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Polynomial spline functions and application to approximation 
in the space with mixed norm

1. Spline functions with free knots. Let / = <a,, fcj) x (a 2, b2}, — x 
< ah bj < oo, be a given closed rectangle in R2, and m — m2), n
= («!, n2) be vectors with non-negative coordinates. Let A„ be a partition of 
/:

«1 = * o < f i  < t 2 < . . . < t ni = b u 
An: a2 = u0 < Wi < u2 < ... < u„2 = b2.

D efin it ion  1. We denote by Smn(I) the class of spline functions on /  
satisfying two conditions:

1. Each function from Sm„(I) is a polynomial of degree not exceeding mj 
with respect to x and m2 with respect to y in each subrectangle (tif ti+1) x  
x (u k, uk+1y from A„

2. Partial derivatives of s(t, u)eSm„(I) up to m — 1 — m2 — 1) are 
continuous.

Functions from the class Sm„(I) are called spline functions with free knots 
if furthermore some knots in I are free from interpolation conditions — these 
knots are point of joint only.

Now we describe the method for constructing the spline function 
s(x, y)eSmn(I) with free knots. It is convenient to construct in the first place 
the spline function from the class Smm(Ijk), Ijke I  and then to extend the 
domain Ijk up to I or, what is the same, to increase the number of knots.

Let IJk = (xj, xj+ j> x <yk, yk + j )  be given rectangle divided into m1m2 
parts :

( 1 )  XJ =  ho hmi =  XJ+ 1 ’ Ук =  Mk0 <  Ukx <  • • • <  Ukm2 = У к + 1 •

In this notation the Taylor expansion for s(x, y)eSm„(Ijk) takes the following 
form:
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m ,  m „

(2) s (x ,y )=  £  X  s<,1’*2>( jcj , У*)*2 т-р г-т  -b
i, = 0 i, = 0 *i!*V

+ L
l

^  • и  Z  ( y - MkS)+2 [s (‘I’",2)(^-, « J - S (,1," 2)(^ »  MkS- l ) ]  +
i =0,l ! lw2 + A/! s= 1

m. -  1

+ £  , . u M - y J 1 I  ( * - « * ) ? [ ^ c * . ^ - ^ 4 - . . ^ +,2. o'2 !(»»i +  1)!
m — 1 m„ — 1

r= 1

- s ("*’"*,(Or_ 1> u j  + s('v " % r- 1, Uks. 1) - S mi,m2\tjr,

Here we use the notation: (x —f)+ = max (0, (x — t))m. In the construction of 
expansion (2) we make use of two facts: the partial derivatives of the 
function s(x, y)

s(mi’V  У),
(0  ,m2)

(x, У), 5<ml’m2>(X, y)

must be constant on the subsets l5 0r> x ( иь - 1» мь )  with respect to the 
first, second or both variables, and the Stieltjes integrals in the rest can be 
computed without difficulty. For any function / (x, y) with continuous partial 
derivatives up to m +1 = (mj +1, m2 +1) on Ijk we have the following Taylor 
expansion

mi m2 4 . 1'(*,,*,)/ 4  ̂ 4»*, / 4*0 1(3) / ( X ,  y ) =  X £  /  r ' 2 У к Н х - X j )  Ч у - У к ) 2 у T 7 1  +
i, = 0 », = 0 J l ’ l2

+

t+i
£  T~j~ г f  / (‘1,my 1)(xj , M)(y-u)+2( x - x j)'1dM +i, = 0 *1 ! Щ  ! J

V1
+ X  , f  f lmi + 1’'2\ t ,y k) (x - t )+ l ( y - y k)l2dt +* 0 *1 ! rn2 ! J

+
1

*/+1 y*+i

ml \m2l
J.(n»J + 1,»Я2 + 1)(t, m) ■ (x t) +1 (y yk) +2.

