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Spectral inclusion theorems for commuting subnormal pair

Abstract. Let (S,, S;) be a subnormal pair of commuting operators with a minimal normal
extension (N;, N,). The paper gives some spectral inclusion theorems for such pairs. They are
analogous of the well-known spectral inclusion theorem of Halmos for one subnormal operator
and also resemble Hartman—Wintner spectral inclusion for Toeplitz operators. The work
depends essentially on the ideas of Keough [5].

I. Let H be a complex Hilbert space. Let us recall the definition
of commuting subnormal pair S,, S,. We say that a commuting pair
S;, S, L(H) of operators is subnormal, if there is a Hilbert space K o H
and a commuting pair of normal operators N,;, N,eL(K) such that for
every k, [ =0

St S2f =NiN2f, feH.
The pair N,, N, is called minimal normal exiension, if

, K= \/ N¥N$'H

k120

(where \/ M, stands for the closed linear span of subspaces M,).

This is a natural extension of the notion of subnormal operator. If
SeL(H) is a subnormal operator with a minimal normal extension N, then
a(N) < a(S) (), as was proved by Halmos [3]. A similar result was proved
in [4] for a commuting subnormal pair of operators, namely

6(Ny, Np) S 04(8,, S2),

here o,(S;, S;) is a joint spectrum defined with respect to the maximal,
commutative Banach algebra &/ containing S,, S,,J. (J stands for the
identity of L(H).) The above inclusion is not quite satisfactory because it
depends on the special *‘choice of the joint spectrum of (S;, S,). There is a
canonical notion of joint spectrum introduced by Taylor in [7]. Does the

(*) If TeL(H), then ¢(T) denotes the spectrum of T.
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spectral inclusion theorem holds for this joint spectrum? We do not know
the answer in general, but in special cases the answer is: yes. In fact we will
prove in these special cases much more general spectral inclusion theorems for
some generalized Toeplitz operators. In order to formulate our results let us
recall the definition of joint approximate point spectrum of a commuting
pair of operators.

Let T;, T, be a commuting pair of operators in H.

DerFiniTiON 1. We say that (4,, 4,)€0,(T;, T;) (joint approximate point
spectrum of Ty, T3) if and only if there exists a sequence (h,) < H, ||h]| =1
such that |4, —T)hj] — 0, i=1, 2.

Remark 1. If h,=h and Ah = Th i =1, 2, then we say that (4, 4,)
belongs to the joint point spectrum of (7;, T;). We denote the joint point
spectrum of (T;, Ty) by a,(T;, Ty).

—

We begin with a few simple lemmas.
LEmMMA 1. Let S,eL(H) (i=1,2) be a commuting subnormal pair
with a minimal normal extension N;e L(K) (i =1, 2). We have

6,(Ny, N;) = 0,(5%, §%),

where the bar denotes the complex conjugation.

Proof. Let P: K — H be orthogonal projection. If (i,, A)€0,(Ny, Ny,
then there exists keK,k#0 st. Nk=4k,i=1,2. Denote by Q:
K — H* (%) the orthogonal projection. Since N}k = Z,-k, we can write

(N*=T)k = 0<> (N*—1) Pk = —(N*—T) Qk.

‘There are two cases:
(a) Pk # 0. Then we have (note that N}* H* < H*)

P(N¥—T) Pk = —P(N}—7)Qk = 0
and so
S*Pk = 1;Pk, i=1,2,
ie.
(A1, 42)€0,(ST, S3)

(b) Pk =0. This contradics the minimality of (N,, N;). Indeed, the
subspace [k] (spanned by the vector k) reduces N;, N, and k 1 H. Therefore
Pk must be different from zero.

The above cases complete the proof.

() H* stands for the orthogonal complement.
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Remark 2. One would like to extend Lemma 1 (using the Berberian
.trick [1]) and prove the following inclusion .

