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1. Spline functions with free knots. Let I = <ay, b;> x{ay, by>, — x
<a;, b; <0, be a given closed rectangle in R?* and m=(m;, m,), n
= (n,, n,) be vectors with non-negative coordinates. Let 4, be a partition of
I: '

a =tg<t; <t <..<t, =by,
4, ay =g <uy <up <...<u, =b,.

DeriniTiON 1. We denote by §,,,(I) the class of spline functions on [
satisfying two conditions:

1. Each function from §,,,(I) is a polynomial of degree not exceeding m,
with respect to x and m, with respect to y in each subrectangle {t;,t;, ) X
X {Uy, U4y from 4,

2. Partial derivatives of s(t, u)€S,,(I) up to m—1=(m; —1, my—1) are
continuous.

Functions from the class S,,,(I) are called spline functions with free knots
if furthermore some knots in I are free from interpolation conditions — these
knots are point of joint only.

Now we describe the method for constructing the spline function
s(x,,y) €S,.,(I) with free knots. It is convenient to construct in the first place
the spline function from the class S,,,(/;), I €l and then to extend the
domain I up to I or, what is the same, to increase the number of knots.

Let I = <{x;j, Xj+ 1) X, Yx+1, be given rectangle divided into m;m,
parts:

(1) x}'=tjo<tj1<...<tjml= j+ 1 yk=uko<u,‘1<...<ukm2=yk+l.

In this notation the Taylor expansion for s(x, y)€S,,(I;) takes the following
form:
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Here we use the notation: (x—1)7 = max (0, (x—0)™ In the construction of
expansion (2) we make use of two facts: the partial derivatives of the
function s(x, y)

(m,,m

e (x, 9, s""(x, )

>, s
must be constant on the subsets (t; _, t; > X {ty,_1, s> With respect to the
first, second or both variables, and the Stieltjes integrals in the rest can be
computed without difficulty. For any function f(x, y) with continuous partial
derivatives up to m+1 = (m; +1, m,+1) on I;; we have the following Taylor
expansion
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For s(x,y) and f(x, y), given by (2) and (3), we require the following
interpolation conditions: :
s = rYeE ), L=0,,m =1, 1,=0,..,m~1,

1
E=Xj, Xjr15 N =DV Vk+1-

4)
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Let us observe that the interpolation conditions (4) with ¢ = x;, n =y, and
notations

(i;my) L1y .
U s =S 2(x,,u,‘s) st TP (xj, - 1), B =0,..,m—1,

(igm,)) (i,m,)
%0 = s (xjs Y= (X35 Wi)s s=1,...,my—1,
( ) (m,,i,) .
ﬂriz—sm 12( tis V)= V(- 15 Vi) i,=0,...,m—1,
ﬂOll = S(Mpiz)(xl, yk) f(mpiz)(xj’ yk)’ r = 1’ ey My — 1,
my) 1My (m,,m,)
(5) 'y _S Z(t Suks)_s mz (tj—l’ uks)_s 1 2 (tj,uks_.l)+
Jr A ,

(m ,m,)
+s 2 (tj,—la uks-l)’

m.,) (m,,m,)
Yoo = 3 "2 ( s y—=f 2 (xj’ Vi)
(m,,m,)y (m, ,m,)
Yo =5 12 (5, =S 2t~ 15 Vi)

(m ,m,) (m,,m,)
Yos = SMI " (Xj, uks)_s vz (xja Uys— 1)’

lead us to the following identity:

(6) f(x’ y)—s(x, y)

m Vst —1
=t 2, LT - 5 sty
' m =1
+—— 5 - yk)u—[ j S y) (e 03 di - z I)’nz(x 4,0+
'1 =0
vlmz 7 7mm B, o 0 dda—
X %

it m om
TS e ] ) e =0
r=0 s=0 X,

Vk+1
+ [ S g, w) (x—x) T (v — ) du.

Vi

To calculate the spline function s(x, y) interpolating f(x, y) in the sense of
(4), we must compute quantities (5) in.the following manner: applying to (6)
the interpolation conditions (4) with

& m= (xjy Vi+1)s (xj+1, Vi) (xj+ls Yi+1)s

we get a system of 3m;m, linear equations. The matrix of this system of
equations can be divided into sqare block-matrix with non-zero determinants
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of Vandermonde-type, so the matrix is non-singular. Similarly as in [3],
computing a number of determinants we get the parameters (5). Let w, () and
w, (1) be functions defined as follows:

_ e P R
wj’(t) = @) (1~ r,-r)’ w;(1) on (t—1t;),
_ o ==ﬁ _
Wi () = o (1) (1 — uh), wy (u) L (u—uyy).