j 'k

For s(x, y) and /(x, y), given by (2) and (3), we require the following 
interpolation conditions :

s(/l’,2>(£, П) = / (,1’,2)(^ *l), h = 0, ..., mx-  1, l2 = 0, m2~ l ,
Xji Xj+1, т/ Ул?У|с+1*

(4 )
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Let us observe that the interpolation conditions (4) with £ = xjf r\ = yk and 
notations

(5)

aii>s = s{1̂  (xj, uks) -  (xj, uks_ ij = 0, . . ml - 1 ,
ailto = sill'mi)(Xj, yk) - f {,i’m2\xj, yk), s = 1, m2 —1,

Pri2 = S(Ml’,2> (*/,» Ук) ~ s(mi’,2> (0 ,-1’ Ук)> i2 = 0, . . m2 - 1 ,
Po>2 = s {mv'2)(Xj, yk) - f (mvl2\xj, yk), r = 1, wii-1,

yrs = S(mi’m2)(fjV, Mks) - 5 <mi’M2)(0r, Uks- i)  +

+  s ( 0 r — 1 » MJts— l )*

yoo=s(Ml’W2)(*,, J k) - / (mi’m2)( ^ ^  
yro = yk) - s {m'’m2)(tjr- u yk),
70s = s mvm2\xj, uks) - s (mi’m2)(X;, Uks-i) ,

lead us to the following identity:

(6) f {x ,y ) - s (x ,y )
m „ - 11 1 . 1 'k+i 2

= — 7 z  ( x - x / 1 — [ j  / 1,m2 )(xj ,u)(y-M)+2du- £  ai1(S(y-Mks)+2] +
m 2- i .=  0 *1 ! y.

+ —T Z  I /(Ml + 1’‘2)(f, ^ ( Х - О ^ Л -  £  r̂i2( x - 0 r)+1] +
w i  ! i = 0

t j+i 4i, 1 r i*
*2Î

s =  О 

m, — 1

r =  0

1 7+1^+! , , . , n
+ — ----- [  f S f " ‘ + UMS 1\t,u )(x -t)7 '(.y -t‘)"I dtdu

ml \m2l L x. L
J  r k

m, — 1 m „ — 1
J+  1

г — О s =  О x.j
y*+i

+ J /(mi,m2 )(xJ,u ){x -X j)ï1(y -u ) ï2du.

To calculate the spline function s(x, y) interpolating f ( x ,  y) in the sense of
(4), we must compute quantities (5) in .the following manner: applying to (6) 
the interpolation conditions (4) with

(£» *l) =  (Xj ,  yk +1), (XJ + 1 , yk), (xJ+1, yk+1),

we get a system of 3m1m2 linear equations. The matrix of this system of 
equations can be divided into sqare block-matrix with non-zero determinants
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of Vandermonde-type, so the matrix is non-singular. Similarly as in [3], 
computing a number of determinants we get the parameters (5). Let wr(r) and 
h\(m) be functions defined as follows:

to* (и) Й ,
wks(u) = — — --------- -, (ok{u) = 1 J (u -u ks).

( M*s) ( W s= 0

Now parameters (5) take the following form:

a,lS= 1 f Ul’m2 + l)(Xj, u)wks{u)du,
yk

flri2= J f {m' + 1,i2)(t,yk)wJr(t)dt,
X .

J

s, i2 = 0, m2 — 1, r, ij = 0, m{ — 1, 

yn =  1 j  J {"'l + Um2+1)(t, u)wjr{t)wks{u)dtdu,

(7)

j

*j  + 1 Ук + 1

Уо.= J J /
(nij + 1 ,m2+ 1)(r, u)wj0(t)wks{u)dtdu +

X .  y .Jy ^
4. 1

+ f /  1
(m. + l,m, + 1) u)wks(u)du,

Уг0= J j  y ('”, + 1-"-2+1)(f? w)w> (r)wko(u)Jr^u4-
j

*;+1
+ J /

(ml + 1 ,m2+ 1)

*7 + 1 + 1
Уоо= j  j  /<" 1 + 1," a+1)

r = 1, ...» W j-1 , s = 1, m2- l ,

(r, u)wJO(0 % ( « ) ^ t t+ .

