I*(T, X) and
a subspace E®(T, X) of the space I[?(T, X). Section 2 contains a theorem on separability of the
space E®(T, X). In Section 3 we prove a theorem on local boundedness of the space I?(T, X).

1. Preliminaries.

1.1. We assume henceforth that (7, 2, y) is a measure space, where X is
a o-algebra of subsets of T, u is a positive, o-finite, atomless and complete
measure on X.

1.2. (X, 7) will denote a separable, linear topological space. # will be
always a base of neighbourhoods of 8, where 6 is the origin of X. Moreover,
A will denote the smallest o algebra of subsets of X containing t.

1.3. Let .#(T, X) be the set of all functions f: T — X such that for
every Ued, f~'(U)eX. .#,(T, X) will be a linear subspace of the set
AT, X). ‘

14. Let w: R, — R, be a homeomorphism such that w(l)=1 and
o(u-v) =z o) o) for every u, veR,, (R, =[0, +x)).

15. F: R, xR, —» R; will denote an F-operation, i.e. F have the
following properties: F is continuous, F(-, u) and F(u, *) are non-decreasing
functions for every fixed ueR,, F(u,v)=F(,u), F(u,0)=u and
F(u, F (v, w)) = F (F (u, v), w).

1.6. r: R, —» R, is a function satisfying the properties:

F(rw,r@)<r(@+v), rm>0 foreveryu>0 and limr()=0.

u—-0
1.7. DeFINITION. A function &: X x T — R, is said to be a ®-function
on .#,(T, X), if
(a) @ is A x2 measurable,
(b) (6, 1) =0 for almost every teT,
(c) &(x,t) = P(—x, 1) for every xe X and almost every teT,
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(d) for every f, ge #o(T, X) and u, veR, such that o (u)+w(v) <1
[ @(uf (+vg(1), t)du < F(f D(f (1), t)du; £ D (g(), t)du),
T T

() D(-, 1): X > R, is continuous for almost every te T, ie. there is a
set S of measure 0 in X such that for every ¢S, xe X and ¢ > 0 there is a
neighbourhood U e # that for every yex+U
A |¢(x, I)—¢(y’ t), <eg,

A

(f) there is a set SeZ of measure 0 with the following property: for
every ¢, c, >0 such that ¢; S c¢,;, P(cyx, 1) < P(cyx, t) for every xeX
outside the set S.

1.8. DeFiniTiON. A @-function ¢: X xT—-> R, is said to be a &,-
function, if for every set A of finite measure and for every positive number ¢
there is a neighbourhood U e # such that for every zeU,

[ @@z, Ndp<e.
4
1.9. For every ®-function @: X x T — R, a function ¢:.#,(T, X) - R,
~defined by o(f) = [ @(f (1), t)du is an (F, w)-pseudomodular on (T, X).
T

1.10 The space
IP(T, X) = {fe.#,(T, X): lim o(cf) = 0}

c—>0
is an (F, w)-pseudomodular space. We call the space IP(T, X) the Orlicz
space (see [4]).
Moreover, a function |-]: I®(T, X) - R, defined by

|f] = inf {u > 0: f¢<af%%, t)dy < r(u)}
T

is an F-pseudonorm on I®(T, X).

1.11 By y,: T—{0,1} we denote an indicator function of the set
AcT
P(T, X) will denote the space of all functions of the type

n

Z Xk XAk,

k=1
where x, € X, A, e and u(4,) < + o for every k =1, 2, ..., n. The space
P(T, X) will be called the space of simple functions.
We assume henceforth that P(T, X) c #,(T, X).
1.12. E®(T, X) will denote the subspace of the space I?(T, X) which
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consists of all these functions f € (T, X) for which there is a sequence (g,) of
simple functions that lim |f—g,} = 0.

n—a

1.13. By I%(T, X) we denote the set
{fedy(T, X): [ ®(f(0). )du < +c0).
T

Of course, I% (T, X) is a subset of the space I®(T, X).
1.14. The F-pseudonorm |-| yields topologies on I[?(T, X) and E®(T, X).
We shall always consider the spaces IP(T, X) and E®(T, X) with these
topologies. Therefore, the space E®(T, X) is the closure of the set P(T, X) in
the space I®(T, X).
' 1.15. By P(T, X) we denote the space of all functions of the type

> Xk Xay»

k=1
where (x,) = X and the family {A4,} is a family of disjoint sets of finite
measures.

1.16. A. Kozek in papers [1], [2] investigated spaces L, of functions
defined on an abstract set T'with values in a Banach space X, generated by an
N-function ¢: X x T — [0, + o0]. Let us suppose that X is a Banach space,
Fu,v) =u+v, r(uy=u and o) =u. If &: X x T - [0, + ) is a convex
d-function, then it is an N”-function, too. Moreover, if X is the space of real
numbers, then &-function ¢: Rx T — [0, +c0) is a well-known ¢-function
with parameter which has been investigated in many papers, for example in
[3] and [5].

