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On homotopy in the category of small categories

Abstract. In this paper we prove the equivalence of fraction categories
%at[2'] 2 LetBP[H™ 1], where %at denotes the category of small categories, Fer2”" the

category of cubical sets X, and H the appropriate classes of morphisms. Moreover, it is proved
Sy
that this equivalence is induced by a pair of adjoint functors %at 2 FetD”,
1
The proof of a similar result adapted in the simplicial theory, differs essentially and is

much simpler than the proof given by D. G. Quillen (see [3], VI, 3).

0. Preliminaries. Let [] be a category; the objects of the category [] are
partially ordered sets [1]"=[1]x ... x[1] for n>0, where [1]= {0 <1}

and (ty, ..., t,) < (1}, ..., t) iff t; <t for i =1, ..., n. The morphisms of this
category are generated by maps (preserving <) &>: [1]""!'—[1]" and
nh: [171"F1 - [17%, where €2 (ty, ..y taeq) =(fyy ooy tioqy Oy biy oony [y q) fOr i
=1,...,n+1,6=0,1 and # (ty, ..., tas1) =(t1, cees iy eeeytapq) for i
=1,...,n+1.
Not every map preserving < belongs to the category [J.
A functor X: [J% —» Fet is called a cubical set; Set denotes the
category of sets.
Put X([1]") = X,, X(e%)) = d?, and X(n}) = s, ,. The category Fet®”’ is
called the category of cubical sets (see [5]).
In the Kan extension theory the following theorem is known (see [1], II,
1).
Let € be a cocomplete and 2 a small category. Any functor 1: 2 > €
- induces a pair of adjoint functors E,(t): Let? —€,S,: € - Fet?™, where the
Junctor E,(z) (E,(7)(F) = colim t-n, n: h/F — &) is the left Kan extension of
h'F

the functor t: @ — % along Yoneda functor h: 2 — Let? and S, is the left
adjoint functor of E,(t) (S,(C) = € (x—, C) for Ceob ). Moreover, E,(t)h
=T.

Assuming in this theorem % = [, € = 7 op, where 7op denotes the
category of topological spaces, and the functor t: [J — Zop is given by
t([1]") =I", where I" denotes the n-dimensional cube, 7(¢l): I""! - I" and
T(#): I"*' S 1" are the canonical maps of cubes, we obtain the pair of
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St

adjoint functors Zop 2 Fet®. The functor E,(1): Fet®” — Fop is called
Ep(n)

the geometric realization. Put E,(t) =1 |.

One can easily prove the following lemma.
St

LEMMA. The pair of adjoint functors Top 2 et preserves the homo-
I

topy relation. w

1. Cubical sets from categories. Let & =[], ¥ = %at, where %at is the
category of small categories, and the functor t:[J — %at is given by t([1]")
= [1]", where [1]" is treated as a category in an obvious way.

From the theorem above we get the pair of adjoint functors

St op |
Gat = SetS. The functor S,: bar > Fet™ is called the cubical nerve. Put
Ep(0)
S,=N and E,(1)=c.
Homotopy relation in the category %at is the smallest congruence

relation generated by natural transformations of functors.

The following lemma describes the properties of the pair of functors
N
Car = SLetP”.

Lemma 1.1. (See [2]) 1° ¢-N =id,,,.
2° The functor N: Gar - SLet®” is full and faithful.

N
3° Functors Gat 2 /et=" preserve the homotopy relation.

4 The cubical set N satisfies the Kan extension condition for:

(a) n =3, where ¢ is any category,

(b) n =2, iff every morphism of a category % is mono- and epimorphism,
(¢) n= 1, iff a category 6 is a groupoid. m

Let 6: [J — €ar be any functor.
LEMMA 1.2. If there is a natural transformation of functors y: 8 —1: []
%ai, then the functor Sy: Gar  Fer™™ preserves the homotopy relation.

Proof. Of course, it is enough to prove that a natural transformation of
functors (¢: F - G): 4 — & determines a homotopy of maps Sy(F) =~ Sy(G):
Se(?)  Sy(7). We detine a sequence of maps h,: S§,(%), - Sy(¥),+ such that:

(a) d? hn = SO (F)na

(b) d} hy = Sy(G),,

() d’h,=h,_,d’_, for 1 <i<n+1l,

(d) Si+1h, =h,sq8 for 1 <i<n+1 (see [6]).