+ j  + yk) Wj0(t)dt+ j  f (mi’m2 + 1 ) ( X j ,  u)wk0{u)du.

The spline function given by above construction belongs to the class S (l jk), 
the number of knots and the degree of polynomial are defined by the same 
vector m. Now we will extend the construction of the function from the 
disscused class to a class defined on the whole domain /:

s(x, У)1(*о>)б/м = S(x, у), s(x, y)eSmm(Ijk),

and then we shall prove that such spline functions S(x, y) are elements of the 
class Smn(I), n = m-s, s = (st , s2), s,- — integers.
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Let us make a partition of the domain /
(8) a x = x0 < x x < ... < xSl = bx, a2 = y0 < yt < ... < yS2 = b2, 
and for all j, к :

x j  tjo ^ tjl ^ tjmi x j + i , yk Ŵ0 ^ W/jj < . . .< !  Ukm̂ Ук+ 1 •

We only need to prove that the spline function S(x, y) is continuously 
differentiable on /. From the construction described above immediately
follows that the derivatives Sill’l2)(x> У) f°r (x, y)e(xj, xj+ 1) x(yk, yk+x), 
/,• = 0, ..., m, — 1, are continuous functions. We shall prove continuity 
of this partial derivatives on the intervals which are bounds of the sub- 
domains Ijk . Let us consider two neighbouring subdomains ' m and Ij+ l k . 
We ought to prove

(9) St W (x, = ? W (x, у)|(ад1е,.+1
X— Xj+ i X — Xj + i

The partial derivatives from (9) take on 1]л 
following forms:

(r = 0, ....

and Ij + i'k

m, — 1, i = l ,2 .  

for x = xj+l the

:(г1>г2)
(x, У)\(х,(x , y ) e l .M1

= Z X S(‘1,,2>(Xj, yk)(xJ+1-X j) '1 ll(y -y k)1
*1 l l l 2 l 2

(il — —12)!
+

/. 1 +1
+  X  ( X j + i - X j i 1 V -  Л  v. X  ( y - ^ s f l 2 12 j  f Ul’m2 ' l)(Xj, u)wks(u)du +

i= i ,  K h - l i)-s=o y.
( 10)

m. -  1

yk

V  12  1 ,  . .

+ s  0 ’-y„>'! - '2- J 7TT I  ( x j+ .- O ,) ? " 1 J /'"■ + I’,V(r, y,)wJr(r)A +
i2 = /2 r =  0*2 l 2 

m. — 1 — 1
+ Z  X (*/ + i-* ,r)+l

1
r =  0 s =  0 (wi! — /t) ! (m2 — Z2) !

x 7  f f (mi + 1,m2 + 1)(t,u)wks(u)-Wjr(t)dudt,

Sil',l2)(x, y)\ix<
j  *

( x ,y ) e l j + l , k
* j +  1

( i l ’ , 2 ) / v. l 2 ______L(И) = X s *’2 (•x7+i’ ТкНу-лУ
/_=l2 2

m,- l  J yk+1
(/2-/2)!

+

+ X (y ~ uks)m2~l2( , у, I /(,1," 2 + 1,(xj+ i , M)wJkI(ii)</i<.(m2- i 2)\ ;k

Now let us consider the functions / ’ 2’(x, yk), — 0, т( — 1, and

J /(°’m2 + 1)(x, u)wks(u)du, and one dimensional spline functions which
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interpolate them. We denote by Pi2(x) the spline function of degree ml with 
free knots and with the interpolation conditions
f (W ( Xj , y k) =  P (i2l \ x j ) ,  f i W ( x j + 1 , У к )  =  p \l2i ) ( x j + 1 ) ,  /i =  0 , . . - 1 .