2. Separability of Orlicz spaces.
2.1. We assume henceforth that D is a countable and dense subset of X
and ¢: X xT - R, is a &-function on #,(T, X). Let
P(x)={teT: ®(ax, t) > bd(x, 1)},

where a, b, ¢ > 0. (It is easy to verify that P(x)eZ.) Functions x: T — R,
and ¥: T —» R, are defined in the following manner

x(t) =sup P(cx, Yypx(t), #(t)= SUE D(cx, 1) xpey (1)

xeX

Then we have the following lemma.

2.2 LEMMA. x(t) is equal to #(t) for almost every teT.

Proof. Since @ is a @-function, there is a set SeZ, u(S) = 0, such that
for every 1¢S, xe X and ¢ > 0 there is a neighbourhood U of the origin 0

10 ~ Pprace Matematyczne 24.1
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with
I‘D(X, I)_¢(y’ t)l <e
for every yex+ U (condition 1.7 (e)).
(a) We shall show that if t¢S and re P(x) for some xe X, then for every

Veds there is ye D n(x+ V) such that reP(y).
Indeed, let te P(x) and Ve 4. Then there is an 5 > 0 such that

bd(x, 1) < b@(x, )+ny < P(ax, )—n < P(ax, t).

Now, putting ¢ = #/b in the first case and ¢ = 5 in the second one, condition
1.7 (e} implies that

JUeABVzex+U |P(x,t)—D(z, 1) <n/b,
IWeABV zeax+W |®(ax, t)—DP(z, 1) < 1.

Moreover,_since D is a countable and dense subset of X, there is a ye D such
that yex+(a " *Wn U n V). Hence

and

bd(y, 1) < b®P(x, )+n < ®(ax, t)—n < P(ay, t).

Thus te P(y).
(b) Now, we shall prove that

(%) (1) = %(t)

for every t¢S.

It is obvious that for every re T, #(f) < x(1).

If (1) =0, then #(t) =0 and equality (*) is true.

If %(t) = + oo, then there is a sequence (x,} of elements of the space X
such that for every n we have ®(cx,, t) > n and t € P(x,). But condition 1.7
(e) implies that for every n there is a set ¥V, e 4 such that for every zecx,+ V,,

d(cx,, H)—1/n< &(z, 1).
By the first part of this proof, we obtain that for every n we can find
y,€DN(x,+c~'V,) such that te P(y,). Moreover, for every n
D(cx,, )—1/n < D(cy,, t).
Thus
#(t) = sup P(cy,, t) = sup (P (cx,, )—1/n) = + 0.

Hence equality (*) is true.

Now, let us suppose that 0 < x(f) < +o0. Then there is a sequence
(x,) = X such that reP(x,) and ®(cx,, t) > x(t)—1/2n for every n. By
condition 1.7 (e) we obtain that for every n there is a set W,e 4 such that
|®(cx,, )—DP(z, t)] < 1/2n for every zecx,+ W,.
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Now, we apply the first part of this proof. For every n we can find
y.€D N (x,+c ' W,) such that teP(y,). Hence
% (1) = D (cy,, DI < (1) — P (cX,, O +P(cXy, )= Py, D < 1/2n+1/2n = 1/n.
Thus
Z(t) = sup D (cy,, 1) = sup (x(t)—1/n) = x (1)
and also in this case equality () is true.

2.3. CoroLLARY. The function » is X-measurable.

. Now we shall prove four lemmas. They will be used in proofs of
Proposition 2.9 and Theorem 2.12.

2.4. LemMA. If there is a constant a > 0 such that

| %0,2(t)dp < + 00,
T

where
Aa,2 (1) = sup D(2x, ) xp 0 ()
and
P,(x) = {teT: ®(2x, 1) > ad(x, 1)},
then
(%) i@(’Z"f(t), t)du < a” i D(f (1), t)dp+ k_il a"* £ %, (1) du

for every natural number n and fe .#y(T, X).
Proof. Let f be an arbitrary function from .#,(7, X). Putting

A={teT: O(2f (1), 1) < a®(f (1), t)}
we have AeX and T\A = {teT: teP,(f(1))}. Hence
[@D(2f (1), t)du= | B2 (1), t)dp+ Tj' ®(2f (1), t)dp.
T A T\4

Thus
JO@Rf (), ydu<a [ @(f (1), )du+ | x,,()dp.

T T

Now, let us suppose that inequality (*) is true for some n and let

B={teT: &(2"'f (1), ) < a®(2'f (1), 1}
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Then BeZX and T\B = {teT: teP,(2"f(1))}. Hence !
[ f@), )du=[ &2 f (@), t)du+ | @(2" ' f (1), t)du
T B

T\B

<a [ Q21 (), ydu+ | %,,(0)du

T

<att [ o(f (), )du+ i
k=

a" Tkt fae, , (Ddp+
T T

1

+ f %a,2 (I) d“
T

n+1

=a"tt [ O(f (), )du+ Y, a" T [ x, () dp.
T k=1 T

Thus inequality (%) is true for every n.

