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On homotopy in the category of small categories

Abstract. In this paper we prove the equivalence of fraction categories 
f6at [I~  *] ^ e t° ° P[H ~ *], where (6at denotes the category of small categories, .c/e t^ ° P the
category of cubical sets I ,  and H the appropriate classes of morphisms. Moreover, it is proved

Sy o
that this equivalence is induced by a pair of adjoint functors e6at ^  £fetn °p.г

The proof of a similar result adapted in the simplicial theory, differs essentially and is 
much simpler than the proof given by D. G. Quillen (see [3], VI, 3).

0. Preliminaries. Let □  be a category; the objects of the category □  are 
partially ordered sets [1]" = [1] x ... x [1] for n ^  0, where [1] = [0 < 1}

and (fj, ..., t„) ^  (?i, ..., f„) iff f , f , -  for i — 1, ..., n. The morphisms of this 
category are generated by maps (preserving ej': [1]" 1 “►[!]" and 
in- [1]"+1 [1]", where ef*‘ (fl5 ..., t„_г) = (tlf . . fj -15 S, th ..., г„_x) for i
= 1, ..., n + 1, Ô = 0, 1 and i n (fi, ..., f„+1) = (fl9 ..., h, ..., rn+1) for i 
= 1, ..., n + 1.

Not every map preserving < belongs to the category □ .
A functor X: O op —> У  et is called a cubical set; У  et denotes the 

category of sets.
Put X([l]") = X„, X(e5,f) = df„ and X(rjl„) = si n. The category ,9’etn°p is 

called the category of cubical sets (see [5]).
In the Kan extension theory the following theorem is known (see [1], II,

1 ).

Let be a cocomplete and 9  a small category. Any functor т : 9  -* <€ 
induces a pair of adjoint functors Eh(r): У  e t^ P -» (€, St : y e t0J°p, where the
functor Eh(i) (Eh(r)(F) = colim z-n, n: h/F -► 9) is the left Kan extension of

h F
the functor z: ,9 -» 4  along Yoneda functor h: 9  -> УеУ°Р and St is the left 
adjoint functor of Eh(r) (ST(C) = (6y{ z - , C) for Ceob (€). Moreover, Eh(i)h

Assuming in this theorem 9  = □ , c6 = У  op, where У  op denotes the 
category of topological spaces, and the functor z : □  -> У  op is given by 
T([!]") = 1", where I" denotes the «-dimensional cube, т(в^‘)- I"-1 I" and 
tЦп): Г +1-*1" are the canonical maps of cubes, we obtain the pair of
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adjoint functors У op £Teta°p. The functor Eh(r): -TetD°p .Top is called

the geometric realization. Put Eh(r) = | |.
One can easily prove the following lemma.

St

Lemma. The pair of adjoint functors -Top .Teta°p preserves the homo-
I i

topy relation. ■
1. Cubical sets from categories. Let = □ , T  = Тбat, where Tat is the 

category of small categories, and the functor т:П  -+Tat is given by t([1]") 
= [1]", where [1]” is treated as a category in an obvious way.

From the theorem above we get the pair of adjoint functors
St Op r—jO/7

Tat У еР  . The functor ST: Tat -> -Teta is called the cubical nerve. Put
Eh(t)

ST = N and Eh(r) = c.
Homotopy relation in the category Tat is the smallest congruence 

relation generated by natural transformations of functors.
The following lemma describes the properties of the pair of functors
N

Tat -TetD°P.
C

Lemma 1.1. (See [2].) 1° c-N  = id^af.
2° The functor N: Tat • 5fet°°P is full and faithful.

N
3° Functors Tat '/’etn°P preserve the homotopy relation.

C

4° The cubical set 1S(6 satisfies the Kan extension condition for :
(a) n ^  3, where T is any category,
(b) n ^  2, iff every morphism of a category T is mono- and epimorphism,
(c) n ^  1, iff a category T is a groupoid. ш

Let в : □  ->Tat be any functor.
Lemma 1.2. If  there is a natural transformation of functors x -  □

Tat, then the functor S0: Tat ^ t D°P preserves the homotopy relation. 
Proof. Of course, it is enough to prove that a natural transformation of 

functors (<p: F -»G): T> -» (J  determines a homotopy of maps S0(F) ~ S0(G): 
S„(T) S 0(rT). We define a sequence of maps h„: S0(T)„ S0(T)„+ j such that :

(a) dfh„ = S0(F)„,
(b) d\hn = S0(G)„,
(c) df hn = hn_ i c/f_ x for 1 < i ^  n + 1,
(d) si + l h„ = hn+1Si for 1 ^  ^  n+ 1 (see [6]).
Let H: [1] x T -> Q) be the functor determined by the natural transform­

ation tp: F -» G . It is easy to prove that the maps given by h„(ot) 
= H (x([l])0(,7? .../7„2 ), for z e S e(T)n and n ^  0, satisfy conditions
(a)-(d). ■
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Applying this lemma and adapting the proof of the appropriate theorem 
in simplicial theory (see [5]), we get