It was shown in [3] that Pi2(x) takes the following form:

1 "(«„U, w J. 1
i, =0Л2(*) = E / 2 (*“■*/) д“7 +h 1

+ Л  Y  ' T / im‘ +i’v (f>
r n l l r=  0  *

After /j-times, lx = 0, mj —1, differentiation of P,2(x) and application of 
the interpolation conditions in x = xj+l we get the equalities

(12) f ill’li){xJ + l , y k) =  X  f Vl',2*(xj> yk ) (x j+ i -X j f l 4 r - - ,  +
4 Ml

m, -  1

ll 1
<*V<2>i' * i A

+ E (̂ +i-or)+1 *' i
f  / (" 1 + 1 ,V ( r , yik) w . ( r ) * .

r = 0  ( Щ - h V -  x.
J

In the same way as explained above for the function

Y  f {0’m2 + 1)(x , t)w ks{u)du,, 
yk

one can construct the spline function Q ( x )  of degree ml with free knots and 
with the interpolation conditions

f / (,1’М2 + 1)(х/, u)wks(u)du =  Q (ll)(x j)>
у

j  у111’т2 + 1)(х]+1, u)wks(u)du = Q ° l) (x j + i)> h  = 0, mx — 1.

After differentiation in x  =  x j + 1  we get:

1 y('i-m2+ !)(Xj!+ !, M) wks(u)du

(13) = E  1 /(,1’m2 + 1)(x/, uiW bM duix-Xj)'1 ll 1 +
i =  1, V, —  * l / :1 1 Jk
mi 1 1 Xi+1 y*+i

+ X (*■-hp' '7^Tv 1
r=  0  tml *lJ* X. y.

(m‘+1,W2 +1 ) (t ,U) Wjf(t) wks (и) dudt.
j 'k

Equations (12) and (13) applied in (11) lead us immediately to equations (9).
The same reasoning on subdomains Ijtk and Ij>k +1 leads us to the 

following conclusion:

(14) 5 (' i J 2>(x, y)|(JC,y)£/. =  S (,1*,2)(x » У)|<*,у)6/.4+1’ -  °» •••’ mf 1 2 ’jky=y*+i У = Ук+ 1
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which complete the proof of the continuity of the partial derivatives on I 
because of free choice of j  and к (0 < j  < nx — 1, 0 < к < n2 — 1).

2. Approximation properties. From (7) and (6) a useful identity can be 
obtained :

/(*, y )-S (x , y)
i m i i у к +1

S —-r Z ( x - X jp -  j 
™ 2 '- i =  О 4 !  * m,- 1

(15)

-  Z  w k s ( u ) ( y - u ks )1 2] d u  +
lf\ л A S — 0

+ ^ 7  t  (У -л ) '2Л  Т / ,п' + 1'‘г,(г ,л ) [ ( * -0 Т ‘ -

-  Z  Wjr(t ) {x - t Jr) 7 ]d t  +
j+1 -ч+i r= 0

+ m,!m2! f  f  Г '(m.  + l , m .  + 1 ) (t, M)[(x-f)+1(y~M)"2

nij-1 m2- l
- Z Z wjr (t)(x ~ tjr)nl lw k s (u ){y -u ks),l 2]d td u , {x ,y ) e l j>k.

r = 0 s =  0

Now we start with estimation of the difference (15) for (x , y )e l jtk. With 
the help of the method described in [3], Lemma 2, the following inequalities 
can be obtained:

m, -  1

\{X -  f ) + 1 -  Z  WJ r №  ( *  “  0 r)+ X I <  C mï ( Xj  +  1 “  X j f 1,

(16) г= 0 — 1
I{y- m)+2 - Z wks(w )(y -uks) 7 1 <  Cm2{yk+ l- y k)m\

s= 0
fulfiled for x , t e  <x7-, xJ+ l}, y ,u e  <yk, yk +1 ) . The constants C depend on 
ml or m2 only. Note that the following identity holds: RT—ab = (R — a) 
(T—b) + a(T—b) + b(R — a). Replacing in it

