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Countable codimensional subspaces of spaces with topologies 
determined by a family of balanced sets

Let a = (An : n e  N) be an increasing sequence of convex and balanced 
( = absolutely convex) sets covering a linear space X. In [8] Ruess considered 
the linear space X with a locally convex topology т which is so strong that 
the generalized inductive limit topology, i.e., the finest locally convex top
ology xa on X agreeing with т on each An, is equal to т for every a 
— [An\ n eN ) as above. The locally convex spaces of this kind are said to be 
(L) spaces. For the case when <т = (Л„: neN) is bornivorous, i.e., every i- 
bounded set is contained in some Am, the locally convex space (X, t) with 
the property that its topology т is equal to za for every bornivorous sequence 
о is said to be (Lb) space. In [8] Ruess proved that every countable 
codimensional linear subspace (resp. with property (b)) of a (L) (resp. (Lb)) 
space is a (L) (resp. (Lb)) space.

In the present paper we are concerned with the inheritance of properties 
of not necessarily locally convex (L) and (Lb) spaces (these spaces are called 
(UL), (ULb) respectively) by a linear subspace and vice versa.

Throughout this paper we adopt the following notations: The notation 
linear topological space (resp. locally convex space) is abbreviated by l.t.s. 
(resp. l.c.s.). Given a linear topology т on a linear space X, Bd(r) denotes a 
class of .all bounded sets for т, B(i) denotes a base of balanced (resp. 
absolutely convex) neighbourhoods of zero for r. For the two topologies 
ть i 2 on X if t 2 is finer than i l5 then we shall write zt ^ t 2 . For a subset A 
of X, t |A denotes the topology on A induced by r. All linear topological 
spaces are assumed to be Hausdorff. A sequence (Un: n eN ) of sets U„ of a 
linear space X is called a string [2] if: Every U„ is balanced and absorbing 
and U„+1 -f U„+1 c= U„ for all neN . A string (Un: neN) in a l.t.s. is called 
bornivorous if every Un absorbs all bounded sets. We call a l.t.s. (ЛГ, t) 
ultrabornological if every bornivorous string (Un: neN) is topological, i.e., 
every Un is a neighbourhood of zero. A l.t.s. is called ultrabarrelled (resp. 
quasiultrabarrelled) if every closed (resp. closed and bornivorous) string is 
topological [2]. If {X, t) is a l.t.s., the set of all bornivorous strings in (X, z)
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generates a linear topology zub on X, rub is finer than т and (X, т) and 
(X, тиЬ) have the same bounded sets.

1. Spaces with generalized not necessarily locally convex inductive limit 
topologies. Starting from Ruess’s concept of the locally convex spaces of type 
(L) [8], the present author [6] introduced the classes of linear topological 
spaces of type (UL), (ULb), (U-Baire-like), (b-U-Baire-like) and the links 
between these spaces and locally convex spaces of type (L), (Lb) (Baire- 
like [9]).

The following concepts are needed: Let (X , i) be a l.t.s. with the 
topology T.

(i) An increasing sequence a  = (A„: n eN ) of balanced sets is called
00

absorbent if An + An c  An+1 for all neN  and X = (J A„.
n= 1

(ii) An absorbent sequence a — (A„: neN ) is called bornivorous if every 
г-bounded set is contained in some Am.

(iii) If a = (A„: neN ) is an absorbent sequence in X, then the gen
eralized inductive limit topology on X with respect to r and о  is the finest 
linear topology on X agreeing with г on each of the sets An [10]. This 
topology is denoted r„ and we shall write (A, = lim (X, A„, r: neN).

The following three classes of balanced sets form a base of neigh
bourhoods of zero for Tff:

Z*U „nA n = : Û £  Uk n A k, и„еВ(т), neN ,
n= 1 k= 1

00
V0 n  П (l/. + A,), I/o. l/.6B(T), neN ,

/1= 1

C'0 n, n  (Ц^+ЖУ, v 0, t/,eB(T), neN .
n= 1

Definition 1.1 [6 ]. Let {X, t) be a l.t.s.
(ul) (X, t) is said to be of type (UL) (resp. (ULb)) if for every absorbent 

(resp. bornivorous) sequence a  = (An: neN) we have т = та.
(u2) (X, t) is said to be of type U-Baire-like (resp. Ъ-U-Baire-like) if it is 

not the union of an absorbent (resp. bornivorous) sequence of nowhere dense 
sets.

