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On the Mackey topology of Musielak-Orlicz sequence spaces

0. The Mackey topology p of a topological vector space X = (X , r) is the 
strongest locally convex topology on X  which produces the same continuous 
linear functionals as the original topology т of X . If X  is an F-space (i.e. 
metrizable and complete), then p is the strongest locally convex topology on 
X which is weaker than r. If.JA is a base of neighbourhoods of zero for t, 
then the set conv S  — Jconv U: U e S \  is a base of neighbourhoods of zero 
for p. Hence in this case p is semimetrizable. If X  has a total dual, then p is 
metrizable. The completion A' of {X, p) is an F-space which we call the 
Mackey completion of X.

The main purpose of this paper is to investigate the Mackey topology 
Pf of the Musielak-Orlicz sequence space lF and to describe the Mackey 
completion of lF as another concrete sequence space.

The reader is referred to [2] and [3] for some similar results on the 
Mackey topology of Orlicz sequence spaces.

An Orlicz function /  is a non-decreasing function / :  [0, oo) -» [0, x ) 
left-continuous on (0, x ) , continuous at 0 with / (0) = 0 and /  #  0 .

If F — (/„) is a sequence of Orlicz functions, then we define on со ( = the 
space of all scalar sequences) the modular

mF(x) = X /nflfJ).
n=  1

where x = (tn)ea>.
The Musielak-Orlicz sequence space lF is the vector space of all such 

sequences x that mF(sx) < oo for some £ > 0, with the linear topology ÀF 
defined by the F-norm

|jx||F = inf {£ > 0 : mF(£- 1x) ^  г}.

If we define BF(e) = {xe<o: mF{x) ^  e}, then the sets {eBF(e): s > 0} form a 
^se  for XF at 0.

We denote by hF the closed linear span of the sequence of unit vectors 
Ю of lF. it is well known that

hF = (хеш: mF(ex) < oo for every £ > 0).
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The Minkowski functional pF of the absolutely convex absorbing subset 
kF = {xeco: mF(x) < 00} of lF is a continuous seminorm on lF. The linear 
topology defined by the seminorm pF will be denoted by nF.

Proposition 1. The quotient norm of pF and the quotient F-norm o / | |- | |f 
coincide on lF/hF.

The proof is essentially the same as that of Proposition 2.1 in [2]. 
L e t/b e  an Orlicz function and e a positive number. We denote s(f, e) 

= sup [s > 0: / (s) < e}. If s(f, e) < 00, then we define f e to be the function 
which coincides with /  on (s(f, e), 00) and is the largest convex function ^  /  
on [0, s(f, e)]. It is easy to show that

f E{s) = inf j-i- £  /  (sk) : K e N ,  0 ^  sk ^  s(f, e), s = ^  £  sk [
\ L K k = i & k= 1 J

for s e [ 0, s{f, £)].
If s(f, e) = x  , then we define f e = 0.
Let F = (/„) be a sequence of Orlicz functions. We denote by Gp the

Fréchet space П lFe with the natural intersection topology yF, where
£ > 0

FE = (/«)•
1. L e m m a . Let |) -j| be a seminorm on hF, which is bounded on BF(£)nhF 

for some positive number e. Then:
(i) ||-|| is bounded on Bp.E{e) r\hF.

(ii) If, moreover, s{fn, £0) < x  for every n eN  and the set 
{s(/„, £0)e„: neN} is bounded in hF for some positive number e0 (£ ^  £0), then 
the seminorm ||-|| is bounded on B-EQ(£)r\hF.

Proof. We first observe that any sequence x — (t„)eB^(£), where q ^  s, 
which has a finite support, can be written in the form

(*i *= 4 l  / k\
Л к— 1

where y(k) — (s^), 0 ^  Is^l < s(f„, q) and

p  Z  "V(yfc)X  2fi.

Indeed, we can find such numbers r{f \  k = l , . . . , K ,  rcesupp x, 
0 < r[k) ^  s(f„, q), that

1

К I  Лк) = |fj
* = 1



Mackey topology of Musielak-Orlicz sequence spaces 103

X 7 7  X X fn (l*J) + e ^ m-n(x) + 8 ^ 2e.
nesuppx л - fc = 1 nesuppjc

It suffices to take y(k) = £  (sgn t„)r(„k)e„.
ne  suppx

Let now y = (sn)ehF be any sequence for which 0 ^  |s„| ^  s(/„, e). Then 
y may be represented as the sum y = yj + ... + ут + .Ут +i°f sequences with 
disjoint supports such that yjEBF{e) \ BF(\c) (j = 1, m) and ym+1 eBF(e). 
Therefore

m

h m  ^  X ^

m ^ - m F(y).
£

There exists a constant M >  0 such that |jx|| ^  M for any x e B F(s)nhF. 
Hence

\\y\\ < (m + 1 )M < |^ m F(y) + ly M.