Now parameters (5) take the following form:
Yevr i
ails = f f(ll’mz+“(xj7 u) Wks(u)du’
Y .

X+t .
ﬂn.z = § f(m1+l'lz)(t, yk) Wj,(f)d[,
x,

] .
S,i,=0,...,my—1, r,i;=0,:..,m—1,

ENEC (m, +1,m,+1)
Y= [ TS T, w)w (0) wi (w) dtdu,
x; Y
Xir1 Ykt
‘))os = j j' f(m1+1,m2+1)(r’ u) Wlo(t)wks(u)dfdu+
X Yk
T (m +1,m,+1)
u +1f (x)> W) Wi () du,
Vi
i1 Yeet
’yro = j f(m1+l,m2+ l)(t’ u) er(t) wko(u)dtdu_{_
T "
i (m,+1,m,+1)
+ [ f (t, ) wy (1) dt,
X,
J
r=1,...,m1—1, s:l’.”’mz_l’
Tk (m, +1,m,+1)
voo=§ [ SV wywio () weo (w) dedu+
i W

*j+1 (m.+1,m.) ety -
+ [ ST p)we(Dde+ | ST
X, ¥,

i 3

Jm +1)
27 (x;, W)Wy (u)du.

The spline function given by above construction belongs to the class S__ (1),
the number of knots and the degree of polynomial are defined by the same
vector m. Now we will extend the construction of the function from the
disscused class to a class defined on the whole domain I:

S(X, y)l(x,y)eljv,, = S(X, J’), S(x’ y,)esmm(ljk)’

and then we shall prove that such spline functions S(x, y) are elements of the
class S,,(I), n =m-s, s =(sy, s,), s; — integers.
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Let us make a partition of the domain [
(8) 4 =x9<x; <...<x,=by, a;=yo<y; <...<y,,=by,
and for all j, k:

X =10 <ljy <.oo <ljm =Xjp1, V= Uy <y, < oo < Upm, = Vi1

We only need to prove that the spline function S(x, y) is continuously
differentiable on I. From the construction described above immediately
follows that the derivatives S'+'?(x,y) for (x, y)e(x;, Xj41) X (V> Vis1)s
I =0,...,m—1, are continuous functions. We shall prove continuity
of this partial derivatives on the intervals which are bounds of the sub-
domains I;,. Let us consider two neighbouring subdomains I;, and I;, .
We ought to prove

(0,1 ( 1) , .
9 Srrix ’y)i(i,y)elj =8 Y)|(xy)el+”, f=0,...m—1,i=1,2.

X=Xj4q X=Xj4

The partial derivatives from (9) take on I;, and I;,,, for x=x;,, the
following forms:

(1,1

S v 2)(x’ y)l(x,y)e]j‘k
X=Xjeq
mZ ) S (g, y) (g =) =y : +
Z 5 Vi Xj1— y— yk (i1 =) (ip—1)!
172 2
e S 12 mo-t £ im )
+ Z ( Xj+1— (l—l)—’ Z (y_uks)+ § (xja u)wks(u)du+
=1 1~ ) s=o0 v -
10 l 1
( m, m—l m—-lxj+l 4 1)
+ Z (y_yk z ' Z (x1+1 tj')+1 1 j‘f 170, yk)wjr(t)dr+
i2=12 x; .
lm -1 1
+ m 1 u 5) .
rZO szo( (y o (ml“l1)!(m2_lz)!
Fier T (m, +1,m,+1)
x [ [ fm (t, Wy wis(u)-w; (1) dudt,
4.0 R
S 1’72 (x’ y)'(x’y)51j+l ‘
x= x,+1
I 5 —l 1
(11) Z s 2} Xjv1, V) — )’k 2—“——“""
i,=1, (12_12)‘
"2t m-t, 1 T L m )
+ Zo (Y —u)s (m —lz j ! (xj+1, u) Wy, (1) du

Yk

Now let us consider the functions f° *2(x, yds b =0,....,m—1, and
Ye+1
f ffo,'"z“‘(x, u)wi(u)du, and one dimensional spline functions which

A
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interpolate them. We denote by P, (x) the spline function of degree m; with
free knots and with the interpolation conditions