Observe (X, т) is of type U-Baire-like (resp. b-U-Baire-like) if and only if 
for every absorbent (resp. bornivorous) sequence a = (A„: neN ) of closed 
sets some Am is a neighbourhood of zero for t .

A l.t.s. (X, t) having property (ul) or (u2) we call (UL) (resp. (ULb)), U- 
Baire-like (resp. b-U-Baire-like) space.

For the relation of (UL) spaces to ultrabarrelled and to not necessarily
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locally convex Baire-like spaces, i.e., U-Baire-like spaces, the reader is 
referred to [6]. Let us note only the following implications:

ultrabarrelled -> N0-uItrabarrelled -►(UL) <-U-Baire-like <- Baire/
'i 'L >i >i
quasiultrabarrelled -> N0-quasiuItrab. -*■ (ULb) «- b-U-Baire-like.

None of the reverse implications holds.

2. Inheritance properties. In this section we are concerned with the 
inheritance of properties of (UL), (ULb) spaces by linear subspaces of 
countable codimension. The U-Baire-like (resp. b-U-Baire-like) case was 
considered in [6]. Properties of (UL) (resp. (ULb)) spaces are inherited by 
linear final topologies, hence by inductive limits, direct sums and quotients. 
An arbitrary product of (UL) (resp. (ULb)) spaces is a space of the same type. 
Properties of U-Baire-like (resp. b-U-Baire-like) spaces are, in general, not 
inherited even by countable inductive limits. If a dense linear subspace X 0 of 
a l.t.s. (X , t) has one of the properties (UL) or (ULb) (resp. U-Baire-like or b- 
U-Baire-like), then so does X. Since every complete Hausdorff l.t.s. is a 
closed subspace of a product of metrizable complete spaces, then putting an 
uncountably dimensional linear space under its finest locally convex topology 
(which is complete but not (UL) space) we conclude that a linear subspace 
(even closed) of a (UL) (resp. U-Baire-like) space need not be a (UL) (resp. U- 
Baire-like) space, [7].

Definition 2.1. A linear subspace X0 of a l.t.s. (X, r) is said to have 
property (b) if for every bounded subset В of X the codimension of X0 in 
span(X0 uB) is finite, see [8].

T heorem 2.2. Let (X, r) be a its . and let X0 be a linear subspace o f X o f  
countable codimension.

(i) I f  {X, t) is a (UL) space, then X0 is o f the same type.
(ii) I f  {X, t) is a (ULb) space and X0 has property (b), then X0 is a (ULb) 

space.
For the locally convex case, i.e., for (L) and (Lb) spaces, see [8]. The 

proof of Theorem 2.2 will be carried oût in two steps:
A. X0 is closed subspace of (X, t).
Lemma' 2.3. Let (X, r) be a l.t.s. which is a (UL) (resp. (ULb)) space and 

let X0 be a closed linear subspace o f X (resp. with property (b)) o f countable 
codimension. Then X0 is a (UL) (resp. (ULb)) space.

Proof. Let (xn: n eN ) be a co-base of X0 in X and let for each neN

X„ = X 0 + span (xj, x2, *».)•

Using property (b) we can show that (X, r) is the inductive limit space of the



252 J. K^kol

sequence (Xn, т|Л"„: ne N). Therefore X0 has a topological complement in X 
and so will be isomorphic to a quotient space of X by a closed linear 
subspace of infinite countable dimension. Hence X0 is a (UL) (resp. (ULb)) 
space.

B. X0 is a dense subspace of (X, t).
Lemma 2.4. Let (X , r) be a l.t.s. and let X0 be a dense linear subspace o f 

X such that for every absorbent (resp. bornivorous) sequence a — (A„ : neN ) in 
X0, (Àln: n e N ) = ô  is an absorbent (resp. bornivorous) sequence in X. I f  
(2f, t) is a (UL) (resp. (ULb)) space, then X0 is o f the same type space.