Un(Nl’ NZ) = GR(ST, S;)

Unfortunately the Berberian trick does not preserves the minimality of normal
extension.
Now let us consider the Taylor spectrum a(S;, S,) of (S,, S,), see

[73 0.
It is well known that for a given subnormal operator S whose spectrum
a(S) does not separate the plane

(S) = o(N)u(all holes of a(N)),

where N is a minimal normal extension of S. Since o (N)u(all holes of

o (N)) = polynomial convex hull of ¢(N) = 6(N), we can write a(S) = 6(N).
Now we prove the same equality for the Taylor spectrum.
ProrosiTioN 1. Ler (S;, S,) and (N,, N,) be the same as in Lemma 1.

We have the inclusion
O-(Sl’ SZ) < 6-(N1, N2)7
where (N, N,) denotes the polynomial convex hull of o(N,, N,).

Proof. Let zeo(S,, S,) = R and let p be an arbitrary polynomial. By
the spectral mapping for Taylor spectrum see [6] we have

Ip(2) < sup [p(Ol = sup (|4, Aea(p(Sy, S)]

{eR

=r(p(Sy, S2) =1Ip(Sy, Sl <lIp(Ny, NI

= r(p(NI’. NZ)) = Sup |P(3)Is
. 3e6(N,N,) Ny
where r(p(S;, S,)) denotes the spectral radius of p(S,, S,). Since p is
arbitrary, the proof is complete.

Cororiary L. If a(S,, S,) is polynomially convex set, then o(Sy, S,)
=d(N,, N,). v

Proof. Let ./ be the maximal, commutative Banach algebra containing
Sy, 83, 1. By the work of Taylor [7] we known that for polynomially convex

o(S;, S;) we have

0(S1, S2) =04(S;, S)).

Applying Proposition 1 and Theorem 5 of [4] we obtain the desired equality.

(%) See the Appendix.
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The above corollary seems to confirm conjecture that for any subnormal pair
(81, S2)

G(Nla NZ) S G(Sla SZ)

Using the recent result of Vasilescu [8] we also prove the next remark.

Remark 3. Let S;e L(H)), i = 1, 2, be a subnormal operator. Denote by
N;e L(K;) a minimal normal extension of S;. We put

§5,=5,®Iy,, 8§, =1I4®S5,,
Ny =N®I,, Ny=It®N,.
Then we have v
~(Ni, N)) = a(S,, §y).
Proof. Since a(N) < 0(S), i =1, 2, applying Theorem 3.1 of [8] we
get
o(Ny, N)) =0 (N)xa(Ny) S a(Sy)xa(S;) =a(5, 5)).

Note that (N,, N,) is a minimal normal extension of (S, S,).

Now we, are going to prove spectral inclusion theorems for some
generalized Toeplitz operators. First of all note that the definition of
approximate point spectrum has also the meaning for not necessary commut-
ing operators T;, T,. But it is not longer true that o,(T;, T5) # Q.
Nevertheless in what follows we will consider o,(T;, T;) for not necessary"
commuting 7;, T,. We begin following the ideas of Keough [5] (after
suitable modifications) with some necessary propositions.

Let S;, S, be a subnormal commuting pair of quasi-normal operators
(e, S;(S*S) =(S¥S)S;, i =1, 2) with a minimal normal extension N,, N,.
Let L,e{N,, N,}, i =1, 2, where {N;, N,}’' stands for the commutant of
N,, N,. For a given pair (k, ) of integer numbers we define

my(Ly, Ly) = inf {||L;kl|+|LoKll, [kl = 1, ke[N¥*N$T}.
ProposiTioN 2. For any k> 1,1> 0 we have
my(Ly, L) = my_ 1 (Ly, Ly).
Proof. Take he H for which ||[N¥*N%*'h| = 1. We have
IILy N¥'N3'H +||L, Nt N3'hl| |
= IL;N¥*"" N3 N hj| +|[L, Nt*"" N3' N h|
= m_ (L, Lz)”N’fuq)NglNlh” =my_1,1(Ly, Ly).