In [5] P. Turpin considered a function s, ,,: T — [0, + 0] defined by
Se.2.a() =sup {x = 0: ®(Ax, 1) > ad(x, 1)}, where 4, >0 and @ is a ¢-
function with parameter. Putting A =2, « =a, X =R, F(u, v) =u+v, r(u)
=u, and o (u) = u we have x, ,(f) = ®(25,,2,4(1), t), where ® is a d-function.

25. LEMMA. Let ¢ be a positive real number and let us put

T=U T, where TcT,c...,u(l) < +o0,

n=1
D=1y, neA},
xm,c(t) = Ssup <D(cy,,, ‘t) XPm(y,,)(t)’

xm,n,c(t) = Sup ¢(cyka I)XPm(yk) (t).XT”(t)’

k<n
where m, n are natural numbers and P, (y,) = {teT: @2y, t) > 2" P(y,, 1)}.
If

J me () dp = + o0
T

for every me A, then for an arbitrary sequence (a,) of real positive numbers
there are sequences (my), (n) of natural numbers, lim m, = + oo, and

k— oo

a countable family of disjoint sets G, €X of finite measures such that

j %mk,nk,c (t) d”‘ = ak
Gy

for every ke
Proof. Since [xl,c(t)du = +o00 there is an n;eA” such that
T

jxl,,,l,c(t) du = 2a,. The measure yu is atomless and u(T,,) < +o0; moreover,
T
0 < %y,4,,c(f) < + 0 for almost every t. Thus, there is a set 4, < T, such that

j %l,ul,c(t)du =4a,.
41
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There is also a set B;eZX, B; = T, \A4;, such that (2 e (t)dp = ay.
By

(Indeed, if | %;,,,.(f)du<a;, then j,tl npc () dp < 2a1 and this con-
T\Ay
tradicts the assumptxon) Moreover,

[ me®du+ | 3y (Ddp= +o0
T\Al Al

for every m > 1.
Let us write m; =1,

L={m>1: | sty (Odu=+o0}, I7={m>1: [ x,.()du= +w}.
Ay T\A,

Of course, I5 Uy = {meA": m> 1}, thus one of these sets is infinite. Let us
denote this set briefly by I,.
Moreover, let us write

Al lf 12 =I’2’, T\Al lf 12 = 12,
Gl = . , Fl = . ,
Bl lf 12=I, Al ]f 12=12.
Then u(G,) < + o and | x,.(1)du= + oo for every mel,.
Fq
Let m, = min I,. Then f Amy,e(f)dp = +00, and hence there is an

Fy
nye.4’ such that j Hmynpe()dp = 2a,. Thus there are sets A, < Fyr

NnT,, B, cFlm’I;,Z, A, "By = @ such that

j xmz,nz,c(t)du = j xMZ’"Z!C(t) d# = (12.
A2 32

Moreover,
| #me@dpu+ | spe(Ddu= +o0
A2 FI\AZ

for every mel,.
Analogously, we write

I3"’lm612\1m2 f %mc(r)dﬂ_ +<D}
42
Iy ={mel\{my}: [ smc(@)du=+o0},
Fi\A2
where m, > 1; we choose this set (from Iy and I5) which is infinite and we
denote it by I;.
Now, let us put

A, if ;=1 T™NA, ifly=1I}
GZ_ B : _r F2= : I 7
,  if Iy =13, A, if I;=13.
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Then | x,.()dup= 4o for every mel;. Moreover, u(G,) < +o0,
Fa
GGy =0, my>my and [ ¥,y (t)d = ay.
Ga

Let us put my = min I5.

Continuing this process, we obtain the sequences (m,), (n,), (G,) possess-
ing all required properties.

2.6. LEmMMA. For every ne AV, me N and ¢ > 0 there is a simple function
f: T— X such that for every teT

¢(Cf(t)’ t) = xm,n,c(t)a

where the function x,,,. is defined in the same way as in Lemma 2.5.
Proof. Let us put

Al = {TG T;n: %m,n,c(t) = <I>(cy,, t)XPm(yl)(t)}a
1

k_.
Ay = :te 7:: U Ap: Hem,n,c (t) = ¢(C}’k, t)XP,,,(yk)(r)}
p=1

for k=2,3,..., n. Since functions x and ®(cy,, *) are measurable A4,€Z
and u(A4,) < +coo for each k=1,2,...,n
Moreover, we have A, ~ A, = Q for i # k. Let

SO =23 Yita, (D Xp i (-
k=1

Then

(D(Cf(f), [) = Z ¢(cyk7 T) XAk ([) XPm(yk) (f) = %m,n,c(r)'
k=1

2.7. LEmMA. If
j J'ém’z(r)dlu = 400
T

for every natural number m, then there is a sequence (f,) of simple functions
such that the following conditions hold:

(@ [ @£ ), t)du < r(1)/2% for every k,
T
(b) [ ®(2f(0), )du = r(1) for every k,

() (teT: fi(t) #0}n{teT: fi(1) #0} = O for i #k,
where x,, , is defined in Lemma 2.5 (for ¢ = 2) and r is the function defined in
1.6.