m, -  1 m2 “  1
m — «i2R= Z wjr(t)(x- tjr)™1’ T= Z wks(“)Cv-“J+2

r = 0  s =  0

a = (x —0+1, b = (y —u)+2, the equation (15) can be transformed into such a 
form, which together with (16) immediately give us:

|/(x, y )-s (x ,  y)|
m2— 1 1 ■*/ + 1

«  I  т-Т ( Л + . - Л ) ' 2( ^ + 1 - * / , С , ,|  1 f im‘ + ul>1(t,-yk)dt\ +
f2 = 0 

m .  - 1 1
+  Z T~7 { X j  + 1 — Xj)‘1 (Ук + 1

i , = 0 b 1
Л)"2Стг| J +

*,+ 1 +̂1
+  Qnim2 (Xj+ 1 — X )̂1”1 (yk + 1 — Ук)” 2 I j  j  f {m ' +  U m2+ i ) ( t , u ) d t d u |,

( 17)
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For the next estimation of (15) furthermore we need
L emma 1. For any function f  (x , y )e C (*,P)(<a, b} x j) ,  (a , b} a  <c, d), 

a, ft — positive integers, the following inequality holds:

(18) |/<**(a, >1)1

< Cp!(b—a)~p

d

I/(0,/,)(*, y)\dx+ 1 ( h - a f
(a — 1)!

b

J  |/(a,/J)(x, y)\dx ,

where 0 ^ p ^ a — 1.

Proof. Let us denote by A1,A 1, . . . ,A 2я a uniform partition of the 
interval (a, by on 2a parts and choose a set of a points' xkeA 2k.
From the Taylor expansions for f {0,P)(x,y):

/«"•«(x. >) = V/«>(<», y ) ( x - a f f  + r T _  f / '“•«(', y ) { x - t f " d , ,  
p= о p' (a— 1)! J

we arrive at a system of linear equations

(19) £  f M ,(°,yH xk-aY ’ \ =  f t0-ll4xk,y ) - R ( x t,y), к = 1 , x,
p=0 p!

where

R(x, y) =
1

ДС

/<«./?>(t, y ) ( x - t r dt.

Let us consider now the determinant of this system:

w =

1 (x i~ a)  ... (jca — a f  —

1 (x2 — a) ... (x2 — a)a - 1

( a -  1)! 

1
(a — T)T

a- 1

>

1 (xa- a )  ... (xa — a)‘

l ! 2 ! . . . ( a - l ) !  Д (Xfc X,)
k<i

1

1

l ! 2 ! . . . ( a - l ) !  Д  Azk 1 ! 2 !  . . . ( a  — 1)!

b — a 
2a

a(a -  1)

k < /
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and the determinant

a 1 
wr =  fl^7кФрк -

1 (x j-a O  . . . { x y - d f  \ P 0,fi)(xlt y ) -R (x l t y)f ..., ( x ^ a )  
1 (x2- a ) ... (x2- a f ~ l , P ° ’P)(x2, y ) -R {x 2, y), ..., (x2- a ) ‘

ia~ 1
A — 1

1 (хя- а )  ... (xa- a f  \ /(0’/J)(xI, y )-R (x x, v), ..., (xa- a f  1
a(a - 1)

< п Г Г I  [1/ ,м ,(^. y )l+ l«U . y ) |]c /
b — a 

2a

Because of/ ^ ( a ,  y) = wp/w we get for / ^ ( a ,  у) the following estimation: 

I/ ф’Р)(а, y)\ ^ Cap\(b-a)~p J  [|/(0,/J)U-, Т)| + |Д(*,-, y)U, p = 0, ..., a - 1 .
/= l

The left-hand side of the above inequalities does not depend on xk, k 
= 1, ..., a, so that

I y ) |

^ C p\ (b-a)-p 1 \ f {0'p)(x, y)\dx+ -— — ( b - a f  1 I |/(M)(x, y)|dx
d — c (a -1 )!

The method used in the proof of Lemma 1 was given in paper [2],
p. 162.

