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Application of the Abel means of trigonometric Fourier series
for differential equations of the Laplace type

Abstract. In this paper we shall .prove that the Abel mean of order n of trigonometric
Fourier series is the solution of boundary problem for differential equation of the Laplace type
in the unit disc.

1. Let (r, ¢) be the polar coordinates of point and let X be a domain in
the plane. Let m be a fixed non-negative integer. Denote by C™(X) (C°(X)
= C(X)) the class of all real functions u = u(r, ¢) defined in X and having
the partial derivatives &*u/or’ée?, s =0, 1, ..., m, continuous in X. Let K =
{(r, ): Iré?l <1}, K = {(r, ¢): [ré’| <1} and K, = |(r, @): 0 <|re’| < 1!.

Considering the functions u of the class C?"*%(K,) we define the
operators V" by the formulae

§)) Vou=du, Vu=A4@rV""'u m=1,2,..),
where 4 is the Laplace operator, i.e.

u 10u 1 0%

Au=S2 2, TH
" 6r2+r8r+r20<p2

Clearly,

)] V" (au+ pv) = aV" u+pV" v

(n=0,1,...; a, B =const) for u, veC?"*2(K,).

Using induction, we can prove the following properties of the operator
Vn

LemMA 1. If ueC*(Ky) and n=0, 1, ..., then

or r

cu ¢ cu
20 po (rZ 7) =_ (rzAu +u+ ZrT),
or or or

O .
1° V"(r—u) = 6i(rl7"u)+(n+ 1)V,
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o pnf 26Uy O w1l .2 Ju
3 V( ar>—é?{rl7 (rAu+u+2rar)}+

¢ 0
+nV"”1(r2Au+u+2r—a~1:) ifn=1,2,..,

® Vi ridu) =" u+2(n+ 1):0—(rl7"u)+ (n+1)2V"u.
- ér

Applying Lemma 1 we get

LEMMA 2. Suppose that ue C*"**(Ky). If V'u(r, @) =0 inK,, then the
Sfunction

r—r? ou
n+1 or

&) v(r, @) =u(r, 9)+

satisfies the equation V"*'v(r, ¢) =0 in K,.
Proof. By (2),

1 ou , Ou
Vn+1 = Vn+1 |7n+1 Vn+l e .
r=rwe e () ()

The condition V" u(r, ¢) = 0 in K, and-definition (1) imply F"**u(r, (p)
=0 in K,. By Lemma 1,

Ju cu .
V"“( 5r)=0’ V"“( 6r)=0 in K,.

Hence, we obtain V""!v(r, ) =0 in K,. The proof is completed.
Below, we shall apply the following

Lemma 3. If ueC"*%(K) and if

() == (55). =0 weco.20,

r ar

then the function v defined by (3) satisfies the conditions

&
%) =0, p=1,2,....,n+1, for 9e<0, 21.
5,.;: r=1

2. Let C}, (m is a fixed non-negative integer) be the class of all
2n-periodic real functions f of variable ¢ having the derivatives [,
p=0,1, ..., m, continuous everywhere (C5 = C,,). Let

4 fao+ Y. (@ cos ko+bysinkg) = ¥ T(9;f)
k=0

k=1

be the Fourier series of function f € C,,. Consider the Abel means of series (4)
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defined in [1]. As in [1], let D" be the differential operator, defined for the
functions r* (k =0, 1, ...) by the formula

_ r—r* d
(%) D’ =r%, DY =D""'(M+ — D" (r
n dr
(n=1,2,..). Let _
(6) P(r, o;n,f)= ZO D" () Ti(o: f)
k=

(re0,1), pe(—o, +xo),n=0,1,..) be the Abel mean of order n of
series (4). In [1] it is proved that if feC,, and n=0, 1, ..., then

P oin ) == ¥ (") X o)

k=0 \ I
and max |P(r, ¢; n, f)—f(@) - 0 if r - 1— (see [3], p. 241).
By (5),
(7) P(ra (p;naf)=P(r’ (P;n_l,f)'*'

r—r?

9 pir, oin—1,1)
n or

in the unit disc K. Using the induction and (7), we obtain
LemMA 4. If feC,, and n=1,2, ..., then

~k

(®) P(r, @;n,f)=P(r, 0;0,f)+ } VVk(r;n)(_ﬁ;’; P(r, ¢:0,f)
k=

1

in the unit disc K, where W, (r; n) are some algebraic polynomials of order
< 2n.

Clearly, if feC), and n =0, 1, ..., then the Abel mean of order n can be
defined in the unit disc K. Moreover, by (6),

©) P(,e;nf)= 3 T(e;f)=S(9)
k=0

(pe<0, 2nd). If feCrt?, then (7) and (8) hold in K.

3. Now, we shall give the theorem on the solution of equation V"u = 0.

THEOREM. The Abel mean P(n, f)= P(r, ¢;n,f)of order n,n=1, 2, ...,
of trigonometric Fourier series of function feC¥*? has the following
properties:

1° P(n, f)e C*(K),

2 P(1, ¢;n,f) = f(9) (90, 21)),

3 V"P(r, ¢;n,f) =0 in the domain K,,

loid
4° (67’5 P(r,(p;n,f)) =0for q=1,2,...,n; 90, 2n).

r=1
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Proof. First, we shall prove condition 1°. It is known that g, b,
=0(k~2""? if feC%*2 Hence, the Abel mean P(0, f) = P(r, ¢; 0, f) of
trigonometric Fourier series of function f e C#'*?2 is the function of the class
C*(K) and C?**(K). By (8),

(100 P(N,f)eC*(K), P(N,f)eC* NK) for N=1,2,..., n.

Condition 2° in the case n=1, 2, ... holds by (9).

As it is known ([2], p.- 279), conditions 1°-3° are satisfied for the Abel
mean P(0,f) = P(r, ¢;0,f) of trigonometric Fourier series of function
feCi. Hence, if feC#*2, then- V' P(r, ¢; 0, f) =0 in K,.

Applying (7), (10) and Lemma 2, we obtain

(11) V"P(r, p;n,f) =0 in K,.

0

By (7), we get (5 P(r,o;1,f )) =0 for ¢e<0, 2n>. Applying (7),
r=1

(10) and Lemma 3, we obtain 4°. This result and (9)«11) prove our thesis.
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