T h e o r e m  1.3. Let 9: □  -*Y>at be a functor such that:
Г there exists a natural transformation of functors (/: 0-> t): □  -^Wat, 
2° the functor x ([l]k): (l([l]k) r ( [ l ] k) is a homotopy equivalence. 
Then the induced natural transformation of functors f: N —1-S :̂ r6at 

■-* ■cf >etu°P is a weak homotopy equivalence, i.e.for every category % eobtfat the 
map |jf(C)|: |Nft| -+\S0Y>\ is a homotopy equivalence. ■

E x a m p l e  1.4. For the functor y: [ l -+r6at given on objects by y([l]") 
= D /[l]”, where D /[l]" is the comma category and in the obvious way 
on morphisms, there exists the natural transformation y->r determined 
by the sequence of functors y„: [И/ПТ —T IT  for n ^ O  given by y„(a: [1]* 
— [1]”) = a(l, ..., 1) and XnW- a-+a’) = (a{l, 1) < a '(l, •••, !))• Cat­
egories D /[l]" and [1]" have terminal objects, so functors □ /[1 ]" -► [1]" 
are homotopy equivalences. From Theorem 1.3 we get that the induced 
natural transformation of functors f .  N-~*Sy: %at -- f fetu°p is a weak 
homotopy equivalence.

Let Eh(y): f fetu°p -> %at be the left adjoint functor of Sy: r6at -> '9’eta°p. 
Put Eh(y) = Г. From the definition of functor Г it follows that ob Г (X)
= U  X n, and morphisms of the category Г (X) are generated by triples

0
(£*4 df x, x): d? x -> x and (f ,  sfx, x): s,x -*■ x for Xeobffet  U°P.

Lem m a  1.5. The functor Г: ffe tu°P —► Tmt preserves the homotopy relation. 
Proof. Let h„: X„-^>Y„+1 be the sequence of maps determined by the 

homotopy of maps/10 ~ f 1: X ->Y. Let us consider the functor H: Г(Х) ->Г(У) 
given by H(x) = hn{x) for xeX„czobT(X)  and n ^ O ,  H(£^‘, d(x, x) 
= (eJ'V, ^ iH ( x ) ,  H(x)) and Hfai, s,x, x) = (rfH+\ sl+1H(x), H(x)).

Then the natural transformations of functors Г (/°) H Г ( / х)

given by q>ô(x) = (г5,1, d[¥L{x), H(x)): d{H(x) = f ô{x) ->H(x) for xGobTÇX) 
and ô = 0, 1 induce the homotopy of functors F (/°) and Г / / 1). ■

Let us observe that if *eob,9,etD°p is the terminal object, then the 
category Г(*) has the terminal object. So, if a cubical set X is homotopy 
trivial, then the category Г(Х) is also homotopy trivial.

2. A homotopy inverse for the functor of cubical nerve. Applying the 
definition of the left Kan extension it is easy to observe that for the diagram 
of functors
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the associated transformation T -> E K(T)-K determines the transformation 
F T  -*F-EK(T)*K that induces the transformation of functors g: EK(F-T) 
- f -e k(T).

In particular, for the diagram of functors

' □  -A  Vat Â } Vat

hi
T e tD°P

where VeobVat, we get the natural transformation g: Eh(Ar(^, — )*y) 
-+Ar(V, — ) ’Eh(y) = Ar(V, —)• Г.

It is not difficult to prove the following lemma.
Lemma 2.1. I f  the category VeobVat has a terminal object, then the 

natural transformation of functors q : Eh(Ar(^, — )-y) -> A t {V, — ) T  is an 
isomorphism, я

Let us observe that the category i ( [ l ] k) = [ l ] fc has a terminal object, for 
any k ^ O .  So we have the isomorphism of functors g: Eh(A r([l]\ — )*y) 
->A r([l]k, —)• Г.

Hence we get the following corollary.

Corollary 2.2. The isomorphism of functors g: Eh(A r([l]\ — )-y) 
- A r ( [ l ] \  —) • Г induces the isomorphism q\ Eh (N ■ y) —* N ■ E, where N: '6at
^  .yet0"” is the functor of cubical nerve. ■

In the further considerations the following remark will be necessary. 
Let I be the unit interval. The functor I x — : .Top -+ Top  has a right 

adjoint functor, so Eh(I x0) = I xE h(0) for any functor 6: □  —> Top,  where 
h: □  -+ T e ta°p is Yoneda functor.

R em ark 2.3. Let 0, в': □  -» Top  be functors. Then a natural trans­
formation H: 1x0 -» 0' induces the transformation Eh(H): I xEh(0) -*Eh(0').

N

Theorem 2.4. The pair of functors Vat T e tu°p induces the equivalence
г

of fraction categories Vat [X- *] T  Te ta°p[H~1], where H is the class of all 
maps f  in T e tu°P such that \f\ is a homotopy equivalence and I  is the class 
of all functors F such that N FeH .