Proof. Let a = (A„: neN ) be a bornivorous sequence in X0 and let
00

U = u 0 n  n (V. + A J
/1 = 1

be a subset of where U0, Une B(r\X0), neN. For each neN  u [0]
let Pn be a TlAVneighbourhood of zero such that Pn + Pn <= U„. Furthemore 
let Wn be a т-neighbourhood of zero such that ,Wnn X0 cz P„ for each 
n eN  u {0 }. Finally let F„ be a т-neighbourhood of zero such that V„ + Vn 
<= Wn for all n eN  и ;o;. By the assumption

Щ, n x'o n П (W ,nx'0 + Â0)
n= 1

is a т-neighbourhood of zero. On the other hand 

\¥0 п Х 0 глХ0 п  П (W„nX0 + Ân)
n — 1

c  (^ 0  П л:0 +  WQ) n  (W„ n  * 0  +  Vn-I- V„ +  An) n  X 0 

^ (P 0+W0 n X 0)n (P n + A„+W „nX0) c  U0 n (P n + Pn + An) 

c U 0 r\(Un + A„) for ail neN .

By
* __________ T 00 __________ r J  00

W0 n X 0 n  П (W„nX0 + An) n X 0 c: U0 n  f| (Un + An)
n=  1 /1 = 1

we conclude that

U0 r> n (An+ u n)
n = 1

is a rl^o-neighbourhood of zero and therefore X0 is a space of the same 
type.

Proposition 2.5. Let (X , r) be a l.t.s. and let X0 be a dense linear 
subspace o f X o f  countable codimension.
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(i) I f  (X, z) is a (UL) space and a = (A„: neN ) is an absorbent sequence 
in X0, then (Ax„: neN) is an absorbent sequence in X.

(ii) I f {X, z) is a (ULb) space and X0 has property (b) and о = (A„: n eN ) 
is a bornivorous sequence in X0, then (Âxn: n eN ) is a bornivorous sequence 
in X.

The proof of above proposition follows from the proofs of Theorems 2.4 
and 3.1 of [8] and from the following lemma:

Lemma 2.6. Let (X, z) be a l.t.s. and let X0 be a finite codimensional linear 
subspace with co-base (xl5 x2, ..., xp). I f  {A„: neN) is a bornivorous sequence 
in X0, then

№  + 2"{ Z  aixi : M < n eN )
i =  1

is a bornivorous in X.

Proof. Obviously it is enough to carry out the proof when X0 is of 
codimension one. Let xeX\2f0 and let

о = (A„ + 2n {ax: |a|<l}: neN), o n X 0 =(A n: neN).

Since za\(An + 2n {ax: \a\ ^ 1}) = x\(An + 2n \ax: \a\ ^ 1}), ( t | X0)enXo\AH
= (т|Лг0)|Л„ for all n eN  and since (An: neN ) is bornivorous in X0, then

W o ) ,n x 0 ^ № o ) ub-

On the other hand

(z\X0)ub = zub\X0, see [1].

Hence we have

(тв\Х0)^{т\Х0и Хо^ х иЬ\Х0.

We show that rff ^ Tub. Let U be a т-closed ^-neighbourhood of zero (see 
p. 250) in X. A neighbourhood of zero U generates a т-closed ^-neigh
bourhood of zero t7j, Ul contains a balanced т-closed ^-neighbourhood 
of zero U2 with U2 + U2 a  U! c  ...

We know that (U „nX 0: neN ) is a T^IA^-topo logical string in X q. 
Now, if X0 is a zub dense, then

and hence (Un: neN) is a topological string in {X, zub). Let X0 be a xub- 
closed. For each n eN  there exists a„ > 0, an+1 ^ an such that a„xeU„. Let

К = U„n X 0 + an2~n {ax: \a\ < 1} for each neN .
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Therefore (V„: neN) is a topological string in (X, xub). On the other hand 
V„+i = L/„+1n X 0 + an+12 - (n+1)[ax: \a\ ^ 1] c  Un+l + Un+l с  V

and therefore (Un: ne N) is a ru,,-topological string.
This implies that т0 ^ xub. Hence every т-bounded set is rebounded. 