Finally, using (*) with ц = e, we have

I N K  4  X l l /k)ll ^  X т г(Ук>) +  1 ) м  <  5M
&  k = l  k=  1 /

for any sequence xeBpe(e)nhF which has a finite support. The set of all 
finitly supported sequences is dense in hF and ||-|| is ^-continuous, thus INI ^ 5M for any x e B -E(£) n  hF.

For the proof of assertion (ii), let у = (s„)e/iF be such a sequence that 
Kl < s(fn, £o)- Let

A — \h e N: s(fn, e) < |s„| ^  s(/„, e0)].

We define

У\ = X s " e » and У2 =  X  s» en-
ne A neN\A

Then y = y ± + y2 and supp yt r  supp y 2 = 0 -  Moreover,

в И К Х  /«(kl) ^ %(y)-
neA
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Therefore

IMI < I  IMJI + M  ^ X IM/"’ eoRII + INI-
n e A  n e A

Since the set 

Therefore

[s(/„, £0)e„: n e N j is bounded, so sup ||s(/„, s0)e„\| = N < oc.
n e N

N
1Ы1 ^ — mF(y) +

£

M.

Now, using ( * ) with ц — e0, we can finish the proof essentially in the same 
way as above.

Theorem 1. Let F — (/„) be a sequence of Orlicz functions. Then 
(i) Цр — (y/|/f ) v nF.

(ii) I f  s{f„, e) < x  for every n eN  and the set (s(/„, £)e„: neN] is 
bounded in IF for some г > 0, then pF = {^Fe\iF) v kf-

(iii) The Mackey topology of hF coincides with pF\hp.
Proof. We denote x = {yF\iF) v nF. Obviously x ^  pF. By Lemma (i) 

every AF-continuous seminorm on hF is -^-continuous. Hence the topology 
yF\hp coincides with the Mackey topology of hF. Therefore assertion (iii) 
follows immediately from (i), because the topology nF is trivial on hF.

The Mackey topology of a subspace is always stronger then the restric­
tion of the Mackey topology of the entire space, so

By Proposition 1
F f \>if  ^  7/1 hF — T\hF ^  fJ-Flhp-

x/hF ^ fip/hp ^ Xpfhp — Ttp/hp ^ x/hp.

Hence x ^  pF, т|Лг = pF\hF, x/hF — pF/hF. Therefore by a result of Roelcke
[4] (cf. [1]) т = pF.

In the same way we can derive assertion (ii) of the theorem from 
assertion (ii) of the Lemma.

Corollary 1. Let F =(/„) be a sequence of Orlicz functions. The fol­
lowing conditions are equivalent :

(a) The Musielak-Orlicz space lF is locally convex.
(b) lF = lpE for some e > 0 .
(c) lip = hpe for some e > 0 .
Proof. (a)=>(c). Suppose that condition (c) does not hold. We denote

y
F к = G(k). Then there is a sequence xkehGik)\hF (k = 1 ,2 ,...)  such that 
>П(Нк)(кхк) < x  and mF(xk) = x .  We can find sets Ik c  J\, к = 1, 2, . . such 
that sup lk < inf 7k + 1, mG{k)(kxkxlk) < 2~k and mF(xkXik) > 1, where xik is
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the characteristic function of Ik. We define x = £  xkXikE(x>. Let n , k e N
k =  1

and n> k. Then
n —  1  X

roG(fc)(W*X Z тС{к)(ЩХЕ)+ I
7 = 1  j = n

/ 1— 1  X.

< Z mG(k)(«-XjZ/i)+ Z "hifiijXjXij)
7 = 1  7 = n

n —  1  X

< Z mG<*)(«*jXi,)+Z 2"J<00-
J = 1  J = n

Moreover,
X  *

W f ( x )  =  J ]  / М л : , / ,  )  =  x .

Thus xg П hpe^lF anc  ̂ If cannot be locally convex. Indeed, the local
£ > 0

convexity of lF would imply, by Theorem 1 (iii) that XF\h — gF\hp = yF\hf, so 
hF= П hp.

e > 0
(c)=>(b). Let G = FE. By Theorem 4.1 in [7] lG c  /F if and only if 

kG c  nkF for some neN.  Therefore if lG ф lF, then there exists a sequence 
xnekG\nkF, n — 1, 2 , ..., such that mG(nx„) < x  and mF(xn) — x .  In the 
same as above we can construct a sequence x e h G \hF.