Let H: [1]x% — 2 be the functor determined by the natural transform-
ation ¢: F—->G. It is easy to prove that the maps given by #h,(x)
=H(y([1)0(ni...nH), x-6(ny)) for xeSy(%), and n >0, satisfy conditions
(a)-(d). m
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Applying this lemma and adapting the proof of the appropriate theorem
in simplicial theory (see [5]), we get

Theorem 1.3. Ler 0: [0 — %at be a functor such thar:

1° there exists a natural transformation of functors (x: 0 —1): (] — %at,

2° the functor x([17%): 6([17%) —t([1]*) is a homotopy equivalence.

Then the induced natural transformation of functors ¥: N —S,: €at
~ SetP” is a weak homotopy equivalence, i.e. for every category 6 c ob%at the
map |7 (C)|: INC| —|Sy?| is a homotopy equivalence.

ExampLE 1.4. For the functor y: [0 — %ar given on objects by y([1]")
= [J/[1]", where [J/[1]" is the comma category and in the obvious way
on morphisms, there exists the natural transformation y: y — t determined
by the sequence of functors y,: [1/[1]" — [1]" for n > 0 given by x,(x: [17*
S =a(l,...,1) and g,(B: a—a)=(x(1,..., 1) <(1,..., 1)). Cat-
egories [J/[1]" and [1]" have terminal objects, so functors y,: [J/[1]" - [1]"
are homotopy equivalences. From Theorem 1.3 we get that the induced
natural transformation of functors 7: N —8S,: %ar — Zet"” is a weak
homotopy equivalence.

Let E,(y): Zer?”” — %at be the left adjoint functor of S,: Gat - Fet™".
Put E,(y) = I'. From the definition of functor I it follows that ob I' (X)
= || X,, and morphisms of the category I' (X) are generated by triples

nz0
(€™, d®x, x): d?x — x and (), s;x, x): s;x = x for XeobFet .
LEMMA 1.5. The functor T': Set™”” — Gat preserves the homotopy relation.
Proof. Let h,: X,— Y,,, be the sequence of maps determined by the
homotopy of maps f° ~ f1: X —»Y. Let us consider the functor H: I'(X) - I'(Y)
given by H(x)=h,(x) for xeX,cobl(X) and n>0, H(, d;x, x)
= (83‘?117 d?+1 H(x), H(x)) and H(”Iin 85X, X) = (’7£|+17 i+ 1H(x), H(x))-

0 1
Then the natural transformations of functors I'(f° *—H &<~ r(f!)

given by ¢°(x) =(e*', diH(x), H(x)): d{H(x) = f°(x) > H(x) for xeobl(X)
and 6 =0, 1 induce the homotopy of functors I'(f°) and I'(f'). w

Let us observe that if xcob%et™"" is the terminal object, then the
category I'(x) has the terminal object. So, if a cubical set X is homotopy
trivial, then the category I'(X) is also homotopy trivial.

2. A homotopy inverse for the functor of cubical nerve. Applying the
definition of the left Kan extension it is easy to observe that for the diagram
of functors

I, % X, ¢

Q g
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the associated transformation T — E,(T)-K determines the transformation
F-T —» F-E((T) K that induces the transformation of functors ¢: Ey(F-T)
- F-E/(T).

In particular, for the diagram of functors

' 0O 5 %a “*%5) 4ar

!

Fett”

where % eob%at, we get the natural transformation g: E,(Ar(%, —)-y)
—Ar(¢, —)-E(y) = Ar(¢, —) T.

It is not difficult to prove the following lemma.

LEmMmA 2.1. If the category % cob%at has a terminal object, then the
natural transformation of functors ¢: E,(Ar(%, —)-y) > Ar(%¢, —)-T is an
isomorphism. m

Let us observe that the category t([1]*) = [1]* has a terminal object, for
any k> 0. So we have the isomorphism of functors ¢: E,(Ar([1]%, —)-7)
= Ar([17, -)T.

‘Hence we get the following corollary.

CoRrOLLARY 2.2. The isomorphism of functors g: E,(Ar([11% —)-7y)
— Ar([17%, —) T induces the isomorphism g: E,(N-y) » N-T', where N: %at
— ZetB” is the functor of cubical nerve.m

In the further considerations the following remark will be necessary.

Let I be the unit interval. The functor 1 x —: Jop — Zop has a right
adjoint functor, so E,(Ix60) =1 xE,(0) for any functor 6: [] — 7 op, where
h: [ — Zet® is Yoneda functor.

. Remark 23. Let 6, 8: [0 — Jop be functors. Then a natural trans-
formation H: I x6 — 0’ induces the transformation E,(H): I xE,(0) — E,(0").