Therefore by Proposition 6 of [2], p. 87, every г-bounded set is contained in 
some Axm + 2m [ax: \a\ < 1).

For the locally convex case see Theorem 2.5 of [8].
Now Theorem 2.2 follows from Lemmas 2.3, 2.4 and Proposition 2.5. 
The following example shows that sometimes a dense linear subspace of 

uncountable codimension in a (UL) or in a (ULb) space is a (UL) or a (ULb) 
space and sometimes it is not.

Example 2.7. (A) The linear span У of a basis in X = lp with 0 < p < 1 is 
non-locally convex of countable dimensional metrizable l.t.s. By [6] У is not 
(UL) space, then Y is not-U-Baire-like. By Theorem 2.2 or Theorem 2.5 of 
[6] У is of uncountable codimension. There exists an increasing sequence
(У„: neN) of linear subspaces of X such that Y„ is of uncountable codimen-

/
sion in У„+1 for each n eN  and X = У15 X — (J Yn. On the other hand

n= 1

X = lp is a Baire space and hence X cannot be the union of the sequence 
of nowhere dense sets. Therefore some Ym is a Baire space and hence U- 
Baire-like.

B. Let (X, r) be a Banach space with basis. Since every (Lb) space with a 
fundamental sequence of bounded and absolutely convex sets is a (ULb) 
space [6], then (X, t) is a (ULb) space. By Theorem 2.2 of [3] we may 
construct a dense ultrabarrelled (hence a (UL) space) space X 0 which is not 
unordered Baire-like (for definition see [9]). By Theorem 4.4 of [9] the 
subspace X 0 of X is of uncountable codimension.

An inductive system (Xn, x„: neN) of linear topological spaces (X„, r„) 
is called strict if xn+x\Xn = x„ for all neN . The inductive limit topology 9 
of the strict inductive system (A„, xn: neN) is the finest linear topology 
agreeing with t „ on every Xn, see Proposition 2.7 of [4].

Proposition 2.7. Let (X, Э) be an inductive limit space o f a strict inductive 
system (Xn,x n: neN) and let X0 be a linear subspace o f X o f countable 
codimension.

(i) I f  (X,„ x„) is a (UL) space for each neN , then
(X0, ajA'o) = lim (X „nX 0, x„: neN).

(ii) I f(X n, x„) is a (ULb) space and Xn is closed in Xn+ifor all n eN  and 
X0 has property (b), then

(X0, 9|X0) = lim (A„n X0, xn: neN).

Proof, ./e prove only (ii) case. For each bounded set В of (X, 9) there
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exists m eN  such that B a X m and BeBd(Tm), see Proposition 1 of [5]. 
Hence ( I 0 n l „ :  neN ) is a bornivorous sequence in X 0. Let r be the 
topology on X0 such that (X0, t) is the inductive limit space of the sequence 
(X0 n X„, zn: neN). Obviously $|X0 < t. Since (X, 9) is a (ULb) space, then 
by Theorem 2.2 (X0, d|̂ V0) is also a (ULb) space. Hencê  т ^ 9|X0.

For the barrelled spaces case see [13].
Proposition 2.8. Let (X, z) be a l.t.s. and let X0 be a linear subspace o f 

X. I f  (X0, t|X0) is a (UL) (resp. (ULb)) space and X0 is o f  finite codimension 
in X, then (X, i) is a (UL) (resp. (ULb)) space.

Proof. It suffices to carry out a proof for the case codim X0 = 1. If X0 
is a dense linear subspace of X, then (X, t) is a (UL) (resp. (ULb)) space (see 
the first part of Section 2). If X0 is a closed subspace of X, then X 0 has a 
topological complement. Hence (X, r) is a (UL) (resp. (ULb)) space.