Since h is arbitrary the inequality‘ follows.
ProrosiTioNn 3. Let (S,, S;) be a subnormal commuting pair with a



Theorems for commuting subnormal pair 223

minimal normal extension (N,, N,). Assume that S, S, are quasi-normal and
Ker S, =Ker §, = {0}.
Then [N¥H]2H, i=1,2.
Proof. The proof is the same as Lemma I1.3.5 of [5] and is omitted.
As the corollary of the above proposition we obtain
CoROLLARY 2. For any k>1,1>20,

ma(Ly, Ly) < my_y (Ly, Ly).
Proof. Since [N¥H] = H the proof is immediate by the inclusion
[N+*""N$'H] < [N}'NY'H].

Now we are able to prove (promised before) spectral inclusion theorem
for generalized Toeplitz operators. Let P: K — H be the orthogonal projec-
tion. For Le{N,, N,}’ we define generalized Toeplitz operator T, on H by

T.f =PLf, feH.
TueoreM 1. If S,;, S, is a commuting subnormal pair of quasi-normal
operators, then for any Lie{N, N,}, i=1,2,
ox(Ll’ LZ) s an(nla ’TLZ)

Proof. (a) Assume first that Ker S; = Ker §, = {0}. By Corollary 2 and
Proposition 2 we have

m;;(Ly, Ly) = moo(Ly, Ly), i,j=0.

If (0, 0 ¢0,(Ty,, Tp,), then moo(Ly, Ly) > O (by the definition of ¢,(T., T.)).
Since

K= U [N¥NYH] (the closure).

Applying Proposition 3 we see that (0, 0)¢o0,(L,, L,) (by the definition of
moo (L, L))
(b) Let Ker §; = M,. Writing the matrix of

Si A .
Nl"(o Bi>’ l"‘l’ 29

with respect to the decomposition K = H®H*, we obtain by the quasi-
normality of S; and a straightforward matrix computation the equality

! Ker N;=Ker §;, i=1,2.
Thus M; (i=1,2) reduces both S, and S, and we have the following

decomposmons

3
@ SP = 0@0@SPDSY, S,= @ SP =0DSPD0DSY,

k=0 k=0
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where S{2, ¢, SV, S are injective operators. Since (N,, N,) is minimal we

have
3

3
N, = ® N¥ = 0Q0@NPONP, N,= @ N = 0@NPOODNY,
k=0 k=0
where (N, N¥) is a minimal normal extension of (S, SP). Now it is easy
to see that L and T, are of the form

3 3
L= I T.= k@o TLtkn

k=0
where [V = (L%, [Y), IV e (NP, NP}'. Thus we have

3 3
Op (L) = U on(L(k))’ Jn(TL) = U O-n(’IL(k))'
k=0 k=0

To prove the theorem it is sufficient to show that the inclusion
a.(L) € 6,(T;) holds true, or equivalently, to resume the hypotesis of the
theorem to the following three cases:

1°§,=8,=0,2 S, =0, Ker S, = {0}, 3° Ker §; = Ker §, = {0}.

Cases 1° and 2° are simple. Indeed, we have respectively:

I“ Ny=N,=0and 22 N, =0 and N, is a minimal normal extension
of S,.

Hence in case 1° there is nothing to prove and in case 2° the proof is an
easy adaptation of the above proof of case (a). Case 3° was considered above
as case (a).

The proof is complete.

Note that for commuting L,, L, we have o,(L;, L) # @. Thus from
the above theorem we derive

CoroLLARY 3. For any commuting pair
Lie{Nl’ NZ}I’ 0-71(7“L19"1-‘L2)7é q)

This is not obvious, because T, T;, do not commute in general In
particular case for L; = N;, i =1, 2, we have
- O'n:(NhNZ)—C—O-u(Sl,SZ)'
Since

and
0.(Ny, Ny) =0d(Ny, N3)
we also obtain
CoroLLARY 4. If (S,, S,) is a quasi-normal commuting subnormal pair with
a minimal normal extension (N, N,), then

6(Ny, Ny) € a(S,, S,)-
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Proof. By the result of [8] (see also [2]) we know that

an(Sl’ Sz)UO'u(ST, ;) S 0(S19 SZ)

and the proof is immediate by the preceding remarks.

