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A totally non-atomic set-valued measure

Abstract. A necessary and sufficient condition for a vector-valued measure with values in
a locally convex topological vector space given by I. Tweddle [3] is generalized to the case of
multimeasures.

Let E be a Hausdorff locally convex topological vector space over the
reals, with topology 1, and let E’ be the strong dual of E. For any sequence
of sets E, < E, Y E, will mean the set of all xeE of the form x = ) x,

nz1 nz1

with x,eE, for every n, the series being convergent in the sense of the
topology . The series Y E, will be called (1)-convergent, if for any sequence

nz1
(v with y,eE, for every n the series ). , is convergent in the topology 1;
nz1
then we shall write (1) ) E,.
nz1

Let S be a non-void set and let X be a g-algebra of subsets of S. In this
paper there will be considered a set-valued measure M: X — E assigning to
every element 4 in X a nén-empty subsets M(A4) of E in such a way that
M(A4) =(1) Y M(A4,), whenever A is the disjoint union of the sets 4, in Z.

nz1

We denote by 6*(:| A) the support function of a subset E, of E:
0*(x'| Ey) =sup {{x, x'>: xeE;;, xeE"

It is easy to prove that for every x'€E’ the mapping 4 — 6*(x'| M(A)) is a
measure with values in ]—o0, oo].

Let us denote MY (A) = J{M(B): £3B < A}. A set A=X is called an
atom of M, if MY (A)# {0} and for every B < A either M(B)= {0} or
MY (A\B) = {0}. M is said to be non-atomic if it has no atoms. M is called
totally non-atomic, if for each x'eE’ the set-valued measure x'o M(A)
= x'[M(A4)] is non-atomic.

THEOREM. Let %« be a base of absolutely convex neighbourhoods of the
orgin in E. A set-valued measure M: X — E is totally non-atomic, if and only
if, for each U e there exists a non-negative, non-atomic, finite measure pj: X
— R™ with respect to which each function 5* (x'| M(-)) with x'e U° (U° being
the polar of U) is absolutely continuous.
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Proof. The sufficiency follows from the fact that if a scalar-valued
measure 1s absolutely continuous with respect to p, then the total variation
of this scalar-valued measure is also absolutely continuous with respect to u
and, moreover, it is non-atomic. Hence the total variation &*(x'| M(-)) is
non-atomic for arbitrary x’'e E’, but this implies M to be totally non-atomic.

In order to prove the necessity, let us first remark that 6* (x| M(-)) is
a measure on X. We shall prove that the family {6*(x| M(-)): x'eU°},
where Ue4, is a family of uniformly countably additive measures. It is
sufficient to prove that this family is uniformly exhausting. Let us suppose
the converse. Then there exist a sequence (A,)y of pairwise disjoint sets
in 2, an £¢>0 and a sequence of functionals x,eU° such that
[6% (x| M(A,)|>¢, ie. there exist x,eM(A,) for every n such that

<1 ' >
—~Xpy Xn
&

1
implies ;x,,¢ U for n=1,2,... Consequently, writing U, = ¢U, we have

= 1, where x, e U°. But this

[{xn, Xpp| =& for n=1, 2, ... Thus

x,# U, for all n. However, x,e M(A4,) and so ) x, is convergent, which
n=1
gives a contradiction.

Hence, by Theorem 10.7 of [1], there exists a non-negative, finite
measure u such that 6* (x| M(-)) with x'eU° is absolutely continuous with
respect to X.

Now, let us suppose that AeX is an atom of x and let x'eU°
B< A,BeX. Then u(B)=0 implies |6*(x| M(B))| =0 and u(4\B)=0
implies |0* (x| M(A\B))| =0. Hence, if M is totally non-atomic, then
[6* (x| M(A))] =0, since otherwise A would be an atom of |6* (x| M()).

Let us suppose that (see [2]) has a countable set {4,€Z: ne N} of
pairwise disjoint atoms. We define a finite measure p,; in the following

manner :
py(A) = p(A\ U 4,) for AeZX.

neN
Then u, is a non-negative, non-atomic measure on X and for every
8*(x') M(-)) with respect to u;. We have for p,(4) = 0:

3*(x] M(A) =06* (x| M(E\ U 4))+ ¥ 0*(x| M(4n4,)=0,

neN neN

because otherwise we should have pu(AnA4,)=0 or EnA, would be an
atom of u.

' CoRroLLARY. Let E be metrizable. M is totally non-atomic, if and only if,
there exists a non-negative, non-atomic, finite measure on X such that
6* (x| M(-)) is absolutely continuous with respect to this measure for arbitrary
x'eE"

The proof is analogous to that in [3].
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