Remark 2.9. For a l.t.s. (X, i) let X 0 be a linear subspace. If X0 is a 
(UL) (resp. (ULb)) space, then there exists a linear topology 9 on X such that 
9|Xq = t|Xq, z ^ 9 and such that (X, 9) is a (UL) (resp. (ULb)) space. 
Indeed, by Y we denote the algebraic complement of X q in X. Let y be the 
finest linear topology on Y. Since (У, y) is ultrabarrelled, then it is a (UL) and 
hence a (ULb) space. We consider the product topology 9 :=  (r|Xr0) x y. Since 
(XT0, t|Xt0) is a (UL) (resp. (ULb)) space, then (X, 9) is a space of the same 
type. On the other hand if X 0 is an infinite countable codimensional 
subspace of X, then, in general, z is not equal to «9: Let (X, i) be an infinite 
countable dimensional metrizable non-locally convex space. Let A():=  |()J. 
Then X 0 is an infinite countable codimensional subspace of X but (X, r) is 
not a (UL) space.

Proposition 2.9. Let (X, z) be a (UL) (resp. (ULb)) space whose com
pletion X is a Baire space. I f  X 0 is a closed subspace o f X (resp. with property 
(b)) with countable codimension, then this codimension is finite.

Proof. If the codimension of X 0 is infinite, then there exists a sequence 
(x„: neN) of linearly independent vectors such that

X = X 0 + span (x„ : neN).
For each neN  let X„ = X0 + span (xl4 x2, ..., x„). For each n eN , X„ is a r- 
closed subspace of X. By Lemma 2.3 and Proposition 11 of [2] we get

*  =  U =  U *„•
n = 1 /1 =1

Since X is a Baire space, then some Xm has an inner point in X and hence 
Xm has an inner point in X, which is clearly not true. For a barrelled l.c.s. 
this is Corollary 1.4 of [12].

A subset В of a linear space is called semiconvex if there exists some 
a ^ 0 for which B-\-B a  y.B, see [4], p. 289. Let s /  be a family of sets of a 
l.t.s. (X, t) which satisfies the following conditions:
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(i) Every B e s /  is bounded, closed, balanced and semiconvex,
(ii) If B1, B2e s / ,  then there exists B3esZ, such that B1+ B 2 cr B3.

(iii) If B e s / ,  then a B e ,я/ for each а ф 0.
For B e s /  let XB = span (B). Then XB can be given a locally bounded 

metrizable topology tb, and xB is finer than the topology induced on XB by t. 
The same proof as that of Lemma 2 of [11] can be carried out for the 
following :

Lemma 2.10. Let X Q and X x be two linear subspaces o f a l.t.s. (X , i) such 
that X0 cz X x and the codimension o f X 0 in X 1 is finite. I f  for each B e s /  the 
space X0 n  В is closed, then X l о  В is closed.

Let (X, t) be a l.t.s. and sZ be a family given as above. By x^ we denote 
the finest linear topology on X agreeing with т on every subset В of sZ. In 
[2], p. 80, it is proved that the following conditions are equivalent:

(a) t = T*.
(b) Every linear map / from (X, r) into a l.t.s. (У, $) is continuous if and 

only if all restrictions f\B for all B e s /  are continuous at zero.
Proposition 2.11. Let (X, i) be a l.t.s., sZ be a family o f sets which 

satisfies conditions (i), (ii), (iii) and such that X = (J (B: B e s /) . Let X0 be a 
linear subspace o f X with property (b) o f infinite countable codimension such 
that X0 o B  is closed in X for every BesZ . I f  x = x^, then X0 is closed.

Proof. The following proof uses the method contained in the proof of 
Theorem 4 of [14], p. 187. Let x0eX\X0 and let (x0 u (xn: rieN )) be a co
base of X0 in X. Let Я  be a hypersubspace of X with

X 0 + span (xn: neN) = H.

There exists a linear functional / on X such that H = (x eX : f(x )  = 0). 
Let BesZ . We prove that Н о  В is closed. For each n eN  let

Xn = Xo + span (x0, xl5 x2, ..., x„).

By the assumption (2f„: neN ) is bornivorous and hence В c  Xm for some 
meN. Since X0 is of finite codimension in H o  Xm and H о  В = H о  Хт о  В, 
then by Lemma 2.10 we get that H o B  is closed. By Proposition 3 of [1] the 
restriction f\B is continuous in zero on B. By the assumption / is continuous 
and hence H is closed. On the other hand X0 oX\H = 0 .
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