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On the Mackey topology of Musielak--Orlicz sequence spaces

0. The Mackey topology u of a topological vector space X = (X, 1) is the
strongest locally convex topology on X which produces the same continuous
linear functionals as the original topology t of X. If X is an F-space (ie.
metrizable and complete), then u is the strongest locally convex topology on
X which is weaker than 1. If 4 is a base of neighbourhoods of zero for 1,
then the set conv 4 = ;conv U: Ue #] is a base of neighbourhoods of zero
for . Hence in this case u is semimetrizable. If X has a total dual, then yu is
metrizable. The completion X of (X, ) is an F-space which we call the
Mackey completion of X.

The main purpose of this paper is to investigate the Mackey topology
U of the Musielak—Orlicz sequence space Ir and to describe the Mackey
completion of I as another concrete sequence space.

The reader is referred to [2] and [3] for some similar results on the
Mackey topology of Orlicz sequence spaces.

An Orlicz function f is a non-decreasing function f: [0, c0) — [0, w0)
left-continuous on (0, o), continuous at 0 with f(0) =0 and f # 0.

If F =(f,) is a sequence of Orlicz functions, then we define on w (= the
space of all scalar sequences) the modular

’nF(x) = Z frx(|[n|)9

where x = (1,) e w.

The Musielak—Orlicz sequence space Iz is the vector space of all such
Séquences x that mp(ex) < oo for some ¢ > 0, with the linear topology A
defined by the F-norm

lixllz = inf {¢ > O: me(e”x) < €.

If we define By (¢) = {xew: mp(x) < ¢}, then the sets {¢Br(e): ¢ > 0} form a
base for Ap at Q.

We denote by h the closed linear span of the sequence of unit vectors
() of I. It is well known that

hg = {xew: mp(ex) < oo for every &> 0.
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The Minkowski functional pr of the absolutely convex absorbing subset
krp = {xew: mp(x) < o0} of Ip is a continuous seminorm on [g. The linear
topology defined by the seminorm pp will be denoted by ng.

ProrosiTiON 1. The quotient norm of pp and the quotient F-norm of ||-]|¢
coincide on lp/hg.

The proof is essentially the same as that of Proposition 2.1 in [2].

Let f be an Orlicz function and ¢ a positive number. We denote s(f, &)
=sup {s > 0: f(s) <e}. If s(f, &) < oo, then we define f* to be the function
which coincides with f on (s(f; €), o) and is the largest convex function < f
on [0, s(f, ¢)]. It is easy to show that

K
f"'(S)=in\f{ Z f(si): KeN, 0<s,<s(f,¢), s= 1 isk}
k= k=1

for sel0, s(f, )].

If s(f, &) = ¢, then we define f* = 0.

Let F =(f,) be a sequence of Orlicz functions. We denote by G the
Fréchet space ()| [, with the natural intersection topology 7y, where

£>0
Fe=(f7).

1. LEMMA. Let || || be a seminorm on hg, which is bounded on Bg(g) M hy
for some positive number ¢. Then:

() |||l is bounded on B (&) ™ hy.

(i) If, moreover, s(f,, &) <o for every neN and the set
{s(fy, €0) €, neN)} is bounded in hp for some positive number &, (¢ < &), then
the seminorm ||-|| is bounded on B (e) N hy.

Proof. We first observe that any sequence x = (t,) € B, (¢), where 5 > ¢,
which has a finite support, can be written in the form

(*) z (k)

where y* = (s¥), 0 <|s¥| <s(f,, n) and

1 K
I m (k) < 2¢.
K ; (V)
Indeed, we can find such numbers rlP, k=1,...,K, nesupp x,
0< ¥ <s(f,, n), that
K

Z W =1t
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and
K

> Z LY < Y St +e < my(0)+e < 2.

nesupp x = nesuppx

It suffices to take y® = Y (sgnt)rPe,

nesupp x

Let now y = (s,)€ hy be any sequence for which 0 < |s,| < s(f,, €). Then
y may be represented as the sum y =y, + ... +y,+y,+,0f sequences with
disjoint supports such that y;e Bg(e)' Bp(3¢) (j =1, ..., m) and y,., € Bg(e).
Therefore

m

%Ems Z mF(yj mF(y))
i=1

SO

m<=mp ().