(1)
FOR 0 ) = P (x), U050 00 = Pl (), h=0, ., m =L

It was shown in [3] that P, (x) takes the following form:

LS i, 1
P = ¥ S0y p)e=x)t— +
i,=0 1-
m —1

- i1
| T et ] T g @
m: o x;
After I -times, I, =0, ..., m; —1, differentiation of P, (x) and application of
the interpolation conditions in x = x;,; we get the equalities

.l < G i 1
12 Y20 = Y FP0 (e, —x)" llG“l—)r’L
. i =1 1)

™ m -1 1 T m 1L :
+ Y Cger—t)3 T [ ST p)wy (0 dt
r=0 (ml_ll)' X;

In the same way as explained above for the function

Ye+1
I f(O,m2+l)(x, t) wks(u)dua’
Yk
one can construct the spline function Q(x) of degree m, with free knots and
with the interpolation conditions

Yes1

(,,m,+1) «,)
[ o™ D, wywy (wydu = @M (x),
Vi

V+1

) =
j f”l’m2+1)(Xj+1, u)wks(u)du= Q ! (xj+1)’ ll - 0’ ERE ml—l-
Y

After differentiation in x = x;,, we get:

Yevr
f f(ll,m2+l)(xj+1’ u)wks(u)du
Vi

™ Yeer m i - 1
1 =Y | f(l" ZH)(xj, ) Wy (u) du(x — x;) ! h_ — 4
i S G =)
=1y 14
™o m -1 1 Tier Ve (m, +1,m,+1)
+ Y (=14 pr—— [ §r (t, u)w;, (1) Wy () dudt.
r=0 (ml—- l)' x; Y,

Equations (12) and (13) épplied in (11) lead us immediately to equations (9).
The same reasoning on subdomains I;, and I;,., leads us to the

following conclusion:
’ (1,1, = —1.i=
(14) gl (x, y)l(x,y)ell.k = gt (x, y)l(x,y)elj,,,“’ I = 03 e M 1,i=1,2,

oy Y=Yia1
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which complete the proof of the continuity of the partial derivatives on I
because of free choice of j and k (0 <j<n;—1,0<k <n,—1).
2. Approximation properties. From (7) and (6) a useful identity can be
obtained:
f(x, y) N (x »)
Vv

1 UoGm,+1 m
= z<x e e I AR O (R

i,=0 1° y

mz—l
- Z wks(u)(y _uks)zz] du+
s=0
1 i :
@+ Z - yk)2 f PRy [0 -
1 1 =0 m . .
- Z w; ()(x—1;) 7 ]dt+
1 Fiv1 Vvt om + Lm, + 1)
+m1!m2! ‘;j ! f (t u)[(x—t)+ u)+ -

m - 1 m,— 1 _ ‘
=Y T w0-)Tw, (u)(y-uk,)ﬁ] didu,  (x, y) €l
r=0 s=0
Now we start with estimation of the difference (15) for (x, y)el;,. With
the help of the method described in [3], Lemma 2, the following inequalities
can be obtained:

ml—l
=05 = Y w, (Ox—1;)T] < Cp (X501 = %)™,

(16) m—t
y—wi - z Wi (1) (= 1) | < Cony Vs 1 =20

fulfiled for x,te<{x;, xj+1>,y,ue<y,,,yk+1>. The constants C depend on
m, or m, only. Note that the following identity holds: RT—ab =(R—a)
(T—b)+a(T—b)+b(R—a). Replacing in it

ml‘l m2~1

R = Z er(t)(x—tjp)":l’ T = Z wks(u)(.'y—uks)cz,

r=0 s=0
a=(x—073, b=(y—u)}?, the equation (15) can be transformed into such a
form, which together with (16) immediately give us:

If (x, y)=s(x, y)

) m2—1 1 .
Z i—'(yk+l Yk) (X541 —x;) e | jf( H"’)(t,\,\’k)dtl'*‘
i,=0 l2°
m ~1 . . }
(17) + Z Xj+1— J)ll(yk+l—yk)mzcm2| j f('l’mzﬂ)(xja “)d“|+
1—0 1
Xit1 -"k+1
m m, (m, + 1,m, +1)
+ Coymy (41— %) kv 1= V) 2 l j I [
o Y%

(x, Y) €T
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For the next estimation of (15) furthermore we need

LEMMA 1. For any function f(x, y)e C*P({a, b) xJ), {a, by = <c, d),
x, B — positive integers, the following inequality holds:

(18)  1fP(a, )

b
1 _.
D) (b—af~! f Lf@Ptx, y) dx],

d
<Gub=a| [1rone pas+

where 0 < p<a—1.