(b)=>(a). This implication is obvious.

2. The Mackey completion lF of an Orlicz sequence space lF is always a 
Banach space (cf. [2]). For the Musielak-Orlicz sequence spaces it is not so, 
even in the separable case.

Let X  be an F-space. We say that a set К is totally bounded with respect 
to a neighbourhood of zero U, if for any positive £ there is a finite subset A of 
A" such that К czA + eU.

An F-space X  is called a Schwartz space if for any neighbourhood of 
zero U there is a neighbourhood of zero V totally bounded with respect to U 
(Cf. [5 ] ) .

P r o po sit io n  2. I f  X  is a Schwartz space, then the Mackey completion X 
of X is a Schwartz space too.

Proof. Let Jâ be a base of neighbourhoods of zero for X. Then 
conv M — [conv U: 1/gjü?} is a base of neighbourhoods of zero for X. 
Let conv U g  conv M. By assumption there is V e S  totally bounded with 
respect to U. Let £ > 0. There is a finite subset A of X  such that V c= A + \ eU. 
Thus

conv V cr conv (A + jeU)  c  conv A + je  conv U .



106 M. N aw ro ck i

The set conv A is totally bounded in X, so conv А с: В + \г  conv U for 
some finite subset В of X. Finally, conv V c-BAs  conv U; hence conv V is
totally bounded with respect to conv U.

Let (p„) be a sequence of positive numbers. We denote by the
Musielak-Orlicz sequence space lF, where F = (/„) and f n{t) = tPn, n = 1, 2, ...

Corollary 2. I f  pn -+ 0, then the Mackey completion of is not locally 
bounded.

Proof. By Example VI.4.4 in [5] and Proposition 2 the space is an 
infinite-dimensional Schwartz space. Therefore /̂ , cannot be- locally 
bounded.

1 Theorem 2. Let F = (/„) be a sequence of Or liez functions. The Mackey 
topology pF of the Musielak-Orlicz sequence space lF is locally bounded if and 
only if there exists a positive number e such that

(*) s(fn, e) < oo for every neN

and one of the two following equivalent conditions holds:
(a) The set {s(fn,s)e„: neiVj is bounded in lF.
(b) The functions g„(t) = f„(s{fn, e)t), n = 1, 2, ..., are equicontinuous at

zero.
Proof. The equivalence of (a) and (b) is obvious.
If (*), (a) hold, then by Theorem 1 (ii) pF = (A^Ij ) v nF. By (*) and 

Theorem 5 in [7] the topology A-e is locally bounded. The topology nF is 
defined by the seminorm pF, so pF is locally bounded. The “if’ part of the 
proof is finished.

Now we assume that pF is locally bounded. There is a positive number s 
such that В^е(е) гл hF is a /^-bounded neighbourhood of zero in hF. Evidently 
s(fn, 8) < oo for every ne IS.

The sequence (e„) of unit vectors is a basis of hF. By Theorem 1 (iii) and 
Proposition 3.2 (ii) in [3]

t„ en -> 0 (Af) if and only if tn en -> 0 (pF)

for any scalar sequence (t„). Let t„-> 0. The set {s(fn,e)e„: n e N } is pF- 
bounded, so tns{fn, e)e„-+ 0 (pF), (Af). This implies (a).

Proposition 3. (1) The Mackey completion lF of a separable Musielak- 
Orlicz sequence space lF may be identified in a natural way with GF.

(2) Let p„ -» 0. There does not exist a locally convex Musielak-Orlicz 
space lG (G = (gn)) such that

(̂Pn) =X^ 1(p„)-
Proof. (1) In the similar way as that in Theorem 4.1 in [2] we prove 

that lF is a dense subspace in UE for every e > 0. Therefore lF is dense in GF.
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By Theorem 1 (i) we have

lF x  (lF, yplip) = Gp.

(2) Suppose that assertion (2) does not hold. Let lG be a counterexample. 
The space lG is locally convex, so by Corollary 1 (c) hG = h~E for some £ > 0 
(therefore for every 0 < rj ^  e). If

( + ) s(gn, rj) < oo for some 0 < ц < e and every neN,

the lG is locally bounded (cf. [7]), but the Mackey topology of , is not 
locally bounded.

If ( + ) does not hold, then inf sup gn(t) = 0. This implies that there is
neN t>  0

a subsequence (e„k) of the sequence (en) of unit vectors in lG such that 
e„k ~*0 (ÀG). Therefore e„k -»• 0 (Цфп)), >). This is impossible, because
m(pn)(enk) = 1 for к = 1 , 2 , ...
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