Proof. In the proof we shall consider two cases.
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1° Let us suppose that there is a number m, such that

_§ %mo,l(t)dﬂ < +CD,
T

where the function x,,, is defined in Lemma 2.5 (for ¢ = 1). _

Putting ¢ = 2 and (a,) =(r(1)), Lemma 2.5 implies that there are se-
quences (m,), (n,) of natural numbers and a countable family of disjoint
sets G,e2 of finite measures such that

| Amymp2(dp=r(1)  for every p.
Gp

Since hm j % 1 (t)dp = O (this follows from the Lebesgue theorem), for
m—-o T

every k there is a number m, such that

[ #m 1 ()dp <r(1)/2%  for every m> m,.
T

Since m, — + oo for p — + o0, for every k there is & number p, such that
my,, > max my, kj. Then we have

[ Homy 20Vl =1 (1)
ka

and
§ Hmpgnet (VA < [ ot 1 (0 dp < r (12
ka T
Putting ¢ = 1, Lemma 2.6 implies that there are simple functions g,: T
-» X such that ®(g,(2), 1) = Koy 1 (1) for every teT. Hence, if f; = g X6y,
we have: T

[ OO, )dp=§ s, g, 1 (0t < r(1)/2
T ka
and

[ @2 (), )dp =r(1).
T
It is easy to verify that condition (c) holds also.
2° If
_f J'{m,l(t)dﬂ =+
T
for every natural number m, then taking ¢ = 1 and (q,) = (r(1)/2*) we obtain,

by Lemma 2.5: there are sequences (m,), (1) and a countable family of
disjoint sets G, X of finite measures such that for every k

[ Hmgm1 (O dp = r(1)/2"
Gy
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8

Lemma 2.6 (with ¢ = 1) implies that there are simple functions f,: T
— X such that every function f, is of the type

g

L =3 inAk,i(t)XPmk(y‘-)([)’
i=1

where

Ay = (teG: P(yy, I)Xpmk(yl)(f) = Hmpm1 (D]

and
i1
Ay = {teGy\ U1 Ayt PO 1) X, 9 (®) = Xmpmot 0}
o=

for i=2,3,..., n.
Let us suppose that fi(f) # 0. Then there is exactly one i such that
t€ Ay 0 Py (v). Thus f, (1) = y; and te P, (fi(r)). Hence

(26, (1), t) = 2" P (fi (1), 1).

If f.(t) =0 then the above inequality is obvious. Thus we have

[ @ (@), t)du = r(1)/2%,

T

™ ~

J¢(2ﬂ(r), ) dp > 2" J P(f(0, ) > 2™ T2 > 1)
T T ®

for every natural number k.

Condition (c) is obvious.

A function @: X x T — R, satisfies the 4,-condition if there are a set T,
of measure zero, a contstant K > 0 and an integrable function h: T— R,
such that

D(2x,t) < KP(x, t)+h(1)
for every xe X and te T\T,.
2.8. CORrROLLARY. A function @ satisfies the A,-condition if and only if
(*) [ #ap(Ddp < + 0
7

for some a > 0.
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Proof. It is easy to verify that condition (*) implies the 4,-condition.
Suppose that there is a @-function ®: X x T — R, which satisfies the

A,-condition, but | 3, ,(1)du = + oo for all m.
T
Lemma 2.7 implies that there is a sequence (f) such that
[ o(fe(e), )du <r(1)/2% | @(2(2), t)du > r(1)
T T

for every k and F,nF, = Q for k # i, where F, = {teT: f,(t) # 0}. Then

™8

—

@260, t)ydu = + o0
T

k

and

§ @(f (1), t)du < r(1).

T

gk}

-

k
On the other hand, since @ satisfies the 4,-condition,

i ; P(2h(0), t i (2, (1), t)du

k=1

}
iFI O(fi (1), t)du+ f [ h(tdu

k=1 Fj

<K-r()+ [h()du< +o0
T

and we obtain a .contradiction.
29. ProposITION. Let us assume that P(T, X) c My(T, X) and let

®: X xT— R, be a dfunction on .#y(T, X). The equality
L3(T, X) = L™(T, X)
holds if and only if there is a positive number a > 0 such that
{ %2 ()dp < 0.
T