Proof. Let us denote by 4, 4,, ..., 4,, a uniform partition of the
interval {a, b> on 2z parts and choose a set of a points {x;}i-,, X,€44.
From the Taylor expansions for f(%?(x, y):

X

a—1 1 1 .
SOPx, =) [P, y)(x—af — + ff‘“"”(t, Ye—1p~tde,
p=0 p: (1_ l)’ .
we arrive at a system of linear equations
a—1 1
(19) Z f@nﬂ)(a, y)(xk_a)p ;'_ = f(o,ﬂ)(xk’ y)_R(xk, y)7 k = 1’ cee &,
p=0 :
where
1 . -
R(x, y) = FEP (@, ) e—1f~tdr.
(x—=1)!

Let us consider now the determinant of this system:

et
_ et T
blama) o ba=arie )
i
B e R e ety
1
_ _ a—1
I (x, a). e (g a)' a—1)!
- Tx-x
BT A R
k<1
1

A 1 'b—a"——a(a;”
T2 (a= 1| 2a

=

2*_—*
120 (x—1)!

-
N
-
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and the determinant:

1 (xl -al) (xl __a)p—l’ f(o’m(xl’ y)_R{xl’ Y), R (xl-‘a)a‘l
— f-[ L 1 (YZ ) (XZ_a)p~1’ f(o’m(xZ’ y)'"'R(x2> Y), teey (xz“a)a_l

E : : :
k#p . . g
1 (—a) ... (—aP ™ fOP(x = R(xp, W), oeny (Xy—a) 7! l

-1
b—a mz—)—p
200

Because of f®# (a, y) = w,/w we get for f®# (a, y) the following estimation:

x 1 A
< 1 X 0% 0 PI+IR (i, 9IC,

k#¥p™-i=1

If®P(a, I < Cpl(b—a)™? 3 [f P (x, pI+IR(x;, YN, p=0,...,a—1.

i=1

The left-hand side of the above inequalities does not depend on x,, k
=1,..., 2, so that

If " (a, y)

b

: Jlf‘o"”(x, y)ldx+ : (b—a)“‘ljlf‘“’”)(-\’,y)ldX}.
—c (e —1)!

c a -«

< Cp'(b—a)?
Cpl(b-a) [d

The method used in the proof of Lemma 1 was given in paper [2],
p. 162.

With the help of Lemma 1 (x =m;+1, f =my+1,J =<a,, by), <a, b)
= (X}, Xj+1», ¢, d) = {ay, b; ) and because of (17) we have for the differ-
ence |f(x, y)—S(x, y)| the following inequality:

Xj+1

If (x, y)=S(x, Y| < Cp 4%} Z j [j e, w)| du+

Yy

+LAy;”z f [t (e, )| du) de+
m!

1- yk
BN (0,m, +1)
+Com, 4y Z ) [jlf 27 (e, w)l dr +
. r=0 A a,
1 Ax™ i (m, +1,my+1) dd
+m—2! X; j If (t, u)| t] u+

fi
n Xiv1 Vet (m, +1.m +1)(1 u Idldu
+CmIMzAxI Ay" ‘f j U‘

Yk

X,
J

Axj = Xjo1 = Xjy AV = Vw1~ Vo (X, PIEL,,
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and finally:
(200 1S (x, y)—S(x Y
+1 Ve @
ScmleJl Jj jlf(m +10)(t u)ldtdu-{-C,,,szkz j- j-,f(OM +1)t u)ldtdu+
x. a y, &
C He1 Yen k(m1+1m +1)
+ Couymy 4%; Ttayer | j [f (¢, w)| dtdu,
! (x, y)el;,.
The constants depend on m; and m, only._ )
3. Existence of optimal mesh. Let us denote:
i1 Yk
F(x;, X105 Yoo e+ 1) = AX?AYf j _f Lf1 (x, ) dxdy +
. Xiv1 d G Vie1 b
+4x; | [1f20c Pdxdy+4yE | [fs(x, y)dxdy,

Y @

i=0,..., nl_‘l, k=0,..., nz—l.