In what follows we shall give a simple relation between spectral inclu-
sion theorem for subnormal pair and the above theorem. Let (S,, S,) be a
commuting subnormal pair with a minimal normal extension (N,, N,).
Assume that o(N,, N;) € (S, S;). We have the following consequences:

(i) For any L,e{N,, N} such that L,L, = L,L,, L,, L, are normal
and LH < H (i=1,2), o(Ly, L) So(Ty,, Tp,);

(i) For any polynomial p(zy, z,), |lp(Ty,, Tl =llp(Ly, z)Il

(iti) o(Ty,, Tp,) S 6(Ly, Ly).

Proof. (i) The proof is a simple modification of the proof of Proposi-
tion 1144, of [5].

(i) This is immediate because p(T., T.,) = T, (Ly, L,).

(iti) A similar reasoning as in the proof of Proposition 1.

1I. Now we shall consider (following Keough) spectral inclusion pfoperty
for S;, S, of different type. Namely we have the following

DeriNTION 2. We say that a given commuting subnormal pair (S, S,)
with a minimal normal extension (N, N,) has C*-Spectral Inclusion
Property (SIP), if for any L,, L,eC*(N,,-N,) (C* algebra generated by
Ny, N,, J)

G(Ll, LZ) = an(nls TLZ)'

We are going to give some equivalent conditions to SIP. First let us
recall the notion of the angle a(M,, M,) between two closed subspaces
Ml’ Mz (e H, Ml mMz = {O} Namely

cos a(My, My) = sup [(my, my).
mieM
]l =1
Before stating the promised equivalent conditions to SIP we prove the
following
Proposition 4. Let % = {(Ly, L,), L,eC*(N,, N,), st. (L, L,)
S 0,(Ty,, Tp,)}. € is normed closed.
Proof. Let L™ = f{"(Ny, N,)e%, where f™eC(c(Ny, N,)). Assume
that N

L}n)__,—’Li=fi(N1,N =12

3 — Prace Matematyczne 23.2



226 J. Janas

We have to show that (L,, L,)e¥. Take ¢ > 0. Assume that dist (0, 0),
0.(T;,, T;,)) > 3¢, where dist ((0, 0), (4;, 45)) = |4,]+|4,].

Let 0={z=(z,z;)eC? dist (z, 6,(T},, T;,)) <e}. By the semi-
continuity of the mapping (T;, T;) —» 0,.(T;, T;) (which can be easly proved
by the definition of ¢,(T;, T5)) there exists > 0 s.t.

0.(4;, A) S0, when |4 -T;)l <5, i=1,2.

Thus
6, (Tw, T(y) 0, when n>=ng
S IS

(because ||f;"— f}| < min (e, 8) for n > ny). By our assumption we obtain
(for n > ng) o(L{, LY) = 0. It follows that
(*) [Al 44,0 > 26 for (A, A)ea (L™, L") and n > n,.
' Assume for contrary that
(0, 0€a(Ly, Ly) = o (f; (N1, Na), /2(Ny, N))
={(/1(2), 2(2)), zea(Ny, No)}.

Let u be a scalar spectral measure for (N;, N,). Then for

A ={Aea(Ny, Ny, li(DI+2(D)] <&}

we have u(4) > 0.
Pick up n, st.

il = 1™ ~%e fornzn, i=1,2.

. Now for n > max (ny, n;) we have (by (*))

e p(d) > [ (Al +1fDdp = [ A" £1 5" ~e)du
4 4

> [ (2e—e)dpu = &~ p(4).

This contradiction préves the proposition.

Now we are ready to formulate the next theorem (this is a result
analogous to III, Theorem 5.1 of [5)).

THEOREM 2. Let E be the spectral measure for (N,, N;). The following
conditions are equivalent :

(1) (S, S;) has SIP,

(i) «(E(4)K, H) =0 for every relatively open set A < a(N;, N)),

(it) 0(Ny, N3) = 0,(S;, §).

Proof. (i) = (i) = (iii).
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The proofs of the above implications are an obvious adaptation of a
suitable part of the proof of III, Theorem 5.1 of [5].