N
THEOREM 2.4. The pair of functors €at = Fet®” induces the equivalence
14 q

3 r
of fraction categories 6at[E 1] 2 LetP"’[H™ 1], where H is the class of all
maps f in Set9°" such that |f| is a homotopy equivalence and X is the class
of all functors F such thar NF e H.

Proof. Let : N —S, be the natural transformation of functors given
Sy

in Example 1.4. From the adjunction of functors %at 2 Zet9” we get the
. r

natural transformation ¢: I'S, —ide,. Hence we have the transformation

@: I''N 11’ ‘S, —idg,. The transformation of functors @: I''N —idg,,

will be described explicitly.
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Let us observe that, for %eob%at, obI'N(%) = |] Ar([1]", ). The
nz0

functor @(%): I'N(%) - ¥ is given by ®(¥) =g(1, ..., 1) for geobI'N(%),

and the morphism («;f, g): f =g of the category I'N(%), ®(%)(x;f, g9) =

glae(d,..., ) <(1,...,D): @B ()= f(1, ..., ) > B (@) (9) = g(1, ..., 1).

Moreover, the natural transformation x: y —»t induces the transform-
ation ¥ = E,(): E,(0): E,(y) =T - E, (1) =c.
S

Y
Using the adjunction of functors %at 2 Set9’’ we get the natural
r

transformation 9: id, op —>S,-I'. Hence we have the transformation 0:
id,,or —&SY-I'S”' S,-c. It is easy to observe that & =yN: I'N
—¢'N=idg, and ¥y =0-N: N-S,-¢-N=8§,.

The functors n: [] —— %af > Fet®" and h: [J - FetP are not
equal (not every map preserving < belongs to the category []), however,
there is a natural transformation i: h < n. Using the natural transformation
®: I''N-idg,, we get the transformation N@t: NI'Nt = NI'n —» Nt = n.

Hence we get the natural transformatlon o: NI'h =Ny XN 50,

Then the natural transformations N-y ~sn<~h induce the transformations

of suitable Kan extensions E,(Ny) il E,(n) & E..(h)

Let us observe that E,(h)=id, -or and, from Corollary 2.2,
E,(Ny) > NT. Puting E,(6)=4,E,(m)=E and E,()=1, we get the

transformations NI' -5 E < id FegIOP-

The category t([1]*) = [1]* has a terminal object, so the cubical set
Nz([1]% = n([1]% is homotopy trivial. Hence, from Lemma 1.4, the category
I'Nt([17%) = I'n([17*) is homotopy trivial and we get the homotopy triviality
of the cubical set NI'Nt([1]%) = NIn([1]%). The category y([1]%) = J/[1]*
has also a terminal object, so the cubical set Ny([1]%) is homotopy trivial.

Hence the topological spaces |NI'm([1]%), |Ny([1]%)| are homotopy
trivial; moreover, |h([1]%)] =I* is also homotopy trivial, where | |: Fer™”
—Jop is the geometric realization functor. Lastly, for [1]*€ob[] the

continuous maps lNy([I]")}li(-[i]i’J[n([l]")l 'f(—[-l—]ﬂllh([l]k)l, as the maps

of homotopy trivial topological spaces, are homotopy equivalences. Using
Remark 23 we get that for any Xeob%et® the continuous maps

INT (X)| 4% |E (X)| l«'(x—)';IXI are homotopy equivalences.
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Let H be the class of all maps fin Fet™” such that |f| is a homotopy
equivalence and X the class of all functors F such that NFeH. From the
commutative diagram

Nrx) 2 EX &oX
le) lw) lf
NC(Y) 28 gy &2y

for any map of cubical sets f: X — Y and from the above considerations it
N o .
follows that feH iff I'(f)eZ. Hence the functors %at = Set?’” induce the

pair of functors on the appropriate fraction categories %at[Z™!]
N

2 Ler?’[H™1].

- .

It is known that for any XeobZet™" the maps of cubical sets
IX)

NI(X) i’—‘“S(X)«—X belongs to the class H. Note that for any category
%cob%at the sequence of maps f,: (E(N®¥), =[] Ar([1]", [179 x

k=0
x Ar([17%, 6)/~ — Ar([1]", 4) given by f,([«, B1)/~ =B -« for n =0, de-
termines the map of cubical sets f: E(N%)— N% such that the following
diagrams

E(N%) L N% NI (N¢) EVE(N%)

I(N%) l / and N#9) l /f
N& N%
commute.

Hence the functors ®(%): 'N(%) — % induced by the natural transform-
ation belong to the class 2.

N
From this it follows that the functors $ar[X™'] = Ser"" [H™'] deter-
r

mine the equivalence of the appropriate fraction categories. u
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