LEmMMmA 2. Let f, i=1,2,3, be given integrable functions on M
=<{a, b>x<c,d>. For arbitrary o, and fixed n, 2 n, >0 there exists
such a partition {x¥, y¥*}/Loito of the set M that the following equation
is satisfied

\/ !‘nf . max F(x;, X115 Vs Yi+1)
O$t<n1 ()Skl.<n2 {xi’yk}i;0k2=0 ik

=F(x?" x?+19 y;cks y:#—l)EA

and the following inequality holds:

(1)  F(x¥, x¥ o, v, yEe ) <min (ny, ng) [ny @00z B (11£, (x, y)l dxdy +
) :
+ny @O 110, Yldxdy +nz €7D 11 £ (x, y)l dxdy].
M : M .

Proof. The proof consists of two parts. In the first part one should
prove the existence of an optimal mesh {x*, y#}i1,i2, and the existence
of at least n, subsets (x¥, x* > x ¥ vie 10, i=0, .., my—1,k=0,..,n,—
—1 with the property F(xf, x{ 1, y&, yi+1) =A. The ' function
F(x;, Xp+1> Vi» Yx+1) 18 continuous with respect to X, X4 1, Vis Vit 15
x;ela, by, i=0,...,n, yelc,dy, k=0,..., n,, so that the infimum is
attained on the compact domain in R™ "2

(22) a=xo<x<x,<...<X, =b, c=ys<y; <y, <. <y, =d.
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Let us denote

* * 5 3 * —_— *
F(x}¥, x5 Y6, vie1) = AL,

where {x*, y¥}iL o1, is an optimal mesh on M. Suppose that there exists a
number iy, such that for all k

A < A.

Note that if x; = x;,, for some i the followmg inequalities hold

/\ F(X,*, x?;-l’ y:’ yl?+1)<F(xf, xf*-ls y;(k9ylt+1)'

0<j<n, 0<k<n,

Such index j exists because of a = xq # x, =b.
The function F(x;, X;+, Yk, Vx+1) is non-decreasing with respect to
variables x;, y, and non-increasing with respect to x;,;, y,+. Because of this

*
property we can choose x; < x} and x; , > x¥ ., such that

* * —_
F(Xig Xig+ 15 ViE» Ve 1) = Aig > ASf,ks A < A.
Also, for such well-chosen x; _; < xf_, x; 4+, > x%+2 one can obtain

F(Xig- 15 Xigs Y&s Ve 1) = Aige— 1.6 < A - 1,05

F(Xip+25 Xig+1s Vi Y1) = Ao+ 1k < A?:ﬁ Lks
or equivalently: for all k: 4y < A, j =iy—1, iy, ip+1. The same process as
described above for all indices i leads us to a new mesh {x;, y¥Iitor2o
which has a property inconsistent with the assumption that the mesh {x¥, y¥!
is optimal. Suppose now, there exists an index k,, such that, for all i
Ay, <A. An analogous argument leads us to a contradiction with the

assumption that the mesh {x¥, y¥}/Lo42, is optimal.
The final corollary is: the value

A= inf n:ax F(Xiy X415 Yes Y1)
nz 2

n
rdilokto
is attained on at least n, subsets from the optimal mesh
{x¥, y¥}L oo and for every i (i =0, ..., n,) there exists an index k; that
the following equations hold:-

1° F(xz*9 xF1s yk9yz~+l)=A
2 {kys o kot = 11,2, .0 ma).

Note, that the solution of the problem

~

inf max F(x;, x;,,, Yio Y+ 1)

n n
1 2 i,k
ordi=ok=o0

cannot be attained on the bound of the compact domain (22), it means that

8 — Prace Matematyczne 23.2
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in optimal mesh [x¥, yF} all the knots differ from each other. The assump-
tion that x¥ = x¥ ,; for some indices i is equivalent to the following

Y1 b
/\ F(xska'xsk-#l’ y;:: ,Vfﬂ):A,Vf j jlfSIdXdy’
0<k<n, Y, @

and

* ok * ok " %
F(xF, xFo, v Vi) < F(XF, XFe s VES Ve s
0<j<n, 0<k<n,

~
but it means that the considering mesh is not optimal.

In the second part of our proof we show that inequality (21) is satisfied.
™ ™ .