Proof. Sufficiency. We shall show that L3(T, X) is a linear space.
Let f€L3(T, X) and ceR. Then there is a natural number n such that

lc] < 2" Lemma 2.4 implies that

[ (S (), )du< § ®(27 (1), t)dp
T

T

<a" [ o(f (1), t)du+ Z": a"* [ s, (0)dp < +o0.
T

T k=1

Thus cf e L$(T, X).
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Now, we assume that f, ge LY(T, X). There is a natural number n such
that 1/~ 1(3) < 2". Applying Lemma 24, we obtain

. 1
1= J Q(f(1)+g(1), t)dpu = jﬁp ( P

_o ' GO +g(), t )d,u
(2)

T T

S f‘p(z"(w_l(%)(f(t)+g(t))), t)du.
T

Therefore

I<a [Pl Af O+ By, t)du+ Y a"™* | x,,(1)du
T k]

T =1

k
<aF (] $(7 (), )du; [ D0, )di)+ Y a™* [ w2 (O dp < +c0.
k=1 T

T T

Thus LY(T, X) is a linear space.
Necessity. If

J a2 (O0dp = + 00
T

for every a> 0, then Lemma 2.7 implies that there is a countable family
fi: T— X of simple functions such that

f@(fl0), )du<r(1)25, [ @(2(), )du>r(1)
T T
for every k and
fteT: i) #0n{teT: (1) #0) =0

for i # k.
Let us put

9= 3 4.

Then ge .#,(T, X) and
[@lg@, )du=Y
T 1

k=

[ 2(f(, )du < r(1);
T

hence ge L3 (T, X).
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On the other hand,

©
@290, )du= > [ ®(2h(), )du= +o0;
T k=1T
thus 2g¢I2(T, X) and this contradicts the assumption.
2.10. LeMMA. Let us assume that the following conditions hold:
(@) @ is a D -function on My(T, X),
(b) there is a positive number a such that

[ 3,2(0)dp < + o0,
T

(c) the measure u is separable.

Then there is a countable family of sets X' such that for an arbitrary set
A€X of finite measure, for every xe X and ¢ > 0 there is a set B€ X' such that

[ ®(x, ndp <z,
A+B

where by A+ B we denote the set (A\B) u(B\A).

Proof. Since the measure y is separable, there is a countable family of
sets X’ such that for any set 4eZ of finite measure and for every ¢ > 0 we
can find a set BeX’ that u(4+B) <e.

Let xe X, AeX, u(4) < + o0 and let ¢ be a positive number. For every
natural number n there is a set B,€X’ such that

u(A+B,) < 1/2"
“ Let us put
E=Au {J (B,\A).

n=1

Then

H(E) < p(A)+ Y u(B,\A) < 1+pu(4) < +oo.
1

n=

Since @ is a @, -function, lim | @ (cxyg (1), t)du = 0. Thus, cxyg e L*(T, X)

c=0T
for sufficiently small c¢. Therefore, by condition (b) and Proposition 2.9,
xyg€ L§(T, X). Thus for every ¢ > 0 there is a positive number 7 such that

| ®(x,nydp<ce
GnE
for every measurable set G such that u(G) < . Taking n so large that 1/2"
<mn, we obtain A+B,< E, u(A+B,) < 1/2". Thus

[ ®(x, ndp <e.
=B

A+B,
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2.11. CoroLLARY. If conditions (a), (b) and (c) of Lemma 2.10 are fulfilled,
then the space P(T, X) of simple functions is separable.

Proof. Let D={y: k=1,2,...}, xeX,e>0 and let A be a set of
finite measure. Since @ is a @;-function, there is a neighbourhood U of the
origin 6 such that

VzeU | ®(z, )du <ir(e).
A
Since the space X is separable, there is an yeD such that
yex+w (e U.
Lemma 2.10 implies that we can find a set BeZX’ such that
j ¢(+, t)du <ir(e) and f <p(—;y,*, z)duk%r(s).
o (g) o™ ()
A+B A+B

Then we have

{ .
J“D (m (xxa () —yxs (D), t) du

T

_ RPN _x Y
= Jdi(w_l(g)(x ¥), t)du+f¢<w_l(g),t)d,u+ f¢(w‘1(s)’r)d#

AnB . A\B B\A

<3r@+1re+1re) = ).

Thus |xy,—yxsl <& So we have proved that the set of functions of the
type '

Z Vi XBy>
k=1

where y, e D and B, €2, is dense in the space P(T, X). Since this set is also
countable, the space P(T, X) is separable.

2.12. TueoreM. (1) If X is a separable space and
(i) &: X xT— R, is a P,-function,

(ii) the measure p is separable,

(iii) there is a positive number a such that

j %a,Z(t)du < 40,
T

then E®(T, X) is a separable space.

(2a) If the space L®(T, X) is separable and P(T, X) = .# (T, X) then
condition (iil) holds.
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(2b) If the space E®(T, X) is separable and there is xeX and a set
SeZ, u(S) =0, such that
iv) inf &(x, t) > 0,

1¢S
then the measure p is also separable.