With the help of Lemma l(a  = m1 + l,/? = m2 + l,./ = <a2, b2>, <a, /?> 
= xj+ l) , ( c, d} = <al5 />!» and because of (17) we have for the differ­
ence \f (x, y) — S(x, y)\ the following inequality:

m 2 ~ 1 Xj  + 1 Ь 2

If { x ,  y) — S(x, y)\ ^ C ^ A xJ1 X  J [ J |/(M» + 1,0)(f, u)\du +
s =  0 x ,  я.,

+ — *j \f(mi + 1’m2 + l'(t, u)\du]dt +
1 '

",i~1 y*+i bi
■+Cm2Ay? X J [ J|/<0'm> + , V , «)!<* +

r=0 ** al

+ d - A x ? ' XT  \ f '  + , -m’ * " ( t .« W ]d »  +
m2

j+1 -̂ *+1

j

A x j  =  * / + 1 - л Ук = У к  + 1 - У к ,  ( x ,  y ) e  I j .k ,
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and finally:

(20) \f(x,y)-S(x,y)\
x . , 2 b ,j +  1 2

< CmtAxJ' j $ \f,m' + U°'«,u)\dtdu + C„1Ay:* J $\ f(0-m> + u (t,u)\dtdu +
j  2 Уь "i

+ СП1тгАх"‘ Ау?  J  |/<", + 1-’"J + ll(r, u)\dtdu,

(х ,у )е1 м .

The constants depend on and m2 only—

3. Existence of optimal mesh. Let us denote:
x.+1 yk+i

F(xh xi + 1, yk, yk+l) = AtfAyl J f IЛ {x, y)j dxdy +
X. Ук

+ A $  j Л /2 (x, y)\ dxdy + Ayl J J 1 / 3  (x, y)\ dxdy,
xi c Ун a

/ =  0 ,  - 1 ,  к  =  0 ,  n 2 - l .

L emma 2. Let f ,  i = 1, 2, 3, be given integrable functions on M 
= <a , b }  x <c , dy. For arbitrary a, fi and fixed ^ n2 > 0 there exists 
such a partition {x*, y*}”I 0ki 0 o f  the set M that the following equation 
is satisfied

Д  V  inf m a x  F(xh x i+ 1 , yk, yk+1)
0^<”- °^ki<n2 {xryk)^ 0ki 0

= F (x*, xf+ !, yk*, y£+ i) = i4,

and the following inequality holds :

(21) F(x?,x?+1, y î ,y î +1) ^ m in (n1? п2)[пГ(а + 1)«2 (/* + 1) Я  L/i (*» JOI dxdy+
M

+ „ - (a+D j j  I/2(x, y)|dxdy + n2(/* + 1) Я 1/з(*> >01
Af M

Proof. The proof consists of two parts. In the first part one should 
prove the existence of an optimal mesh {*,*, У*}1=о1=о and the existence 
of at least nx subsets <xf, xf+ : )  x <y£, y£+ x ), i = 0, . . п± — 1, к = 0, ..., n2 — 
— 1 with the property Ffo*, xf+1, y j, yjj+1) s  4 . The 1 function
F(Xi, xfv i , yk, yk + 1) is continuous with respect to xh xi+u yk, yk+u 
х{е (а ,Ь у ,  i = 0, ..., n, yke<c, d>, k = 0 , . . . ,n 2, so that the infimum is
attained on the compact domain in P"1 + "2 2
(22) a = x0 < Xt ^ x2 ^ ... ^ xni = b, c = y0 ^ yr < y2 < ••• ^ Уп2 = d.



Polynomial spline functions 305

Let us denote

F  (xf, xf+15 yf, yf+1) = Afk,

where {xf, y*}"i<uio ls an optimal mesh on M. Suppose that there exists a 
number i0, such that for all к

Ai0,k< A -
Note, that if X; = xi+1 for some i the following inequalities hold

vj<nl
Д  **+1 ,y * ,  i) < F (x f, xf+ !, yf, yf+ i).