(iii) = (i).

By Proposition 4 it is enough to show that for any polynomials (in
Zy, 21, 23, Z9) Pi(z, 2), i =1, 2, we have

(p1(N*, N), p,(N*, N)) = 02 (T, v, mys- Toyvmm)-

Let p,(z, Z) = p,(z, Z), where p,(z, 2) is the same polynomial written with the
terms grouped as

m
pz.=3Y ( Y ohZiFAAh) r=12
k=0 i+j+s+t=k

A straightforward matrix calculation shows that

T, vom = Ty = 0:(S*,8), r=1,2.

by

By assumption we can write

a(p1(N* N), p2(N*, N)) = {(p1 (£, 1), p>(, 1)), Aea(Ny, N3)}

= {(Pl (4, A, p. (4, ’1))’ Aea,(Sy, Sz)}‘
Therefore it is sufficient to prove that
{(Pr(Z, D), p2(4, 1), A€, (Sy, S2)} < 0, (Py (5%, ), P2(S%, S)).
Nov.v we can write:
(+)  SESYSIS T Eh Ak
= SY 53183 (Sh— M)+ 2 ST SY (S - 2+
+21 25 SY (S - )+ A L A (ST - T).

Since S§; are subnormal so H(S;,"——/Tp) Wi <I(S,—A)hll, heH. If (44, 4,)
€0,(Sy, S,), then for a certain sequence

(hp) c H’ “hp” = 1, “('lr_Sr) hp” pj; 0’ r= 1, 2.
By (+) and the trivial equality p,(4, 4) = p,(4, 4), r =1, 2, we obtain
(2 (5%, 9= p.(E k] — 0, r=1,2.

Thus (p, (2, 4), p,(4, ))ea, (P, (S*, S), P.(S* 8)) and the proof is complete.
We can also give a different condition which is equivalent to SIP.
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Namely for L,e C*(N,, N,) (i =1, 2) we define
oy(Ly, Ly) = {(4y, A)eC? 3 (h) = H,
[lhll =1, such that ||(A;—L)h,| — 0, i=1, 2}.
p=r

We conclude our paper with the following
ProrosiTioN 5. For any L,, L,eC*(N{, N;)

G(Ll, LZ) = an(nl) ’1},2)¢ a(Ll, L2) = GH(LI’ LZ)'
Proof. The implication <= is clear. Suppose now that L; = ¢,(N,, N;)
€C*(Ny, Ny), ¢;€C(o(Ny, Nj)). Let Aeo(Ly, L;). Take 4,<o(L,,L,)
relatively open sets s.t. A€ ()} 4, and diam 4, — 0. Put @ =(¢,, ¢,). We

n=1

see that ®7!(4,) is relatively open set. Applying Theorem 2 there
exists (h,) < H, ||kl =1, sit.

IE(@ ")) >/T-1/n, n=1,2,...

Thus

L= A )2 = j @i (2)~ 4|* d(Eh,, h)+

®-1(4,)

2
" f |9:(2) = 4" d(Eh,, hy) < (diam A,.)Z“lﬁﬂg;zﬂi

a(N,,N)\P~1(4)

The proof is complete.

Appendix. For a convenience of the reader we shall recall now the
definition of a joint spectrum of two commuting operators given by Taylor
71

Let X be a Banach space. Suppose we are given two commuting
operators T, e L(X), i =1, 2. Consider the sequence

(*) 0-XBxax%Xx -0,

where 6, (x) = (— Tpx, T;x) and do(xy, X3) = Ty x; + Trx,.

Since T, T, = T, T, it is obvious that 6,08, = 0 so that (*) is a chain
complex.

We say that (T, T,) is non-singular if ( *) is exact. Now the definition of
o(T;, Tp) is clear. Namely o(T;, T;) is equal to the set of all (4,, 4,)eC*
for which (T; —4,, T,—4,) is singular.
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Added in proof. The inclusion o(Ny, ..., N) < a(Sy, ..., S;) holds true
only commuting subnormal system (S, ..., S;), as has been proved by

. Putinar (preprint).

\
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