Proof. (1) Let feE®(T, X), then there is a sequence (g,) of simple
functions such that |f-g,| <¢&/2 for n > ny. Corollary 2.11 implies that for
some function h: T — X of the type

(%) h= 73 Yisy

i=1
where y;eD, B;eZ’ for i =1, 2, ..., m, we have |g, —h| <¢/2. Thus
f=h < |f=gngl +19ny—hl < &/2+¢/2 =¢.

So the countable set of all functions of type () is dense in the space.
E®(T, X). Thus the space E®(T, X) is separable.
(2a) Let us suppose that

| %2 (0)dp = + 0
T

for every a > 0. Lemma 2.7 implies that there is a sequence (f;) of simple
functions such that

[ (i), )du <r(1y/2 | ¢(2£), t)du>r(1)
T T
for every k and
{teT: O #0}n{teT fL(t) #0} =Q for i #k.
Let us denote by M the set of all functions of the type
Y &t
k=1

where (£,)72, = &€s, s being the space of all bounded sequences. Taking ¢
= 1/lI¢Il = 1/sup|¢,| we have
k

[ o Z &), 1 f; B(cEufi (), 1)

T
<Y [@(h(), )du< +oo,
k=1T

for every ¢es, £ # 0. Thus the space M < I®(T, X).
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Moreover, the space M with topology determined by the F-pseudonorm
|-] is complete since the mapping from M into s defined by

a0

Y @ g (@),

k=1
is a linear isomorphism. Thus the space M is a closed linear subspace
of L¥(T, X).
The space L®(T, X) is separable, hence the space M is also separable.
Let us suppose that the set

a0

(%) (Y & @M, =E"es, nes’}

is dense in the space M. We denote it by Q.
Since the space s is not separable, there is a sequence # = (1,);~, €s and
a positive number ¢ > 0 such that

In—&™ll > e

for every n. Thus for every n there is an index p, such that

Mpn— (n)l

Let us assume that ¢ <2 and let d be a positive number such that d
= w(e/2). Then d < w(l)=1 and

Z (m— & (t) - —em
k=1 Py >Pp
j(p( e M 2, (0, r)du

T T

j¢ 2, (0, t)du > r(1) > r(d).
T

Thus, there is a sequence nes and a number 4 > 0 such that
|2 =8| =X mfi— X &4 >d
k=1 k=1 k=1

for every n. This contradicts the assumption that the set Q is dense in the
space M.

Hence condition (iit) holds.
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(2b) Let us suppose that the measure u is not separable. Then there are
a non-countable family of sets (A,),, of finite measures and a positive
constant ¢ such that u(4,+A,) > c for every a, bel, a+#b.

Let x be an element of the space X for which condition (iv) is fulfilled.
Then

) ¢(XXA,,(t)—xxAb(t), r)du =

T As

| @(x, )du

- A,

= p(A,+A,) inf &(x, 1) > c inf @(x, 1).
t¢S ¢S

Let d be a positive number less than 1 such that

r(d) < cinf @(x, 1).
¢S

Then o '(d)<w (1) =1 and

f(p( Ua, ()= X1a, (1) )du > f‘p(xha (1) = x4, (1), 1)dpt

o™ (d)

T T

= c-inf &(x, t) > r(d).
1¢S

Thus
[XXa, = XXa,| > d

for every a, bel, a # b. So the set (xx A )acr 18 uncountable and is not dense
in E®(T, X). This contradicts the assumption that the space E®(T, X) is
separable.

Hence the measure u is separable.

Let F(u,v) =u+v, o(u) =u and r(u) = u.

2.13. CoRrROLLARY. If the measure p is separable, X is a separable Banach
space, @ is an N'-function with finite values, continuous at 0 and for every set
A of finite measure and ¢ > 0O there is a real number n > 0 such that

[@(x,Ddu<e  for |Ixl| <,
A

then the space Eq, (see [2]) is separable if and only if @ satisfies the A4,-
condition.

2.14. CoroOLLARY. If u is a separable measure, ®: RxT — R, s
a @-function with parameter and y, € L®(T, R) for every set A of finite measure,
then the space E®(T, R) is separable if and only if @ satisfies the A,-condition.
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3. Local boundedness of Orlicz spaces.

3.1. THEOREM. Let us assume that the following condition hold:

1° the space X is locally bounded and separable,

2° there is a set S, u(S) = 0, such that for every t ¢S, if a sequence (x,) is

such that sup ®(x,, t) < + 00, then it is bounded.

Then the Orlicz space L®(T, X) is locally bounded if and only if

v) 3V 3 3 [bpedu< +o0,
qg>0a>0b>0c¢>0T
where
5a.b,c,q (t) = Su}l? <D(cx, t) Xpa,b,q (x) (t)
and

bt ), i)

o) g T } ‘

Pypa(x)= % teT: 45(

Proof. Let us assume that the Orlicz space L®(T, X) is locally bounded.
Then it is easy to verify that there is a constant g, > 0 such that for every
a> 0 we can find a number b > 0 such that

(1) b K(q0) = K(aqy),

where K(q) denotes the set {feL®(T, X): |f| <q} and the set K(q) is the
closure of K(q).