There exists a constant M > 0 such that ||x{| < M for any xeBg(e) N hy.
Hence

2
IVl < (m+1) M < (;mp(y>+1)M

Finally, using (*) with # =&, we have

1 K : K

2
Il <% X Iy ‘*’n<(8—K y mp(y<'°)+1)M<5M

k=1 k=1

for any sequence x€ By (¢) M hp which has a finite support. The set of all
finitly supported sequences is dense in hp and ||-]| is Ag-continuous, thus
lixll < SM for any xeBp,(e) ™ k.

For the proof of assertion (ii), let y = (s,)ehr be such a sequence that
0<s,) <s(f,, &). Let

A= {neN: s(f, &) <l|s,| <s(f, &)}
We define

Y1 = Z Sn€n and Y= Z Sn€n-
neA neN\A
Then y=yi+y, and supp y, ~supp y, = @. Moreover,
B'AI < Z .ﬁl(lsnl) < mg (y)

neA
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Therefore

IVl < X lswedl +llyall < 3 lis (s 20) eli + 1yl

neA neAd

Since the set {s(fy, &¢)e,: neN| is bounded, so sup |s(f,, so)edl = N < oc.
neN

Therefore

2
il < —mp(y)+( me(y)+ 1 )M.

Now, using (*) with 7 = gy, we can finish the proof essentially in the same
way as above.

THeEOREM 1. Let F =(f,) be a sequence of Orlicz functions. Then

() ur = (78l v mp.

(i) If s(f,,e) < x for every neN and the set (s(f,, e)e,: neN| is
bounded in I for some &> 0, then pup = (Agl,) v np.

(i) The Mackey topology of hg coincides with gl

Proof. We denote 7 = (ysl;) v np. Obviously 7 < pp. By Lemma (1)
every Ag-continuous seminorm on hy is ys-continuous. Hence the topology
7#lnp coincides with the Mackey topology of hp. Therefore assertion (iii)
follows immediately from (i), because the topology =y is trivial on hg.

The Mackey topology of a subspace is always stronger then the restric-
tion of the Mackey topology of the entire space, so

I"F’h‘v < .Yflbp = TIhF < p’FIhF'
By Proposition 1

t/hy < pp/hp < Apfhp = np/he < t/hg.

Hence t < pp, tlhy = pplhg, t/hy = pp/hy. Therefore by a result of Roelcke
[4] (cf. [1D) 7= pp.

In the same way we can derive assertion (ii) of the theorem from
assertion (ii) of the Lemma.

CoroLLARY 1. Let F =(f,) be a sequence of Orlicz functions. The fol-
lowing conditions are equivalent :

(a) The Musielak—Orlicz space Iz is locally convex.
(b) Ip = I, for some &> 0.
(€) hp = hg, for some &> 0.

1 Proof. (a) =(c). Suppose that condition (c) does not hold. We denote
F¥ = G (k). Then there is a sequence x,€hgu \he (k=1,2,..)) such that
MG (kX)) < o¢ and mg(x,) = co. We can find sets I, = N, k=1, 2, ..., such
that sup Iy < inf [y 1, mgg,(kx,x;,) < 27% and myg(x, x) > 1, where xr, 18
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! ) X
the characteristic function of I,. We define x = ) X X1, €. Let n, keN
k=1
and » > k. Then
n—1 x

Mg (nx) < ). mG(kl(nijIj)+ Z Mg (nx; le)
j=1 j=n

n—1 x
< Y mgg(nx; le)+ 2. Mg, (x; le)
i=1 Jj=n

< "i: Mgy (X 11) + i 277 < .
j= j=n
Moreover,
me(x) = ji n;p(xj x,j) = oC.
Thus xe () hg\hp and Il cannot be locally convex. Indeed, t-he local
convexity e;fo lp would imply, by Theorem 1 (iii) that Agl,. = prly, = Velap, 0
he = () hg,.

(c)=(b). Let G = F%. By Theorem 4.1 in [7] l; < I if and only if
ks < nkp for some ne N. Therefore if I; ¢ [p, then there exists a sequence
X,€kg\nkg, n=1,2, ..., such that mg(nx,) < > and mg(x,) = . In the
same as above we can construct a sequence X € hg \/ip.

(b)=>(a). This implication is obvious.