0 k̂<n2
Such index j  exists because of a = x0 Ф xni = b.

The function F(xh xi + 1, yk, yk + l) is non-decreasing with respect to 
variables x{, yk and non-increasing with respect to x, + 1, ^ +1. Because of this 
property we can choose xio < x£ and xio+i > x|J , such that

F(xio, xig+1, yf, y*+1) = AiQk > A?ok, Ai0k < A.

Also, for such well-chosen xio- 1 < xfQ_ lf x,o+2 > x* + 2 one can obtain

F(xto-i, xio, yf, yf+1) = Aiok_ Uk < Afo_1(k,

F (xi0+2i *i0+l> У* > Tk+l) = Ai0+l,k <yl|0+l,*> 
or equivalently: for all к : AJk < A, j  = i0 — 1, i0, i0 + 1. The same process as 
described above for all indices i leads us to a new mesh (xf, y f}”i 0k2=o 
which has a property inconsistent with the assumption that the mesh (xf, y f} 
is optimal. Suppose now, there exists an index k0, such that, for all i, 
Aiko < A. An analogous argument leads us to a contradiction with the 
assumption that the mesh {xf, y f}"i0J i 0 is optimal.

The final corollary is: the value

A = inf max F(x,, xi + 1, yk, yk + 1)
П. к i

<JcrVi=0*=0

is attained on at least n1 subsets from the optimal mesh 
{xf, yf},"iok=o and for every i (i = 0, ..., nt) there exists an index k{ that 
the following equations hold:

Г  F (x f, *,*+ „  >'**, 1 ) = A,
T  , * , , }  = { 1 ,2 , . . . ,  пг}.

Note, that the solution of the problem

inf max F(xh xi + 1, yk, yk + 1)
„ Л . n2 . i,k

cannot be attained on the bound of the compact domain (22), it means that

8 -  Prace Matematyczne 23.2
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in optimal mesh {xf, yjf) all the knots differ from each other. The assump­
tion that xf = x f+1 for some indices i is equivalent to the following

Д  F ( * f , •**+1 , У* » Ук+1 ) = ДуРк J f 1/з1 dxdy,
0 ^ k < n  y a

and

V A F(x*, X ?+ 1 , y t ,  Tfc+i) < F ( x f ,  x f + l , y t ,  y**+1),
O Ĵ<nj 0̂ /c<n2

a
but it means that the considering mesh is not optimal.

In the second part of our proof we show that inequality (21) is satisfied.
"i "i

Let us note, if £  d x ,= c < o o , then £  Jxf® ^ ri\+1 c_a. This in-
. i =  1 i =  1

equality and the définition of the value A  lead us to the inequality:

A • £  А х г - А у - К

А х Г *  У  A y y f  Y  f J  |/, ( x ,  >>)| d x d y +
i к . i x y

h + i  b

.f J |/3(*. y)} d x d y +
1 ‘ >i ‘

+ « г (а+1) E  л х г т д у ^  T  f 1/2(*, k)i

^ « r (a+1)«2~̂ +1)E

and

X  dx, “dy^*
(23) d -— -̂-----------------^ C1>2nr(a + 1)n J(/}+1) JJ |/,(x, y)\dxdy +

Z I  '

+  C i « i  (a + 1) JJ  1/ 2(x ,  y)|7x7y +  C 2« 2(̂  + 1) JJ  1/ 3( * ,  jOMxdy.
Л/ M

Left-hand side of (23) attains the minimum for Ayk = l/n2, where к 
= 0, ..., «2 — 1, and for some choice of dx,, i = 0, ..., nl — 1, satisfying the 
following equation:

]T .dXj"a = — £  d x p , к = 0, ..., n2 —1.
jeD k n 2 i

The sets D k contain the values of index j  from the set {1, 2, ..., nk} for 
which F (x f, xf+lf yk , y*+1) = A. The inequality (23) immediately gives (21).
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4. Order of approximation.
Definition 2. Let к  =  (к ,, k2), p =  (p1? p2) be vectors with integer com­

ponents, and Q a  R2 be a given domain. We denote by SkpW(Q) the set of 
all functions / for which the norm

l l / I W  = II/U V»>+ I  H/W,'V llv>»a. = e.k.
+£j > 0

is finite. Here e, = 0, 1 (i = 1, 2).
Such spaces are called spaces with dominating mixed derivatives, see 

e.g. [1].
Denote by p {f)  the seminorm in SkflT(&)

P(/) = I
tx. = s.k.