Let us suppose that for every g > O there is a > 0 such that

(2) j 6a,b,c,q (t) dﬂ = 4+
T

for every b> 0 and ¢ > 0.

Let us put in condition (2) g = g,. For this g there is a positive number
a such that condition (2) holds for every b > 0 and ¢ > 0. For this number a
there is a positive number b such that condition (1) is true.

For these numbers q, a, b and for ¢ = 1 we denote by ¥, the function

sup Py, t)XPa,b’q(yk)(t)XTn(t)’

1<k<n

where the set |y,: ke 4"} is dense in the space X and T= U T,, u(T,) < 0.

n=1

Then ¢, (¢) is a non-decreasing sequence for every te Tand tends to 8,,,1,4(1).
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By Beppo-Levi theorem, we obtain

lim [y (t)dp = [ Sap.1,4(00dp = + 0.
Thus, T '

f ¥a(tydu>r(g)
for sufficiently large n. '

Since the measure u is atomiess and p(T,) < 4 oo, there is a set AeX such
that 4 cireT: (1) # 0] and

f¥n(dp=r(q).

In an analogous fashion as in Lemma 2.6, we can find a measurable
function f: T — X such that &(f (1), t) = ¢, (1) for every te T. Then we have

Jd)( @ @S 0140 )dﬂ - qu(f(t), t)dp = fl//n(t)du =r(q).

o g
T A

Hence
lo™'(q) x4 < g,

0 0 (@) fracK(9).
On the other hand,

(b @) S (D) x4 (D) B bo™'(q) ,
Jol e ”)""‘Jq'(?%”””)d“

T A
r(ag) | _rlag) . _
> S | PV du =0 r @ = r(ag).

A

Thus bw~'(q) fx4¢ K (aq). This contradicts condition (1).

Hence condition (v) holds.

Conversely, let condition (v) hold. We shall show that the set K(qg) is
bounded, ie. for every d>0 there is a number e>(Q such that
eK(q) = K(dg).

Let d be an arbitrary positive number. Since r(-) is continuous at 0, we
can find a number ae(0, d) such that 2r(aq) < r(dq). By the assumption,
there are numbers b > 0, ¢ > 0 such that

| Oapeq(t)du < +c.
T

11 — Prace Matematyczne 24.1
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Let us put
Py ({) = 6a,b,u,q(t)’

where u > 0. Then lim ¢,(f) = 0 for almost every teT.

u—0
Indeed, let ¢ be an arbitrary positive number. The assumptions imply
that there hold the conditions:

(3) there is a measurable set S;, u(S;) = 0, such that for every r¢S, if
a sequence @ (x,, 1) is bounded, then the sequence (x,) is bounded, i.. there
is a neighbourhood V¥, of the origin such that x,eV, for every n,

(4) there is a measurable set S,, u(S,) =0, such that for every r¢S,
and &> 0 there is a set W,e# such that @(z,1) <e for every zeW,
(condition 1.7 (e)).

By Z we denote the set {treT: ¢.(t) = +o0}. Since
| @c(t)du < + o0,
7

we have u(Z) =0.

Now, let + be an arbitrary element of T which does not belong to
S;uS,uZ.

If @.(t) =0, then 0 < ¢,(t) < @ (1) =0 for every u < ¢, thus ¢,(t) tends
to 0.

If @ (1) #0, then putting I, = {ne.V": teP,, (y,)} we have t¢S, and
sup @(cy,, 1) < + . Hence by (3), there is a set U, e # such that y,e U, for

nel,

every nel,. Moreover, by condition (4), (t¢S,) there is a set W, e # such that
@(z, t) < ¢ for every ze W,. Since the space X is locally bounded, there is a
number- u, > 0 such that u,U, = W,. Hence ®(uy,, t) < ¢ for every 0 < u <y,
and every nel, ie.

(pu(t) = Sup qj(uym I) XPa’b'q(y") ([) <e.

nel,

Thus ¢ ,(t) tends to 0.
Therefore, by the Lebesgue theorem, we obtain

lim | @,()du = 0.

u—=0 T

Hence there is a number u > 0 such that

[ @u()dp < r(aq).
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Now, let

. { uo”*(aq) }
e=min{ b, —— 5
o™ (q)

We shall show that eK(q) = K(dq).
Let feK(q). By G, we denote the set

{teT: <b<—~u;fl(i—,t)<<pu(t) }
o™ (qg)

