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Application of the Abel means of trigonometric Fourier series 
for differential equations of the Laplace type

Abstract. In this paper we shall prove that the Abel mean of order n of trigonometric 
Fourier series is the solution of boundary problem for differential equation of the Laplace type 
in the unit disc.

1. Let (r, q>) be the polar coordinates of point and let X  be a domain in 
the plane. Let m be a fixed non-negative integer. Denote by Cm(X) (C^X) 
= C(X)) the class of all real functions и = u(r, q>) defined in X  and having 
the partial derivatives ^u/d^dcp4, s = 0, 1, ..., m, continuous in X. Let К = 
{(r, (p): \rel<p\ < 1}, К = {(r, (p): \rei(p\ ^  1} and K 0 = {(r, <p): 0 < \rei<p\ < 1}.

Considering the functions и of the class C2n+2(K0) we define the 
operators V" by the formulae

(1) V°u = Au, Vnu = A (rVn~1u) (n = 1 ,2 ,...),

where A is the Laplace operator, i.e.

д2и 1 ôu 1 d2u
dr2 r dr r2 d(p2'

Clearly,

(2) Г  (au + Pv) = aP" u + p v n v

(n = 0, 1, ...; a, P = const) for u, v e C 2n+2(K0).
Using induction, we can prove the following properties of the operator 

Vn
Lemma 1. 7/’ меС®(Х0) and n = 0 ,1 , . . . ,  then

( ôu\ я
t J =  (rVnм)-f-(n +1) Vnu,

or J or

2° V°(i cu
\  dr

^ - ( r 2Au + u + 2r™ ),
or \ or
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3° Vn[ r2^ )  — 1 ( r2Au + u + 2 r ~  )!> +

+ nFn 1 ( r2Au + u + 2r-^ J if n = 1 ,2 ,. . . ,

4° Vn(r2Au) = rP" 1 u + 2 (n+ l)~(rVnu) + (n + l)2 P”m
- cr

Applying Lemma 1 we get

Lemma 2. Suppose that u e C 2n+s(K0). I f  Vnu(r, q>) — 0 in~K0, then the 
function

(3) v(r, ф) = u(r, q>) +
r — r2 du 
n+ 1 dr

satisfies the equation Vn+1v(r, (p) = 0 in K 0. 
P roof. By (2),

7П + 1V = Ри+1м +
n + 1

7lt + 1 du
~dr

7П+ 1

The condition Vnu(r, (p) = 0 in K 0 and definition (1) imply F"+1u(r, q>) 
= 0 in K 0. By Lemma 1,

y n +  1 = 0, pn+ 1 =  0 in K 0.

Hence, we obtain Vn+lv(r, (p) = 0 in K 0. The proof is completed.
Below, we shall apply the following 
Lemma 3. If  и eC n+2 (K) and if

I CU \  I d n U \

then the function v defined by (3) satisfies the conditions 

dp v \
= 0 , p = 1, 2, ..., n+1, for (pe(Q, 2tt>.

2. Let C2k (m is a fixed non-negative integer) be the class of all 
27i-periodic real functions /  of variable (p having the derivatives f ip), 
p = 0, 1, ..., m, continuous everywhere (С°к = С2к). Let

00 00

(4) $а0+ £  {ak cos ktp + bk sin k(p) = £  Tk{q>,f)
k = 1 k = 0

be the Fourier series of function /  eC2r Consider the Abel means of series (4)
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defined in [1]. As in [1], let Dn be the differential operator, defined for the 
functions rk (к = 0, 1, ...) by the formula

(5) D° (r*) = r \  Dn(r*) = Dn 1 (rk) + — -f- Dn~1 (rk)
n dr

(n = 1, 2, ...). Let
OO

(6) P(T,4>\n, f )=  £  V ( * ) T k(<i>\f)
k = 0

(rg<0, 1), <pe( — oo, + oo), n = 0, 1, ...) be the Abel mean of order n of 
series (4). In [1] it is proved that if /  e C2n and n = 0, 1, ..., then

P{r, V; n , / )  = ( l - r ) ”+l £  ( У  £  Tp(<p;f)
k=0 \  n /  p= 0

and max | P(r, <p ; « , / ) —/ (<p)| 0 if r -> 1 — (see [3], p. 241).

By (5),

(7) P(r, (p; n , f ) = P{r, (p; — P(r, cp; n - 1 , / )
n dr

in the unit disc K. Using the induction and (7), we obtain 
Lemma 4. I f  f  eC 2n and n = 1 , 2 , . . . ,  then

(8) P(r, (p; n , f )  = P(r, cp;0,f)+ £  Wk(r;n) ^  P(r, (p; 0, f )
к= ! ' Г

ш t/ie unit disc K, where Wk(r; n) are some algebraic polynomials of order 
^  2n.

Clearly, if/ eC 2n and n = 0, 1, ..., then the Abel mean of order n can be 
defined in the unit disc K. Moreover, by (6),

OO
(9) P (l, < ? ;« ,/)=  £  Tt (V ; f )  = /(<?)

k= 0

(<ре<0, 2л». If f  e C " f 2, then (7) and (8) hold in K.
3. Now, we shall give the theorem on the solution of equation Vnu — 0.
Theorem. The Abel mean P(n, f  ) =  P(r, (p; n, f )  of order и, n =  1 , 2 , . . . ,  

of trigonometric Fourier series of Junction f  eC 2”+2 has the following 
properties:

1° P(n,f)eC"(K),
2° P (l, (p; n , f )  = /(<» (<ре<0, 2тг»,
3° P P (r ,  (p; n, f )  — 0 in the domain K 0,

4° P(r, <p; n,/)^j = 0 for q — 1, 2, ..., n; <pe<0, 2л>.
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Proof. First, we shall prove condition 1°. It is known that ak, bk 
= 0(k~2n~2) if / eC |"+2. Hence, the Abel mean P(0, / )  = P(r, (p; 0, / )  of 
trigonometric Fourier series of function/eC 2"+2 is the function of the class 
C°°(K) and C2n(K). By (8),

(10) P ( N J ) e C*(K), P ( N , f ) e C 2n~N{K) for N = 1, 2, ..., n.

Condition 2° in the case n = 1, 2, ... holds by (9).
As it is known ([2], p. 279), conditions l°-3° are satisfied for the Abel 

mean P(0, f)  = P(r, (p;0,f )  of trigonometric Fourier series of function 
/ e C 2V Hence, if f e C } ”+2, then- F° P(r, ç; 0 , / )  = 0 in K0.

Applying (7), (10) and Lemma 2, we obtain

(11) VnP(r, (p;n,f)  = 0 in K 0.

By (7), we get ^  P(r, = 0 for q>e(0, 27i>. Applying (7),

(10) and Lemma 3, we obtain 4°. This result and (9)-(ll) prove our thesis.
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