Let us note; if Y Ax;=c<oo, then Y Ax7*>nj"'-c¢™* This in-
i=1 i=1

equality and the definition of the value 4 lead us to the inequality :

A Z A)c,-_”Ay,;’3
%, Vit
<A TR0 T A Y AP Y [ UG pldedy+
i k . i X; ¥,
Vet1 b ¢
+m TS Ay Y AxT [ [ IS Ge, pldxdy +

k i y, 4
Xi+1 d

T D W M ITACNY

[y

and

Y Ax7Ay”
(23 44— < Cyony @Oy 40 ({1, (x, y)l dxdy +
Y Ax7eY AP M
k

1

+Cyng Y [0, pldxdy +Cony O70 [T 13 (x, y)l dxdy.
M M

Left-hand side of (23) attains the minimum for 4y, =1/n,, where k
=0,..., n,—1, and for some choice of 4x;, i =0, ..., n; —1, satisfying the
following equation:

1
Y . Ax;® = Y Ax7*  k=0,..,n,—1.
2 G

_ieDA

The sets D, contain the values of index j from the set {1, 2, ..., n,} for
which F(x}, x¥,,, »i, v&+1) = A. The inequality (23) immediately gives (21).
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4. Order of approximation.

DerFINITION 2. Let k = (ky, k,), p = (p,, p;) be vectors with integer com-
ponents, and Q = R? be a given domain. We denote by S W (L) the set of
all functions f for which the norm

[FA/—— u/uL,(,,,+ )V A/

."sk

>0
is finite. Here ¢, =0, 1 (i = 1, 2).
Such spaces are called spaces with dominating mixed derivatives, see
eg. [1].
Denote by p(f) the seminorm in S*W(Q)

pN= Y Il

a =tk
e +8,>0
Now we denote by S¥W(Q, L), L> 0 — constant, the class of all
functions f eS"W(Q) w1th absolutely continuous (with respect to variables x
and y) derlvatlvesf r®) (x,y), o =k—e¢,e=0,1,¢e+e =1and p(f) < L.
THEOREM 1. Let feS"* VP W(1, 1), 1 = {ay, by) x<ay, b,>, —x <a;, b
<w, 1 <p,q; <o, m,my>0. For n,=ms;, s; — integer (i =1, 2) the
Sfollowing inequality holds:

E,.(f ),, = E;Sf ”f"'S”LP(I)

(m +1) ~—(m +1) (m +1,m +l)
mn (nh n2) [lemz 1 ny "f

1 +1,0 +1 0, + 1)
C T N g+ Cgny VNSO Pl

legn+
+Cp 1y

Proof. Let us consider a partition I =) I;;:
ik

al=x0<xl<"'<xsl=bls az=}’o<J’1<~-<}’s2=bz,

L = {Xi5 X410 X ks Vs 10s

and define the spline function S(x, y) on I as follows: s(x, y)€S,,,(I;,) on
each subset I;, (see construction in 2). The number of knots used in the
construction of S(x, y) on I is given by n =(n,, n,), and S(x, y) is piecewise
a polynomial of degree m = (m,, m,), On each subset I, inequality (20) for
the difference |S(x, y)— f(x, y)| holds. Because of Lemma 2 with a2 =m,,
B =m,, (for all i, k as in the lemma)

fl(x, y)=f(m|+l,mz+l)(x’ y), fz(x ‘)_—f(m +1, 0)
fix, )= £, ),
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we can choose such a partition of the set I that the following inequality
holds:~

249 1f(x, »)=s(x, ¥l

. > —(m, +1) —(m,+1) (m, +1,m, +1)
< min (sy, 52)[Cm1m231 syt ” I 2
I

(t, w)| dtdu+
4 Csy ™Y [ 1O W dtdu+ Cpysy ™Y ([ 1FO 0, ) drdu]).
1 I’
Since n, = m;s; (i = 1, 2), the inequality (24) takes the form:
)

(25)  1f (e, »)=S(x, Y . /

(+1 +1 +1, +1
< min (ny, 1) [Chp ity 'ny ™2 )jjf(m "2 D (¢, wydedu +

+Cpny ™Y jj ™0 e, )l dedu+ Cppny ™Y jy O™ (1, w) dedu].

The right-hand side of (25) depends neither on x nor y and, moreover,
IIfHL1 < M:||fll,, so we obtain:

+1 +l ( +1, + 1)
LM M n +

(m 11)||f(0m +1)

mn f) min (nl, n2) [C;v,llmz 1

+Cpn -, +1)“f(m,+1,o>

HL'(I) +Cn,n lr (s

and the proof is finished.
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