Proof. Let x : N ->Sy be the natural transformation of functors given
sr

in Example 1.4. From the adjunction of functors Vat T e tu°p we get the
r

natural transformation q>: Г Sy -+id<#at. Hence we have the transformation 
гг

Ф: Г- N — ► Г -Sy -*id^af. The transformation of functors Ф: JTN->Td<^, 

will be described explicitly.
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Let us observe that, for %eob^at, оЬГN(^) = Ц Ar([l]", (€). The
о

functor Ф(4Ï): is given by Ф(^) ~ g(l,  ..., 1) for geobTN(^),
and the morphism (ot;J, g): f  -+g of the category TN(^), Ф(<6)(<x;f,g) =
^ (« ( l ....... i) ^  (1......... 1 )) :Ф (^)(Л  = 1 ) ^ Ф Ю ( д )  =  д ( и - ,  l).
Moreover, the natural transformation / :  у -*т induces the transform­
ation ф = Eh(x): Eh(^): Eh(y) = Г ->Е„(т) = c.

Sy o
Using the adjunction of functors <éat f fetu°p we get the natural

г

transformation S: iAyetnoP -> Sy • Г. Hence we have the transformation в : 

id^c-jop - ^ S y- r  c. It is easy to observe that Ф = ^N: TN

-> c • N = id̂ af and /  = в ■ N: N, -* Sy • c • N = Sr

The functors n: □  Wat f feta P and h: □  -»• 9çetu°p are not 
equal (not every map preserving ^  belongs to the category □), however, 
there is a natural transformation i : h c*. n. Using the natural transformation 
Ф: Г- N->id^e(, we get the transformation N # t : NFNt = NFn -» Nr = n.

Hence we get the natural transformation 3: N/Ti = Ny NTn ^  n. 

Then the natural transformations N • y n h induce the transformations
„  . E h(<S) E  h(i)

of suitable Kan extensions Eh(Ny)— ^Eh(n)<— Eh(h).

Let us observe that Eh (h) = id^e(DoP and, from Corollary 2.2, 

E|>(Ny)->Nr. Puting Eh(<5) = A, Eh(n) = E and Eh(j') = I, we get the 

transformations NF - ^ E  ^-\А^е(ПоР.

The category r ( [ l ]k) = [1]* has a terminal object, so the cubical set 
Nt([1]*) = n ([l]k) is homotopy trivial. Hence, from Lemma 1.4, the category 
FN r([l]k) = Fn([l]k) is homotopy trivial and we get the homotopy triviality 
of the cubical set NFNT([l]k) = N Fn([l]k). The category y([l]k) = D /[l]k 
has also a terminal object, so the cubical set Ny([l]k) is homotopy trivial.

Hence the topological spaces |N rn ([l]k)|, |Ny([l]k)| are homotopy 
trivial; moreover, |h ([l]k)| = Ik is also homotopy trivial, where | |: 9/?etn°p 

^ o p  is the geometric realization functor. Lastly, for [1]кео6П the

continuous maps |N y([l]k)[l--I-1Ul [n([l]k) | —1 |h([l]k)[, as the maps

of homotopy trivial topological spaces, are homotopy equivalences. Using 
Remark 2.3 we get that for any Xeob,9>etD°P the continuous maps

|Nr(X)| '^ l 1 |E(X)| И  |X| are homotopy equivalences.
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Let H be the class of all maps /  in f fetu°v such that | / |  is a homotopy 
equivalence and I  the class of all functors F such that N FeH . From the 
commutative diagram

NT(X) ~ X)* E(X) ^  X
|Nrtn | e(/) | /

N Г(У) E(Y) ^  Y

for any map of cubical sets /: X -* Y and from the above considerations it
N

follows that / e H  iff Г ( / ) е 1 .  Hence the functors %at +± 9 ’etD°p induce the 

pair of functors on the appropriate fraction categories ^аГ[Г-1]

^ ^ r D°p[ H"1].
Г op

It is known that for any Xeob£feta the maps of cubical sets

N Г(Х) E (X) X belongs to the class H. Note that for any category
Weob'éat the sequence of maps /„: (E(Nr̂ ))„ = Ц  Ar([l]", [ l ]k) x

k?0
xAr([l]*, —> A r([l]”, Щ given by /„([a, ff])/~  = /?*a for n ^  0, de­

termines the map of cubical sets / :  E (N ^)->N r̂  such that the following 
diagrams

E (Ш ) - U  Ш  N Г ( m  ) ^  E (Ж )

and I 

Ш

commute.
Hence the functors Ф(Щ: EN(Щ —► 4  induced by the natural transform­

ation belong to the class I .
N

From this it follows that the functors %at [I~ * ] '9pet°°P [H~ *] deter-
f

mine the equivalence of the appropriate fraction categories. ■
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