E j  +P2 > 0

Now we denote by SkpW{Q, L), L >  0 — constant, the class of all 
functions f  eS kpW(Q) with absolutely continuous (with respect to variables x 
and y) derivatives f (av<tz){x, у), a,. = /cf — ef, e, = 0, 1, Ci +e2 — 1 and p(f)  ^ L.

T heorem 1. Let f  e S m+l f W{1, 1), I =  <al5 b k}  x <a2, b 2) ,  — x  <  a,, />,• 
<oo, 1 < Pj, q( < ao, mb m2 > 0. For n, = sf — integer (i = 1, 2) r/ie 

following inequality holds:

ЕтЛЛР= inf \]f s||r
seSm"(/)

№

(m,+ l) - ( m ,+  1),, Am , + l ,m ,+  1 ),
^ min (щ, п2)-1Ст1т2щ * '!!/ > \LJI) +

„  - ( m .  +  1)  |. /.(m +  1 , 0 ) . .  - ( m - +  1 ) AO.m  +  1)|| т
+ Cmnl 1 Ц/ 1 \\ьчи) + СтПг 2 II/ 2 Uyn-b

Proof. Let us consider a partition / = (J /u :
i.k

ai = x0 < XX < ... < X S1 = bu a2 -  y0 < yt < ... < ySj = b2, 

1 i,k ( X i -, +  1 У X  Ук  +  1

and define the spline function S(x, y) on / as follows: s(x, y)eSTO(I(/u ) on 
each subset Iik (see construction in 2). The number of knots used in the 
construction of S(x, y) on / is given by n = (nlf n2), and S(x, y) is piecewise 
a polynomial of degree m =(m ,, m2). On each subset lLk inequality (20) for 
the difference |S(x, y)—/(x, y)| holds. Because of Lemma 2 with a = mb 
/ = m2, (for all i, к as in the lemma)

/, (*, У) -  /'"■+ ' - * + " ( * ,  y), f 2(x, yt = / -■ + ‘-“’(x, y),
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we can choose such a partition of the set / that the following inequality 
holds:

(24) |/(jc, y )-s (x , y)I

«  min (s„ 52)[Ст1„/ Г,"- + 1,52- ,”г+11 Я |/‘”‘ + 1- 2+ll((, u)\dtdu +
I

+ < v r '" ,+"  я  I/ ‘” ' +I’0’(i, u)\dtdu+c„1s; ,m>+11 я  i / (0'”2+‘V, <oi *<*«]. 
/ 1

Since щ = nii-Si (i = 1, 2), the inequality (24) takes the form:

(25) \f{x, y )-S {x , y)\ I

^ min (щ, п2)[С т1т2щ (т1 + 1)П2 (т2+1) j j/ (mi + 1,m2+1)(^ u)dtdu +
i

+  C ’n n : i "̂' + l, Я  l/<mi + 1'OI((, U)\dtdu +  C min~2 ,”2 + ,, я l/(0,mj + 1’(t, «И <Mu]. 
/ /

The right-hand side of (25) depends neither on x nor у and, moreover, 
ll/lk < Af-Н/Нц, so we obtain:

(/), < min (nt , n2) [ C 1W2 иГ(mi + V "2* 1) ll/(mi + 1,Ш2+ 41 V /> +

+ C l2 n , {m'+ l)\\f(m'+ ио)\\ц1У+ ■C l2 n2 {̂ ^Н / 0’"2'+ ■‘'n, (/)],

and the proof is finished.
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