2. The Mackey completion I of an Orlicz sequence space I is always a
Banach space (cf. [2]). For the Musielak-Orlicz sequence spaces it is not so,
even in the separable case.

Let X be an F-space. We say that a set K is totally bounded with respect
to a neighbourhood of zero U, if for any positive ¢ there is a finite subset 4 of
X such that K < A+¢U.

An F-space X is called a Schwartz space if for any neighbourhood of
zero U there is a neighbourhood of zero V totally bounded with respect to U
(cf. [5]. v
ProposITION 2. If X is a Schwartz space, then the Mackey completion X

of X is a Schwartz space too.
' ___ Proof. Let 4 be a base of neighbourhoods of zero for X. Then
conv 4 = [conv U: Ue.4) is a base of neighbourhoods of zero for X.
Let conv Ueconv 4. By assumption there is Ve # totally bounded with
respect to U. Let ¢ > 0. There is a finite subset A4 of X such that V < A+3¢U.
Thus

conv V < conv (4+4&U) < conv A+4e conv U.
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The set conv A is totally bounded in X, so conv A = B+i¢conv U for
some finite subset B of X. Finally, conv ¥V < B+¢ conv U; hence conv V is

totally bounded with respect to conv U.

Let (p,) be a sequence of positive numbers. We denote by [,, the
Musielak—Orlicz sequence space I, where F = (f)) and f,(t) = ", n =1, 2, ...

CoroLLARY 2. If p, — 0, then the Mackey completion of I, is not locally
bounded.

Proof. By Example VI.4.4 in [S] and Proposition 2 the space 70,") is an
infinite-dimensional Schwartz space. Therefore T(pn, cannot be. locally
bounded.

" Tueorem 2. Let F = (f,) be a sequence of Orlicz functions. The Mackey
topology up of the Musielak—Orlicz sequence space I is locally bounded if and
only if there exists a positive number ¢ such that

(%) s(f,, &) < oo  for every neN

and one of the two following equivalent conditions holds:

(@) The set (s(f,, e)e,: neN) is bounded in Ig.

(b) The functions g,(t) = f,(s(fu, &)1), n =1, 2, ..., are equicontinuous at
zero.

Proof. The equivalence of (a) and (b) is obvious.

If (%), (a) hold, then by Theorem 1 (il) pp = (44l;;) v np. By () and
Theorem 5 in [7] the topology 4. is locally bounded. The topology = is
defined by the seminorm pg, so pp is locally bounded. The “if” part of the
proof is finished.

Now we assume that ug is locally bounded. There is a positive number &
such that B, (e) M hp is a pp-bounded neighbourhood of zero in hp. Evidently
s(fs, &) < oo for every neN.

The sequence (e,) of unit vectors is a basis of hz. By Theorem 1 (iii) and
Proposition 3.2 (ii) in [3]

t,e, >0 (4g) if and only if t,e,— 0 (uf)
for any scalar sequence (t,). Let t, > 0. The set {s(f,, e)e,: ne N} is pp-
bounded, so t,5(f,, €)e, = 0 (ur), (A). This implies (a). '

ProposITION 3. (1) The Mackey completion I of a separable Musielak—
Orlicz sequence space lp may be identified in a natural way with Gg.

(2) Let p,—0. There does not exist a locally convex Musielak-Orlicz
space lg (G =(g,)) such that

Hp,y = ’lGll(pn)'

Proof. (1) In the similar way as that in Theorem 4.1 in [2] we prove
that I is a dense subspace in [, for every ¢ > 0. Therefore /r is dense in Gz.
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By Theorem 1 (i) we have

Ip = (I, Yelip) = G-

(2) Suppose that assertion (2) does not hold. Let I; be a counterexample.
The space g is locally convex, so by Corollary 1 () hg = h, for some ¢ >0
(therefore for every 0 <n <¢g). If

(+) $(g,, n) < oo for some 0 <y <e¢ and every neN,

the I; is locally bounded (cf. [7]), but the Mackey topology of [, is not
locally bounded.
If (+) does not hold, then inf sup g,(¢) = 0. This implies that there is
neN t>0
a subsequence (e,) of the sequence (e,) of unit vectors in I; such that
ey, — 0 (4g). Therefore en, — 0 (4p,), (44,)- This is impossible, because
m(pn,(e,,k) =1 fork=1,2,...
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