Then we have

. ‘
S1uSyuZ
ef (1) uf (1)
© J “’(F‘f@”)"“gfq’(w*‘*-wq)”)d"
Gf'\(SluSZUZ) Gf

< J ¢, () dp < r(aq),

T
ef (1) ' bf (1)
f q’(w“(aqrt)d“s f¢(m”)d“
T\(Gfusluszul) T\Gf

If t¢G;, then

. t "
Pu(t) = Sup Pux, e, , 0 < <D( g%, t )

Hence t¢ P, (f 1)/~ ' (g)). Therefore

b (1) bo @) S0\ r(ag) ( o
(p . =¢ = 5 x ) .
(w*‘(aq) ') (w Tag) '@ ’>< ra o r)

Thus
o (1) raa) [ f0)
g J ¢< o @ )d" <T@ d’( 0T @" )d"
T\Gf T :

r(aq)
r(q)

<

r(q) = r(aq).
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Adding inequalities (5), (6) and (7), we obtain

f¢( —ffli, t )d[l < 2r(aq).
o™ (aq)

T

Since 0 < a <d, we have

e (1) of(t)
J(D( o 1(da)’ t )du < Jd)( o (ag)’ t )d,u < 2r(aq) < r(dq).

T T

Thus ef e K (dq).
Hence we have proved that the Orlicz space L®(T, X) is locally
bounded.

3.2. CoroLLArY. If X is a separable and locally bounded space, ®: X x T
— R, is a convex ®-function, and assumption 2° of Theorem 3.1 holds, then the
space L®(T, X) is locally bounded.

Proof. We shall show that
vV V 3V u(P,,,,,,q(x))=0.

g>0a>0 b>0 xeX )
Let ¢ > 0 and xe X. If a is a positive real number such that r(aq)/r(q) <1,
then putting b = w~ ! (ag)r(ag)/w ™' (q)r(q) we obtain

o~ '(q) ‘ ( r(aq) ) r(aq)
Dl b— x,t |=@| ——x,t |<—=D(x,1)
( o™ ) = T
for every xe X and almost every te T. Thus u(P,,,(x)) = 0.
Suppose that r(aq)/r(g) > 1. If b = 0™ '(aq)/w™'(q), then

-1
qb( p 2@ ) o0 <" g g

™ (aq) * r(q)

for every xe X and almost every teT. Hence u(P,,,(x)) =0 in this case
also. Thus

V V 3 ¥V 8,0, =0

4>0a>0b>0c¢>0
for almost every re T and obviously condition (v) holds.
33. Let us put X =R, F(u, v) =u+v, o(u) =u and r(u) = u. Then we
obtain (see 2.4)
Oupegt) =D (c5, ,,(1), 1),
where
bw~1(q)
To e T
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Thus condition (v) is equivalent to the following one

(vi) —_ 3V 3 50,.€L%T, R).

q>0 a>0 A>0

3.4. CoroLLARY. If @ is a @-function with parameter and’

lim @(x,t) =+
for almost every teT, then the Orlicz space L“’(T R) is locally bounded zf and
only if condition (vi) holds (see [S]).

3.5. ExaMPLE. Let X be the space C of all continuous functions from R into
R with topology t determined by the base 2 which consists of sets of the form
VX, .oos X 8) = {f€C: < \Z 1f ()l <&},

where xy, ..., x,€X and &> 0. Of course the space C is separable and
non-metrizable.

Let (R, 2, ) be a measure space, where by u we denote the Lebesgue
measure on R and X denotes the g-algebra of all Lebesgue measurable sets.
Moreover, let F(u, v) = u+v, r(u) =u and w(u) = u.

We define the function @: C xR — R, in the following manner

D(x, 1) =|x(t).

Then @ is a @,-function on .#,(R, C) with respect to the F-operation F,
where #,(R, C) is a linear subspace of the set of functions f: R —C
fulfilling the property: the set f ~!(U) is measurable for any Uert.

3.6. ExampLE. Let X be the space LP(0, 1) of all p-integrable functions
(pe(0, 1)) with the topology given by the F-norm

x| = | |x(s)P ds.
0

The space L*(0, 1) is separable and locally bounded.

Let (T, X2, ) be a measure space and let F(u, v) =u+v, r{(u) =u and
w(u) =u. Let h: T— R, be an integrable function and let us assume that
inf h(t) > 0.
teT

The function @: I7(0, 1) x T —> R, ®(x, t) =|x|-h(t) is a p-convex ;-
function on #,(T, L?(0, 1)) with respect to the F-operation F.

Since @ is a ®,-function and satisfies the 4,-condition, the space
E®(T, L”(0, 1)) is separable if and only if the measure p is separable (see
Theorem 2.12).
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Moreover, sup @(x,, 1) < +00 if and only if sup |x,| < + o0, thus

assumption 2° of Theorem 3.1 holds. Further, since 45 is a p-convex &-
function, J,,.,(t) = 0 for almost every teT (compare Corollary 3.2).

(1]

2]
3]
(4]
(51

Hence the Orlicz space L®(T, L?(0, 1)) is locally bounded.
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