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A generalization of Reich’s fixed point theorem

Abstract. In the paper we give a generalization of Browder’s fixed point theorem
for inward maps which enables us to obtain results concerning generalized condensing
maps.

DrriniTION 1 [4]. Let a set X and a function § be given that satisfy

the following conditions:

(1) B: X XIXX3 (% t,y)— S, y)eX;

(2) 8:(0,9) =9, 8,(1,y) =o for any v, ye X.

Then for any non-empty set A < X, let coSA =inf{Dc X: 4 <D
and for any 2ed,telS,(t, D)= D}. For A =0,let coSA = 0.
If coSA = A then A is S-convex.

DEeFINITION 2 (cf. [4]). A space X is S-contractible if S satisfies con-
ditions (1), (2) and for any 2 e X {8, (¢, -)} is a homotopy joining the identity
with a constant map ([1], p. 22).

DEFINITION 3. A space X is S-contractible if it is S-contractible for §
such that for any A ¢ X coScoSA = coSA.

DEFINITION 4 (cf. [4]). A space X is of type I (type I) if there exists S
such that X is S-contractible (S-contractible) and

(3) for any neighbourhood N of any # € X there exists a neighbourhood U
such that coSU < N.

Let (M, d) be a metric space. For the non-empty sets 4, D <« M and
r>0, let us write d(A,D) =inf{d(z, y):wcAd,yeD}, B(A,r) ={x
€M:d(A,») <} and diaAd = sup{d(»,y): @, y € A}.

The following theorem was proved in [4].

THEOREM 1. Let A be a compact type 1 subset of a metric space (M,d)
a'nd_ let f: A>M be a map. Let wus write for zeM,s>0 A(zs)
=co8{B(z, d(z, A)+s)nA} and A, = () A(2, 8). Then the condition

§>0

(4) for every ze MNA, fl(2)nA, =G
implies Fix f +# @.
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Ky Fan [2] has proved the following:

THEGREM. Let A be a non-empty compact convexr set in a locally conver
linear Hausdorff topological space X. Then if a continuous mapping f: A—-X
satisfies

(3) for every y € A there exists ¢ € C, |¢] < 1, such that cy+ (1 —¢)f(y) € 4,

then Fix f +# O.

PROPOSITION. Let A be a conver subset of a linear normed space X.
If z¢ A and (B) holds with z in place of fly), then y ¢ A,.

Proof. Suppose y € A,. Then |z—y| = d(z, A), because for S,(i, y)

=i+ (1L—1t)y we have A, XAB(s, d(z A))nA. On the other hand,
y+(1—c)zed and thus [z—cy—(1—0c)2l< le] le—yl+(1—0) [z —2]
< d(z, 4) is a contradiction.

The Proposition shows that Theorem 1 is more general than Ky Fan’s
theorem in the case where X is a linear normed space (simple examples
show that these theorems are not equivalent).

LEvMMA. Let X be a S-contractible space and g: X—>2% a set valued
mapping. 1f there is a compact set D < X for which § (D): = |J g(=) < D,

xeD

then there also ewists a set O = coSC with coSg(C) = C.

Proof. Let #F: = {F = coSF < X:co8¢g (F) = F}. Obviously, F
# @ as X € #. There exists a maximal chain ¥ « # consisting of sets
G e # with GND s @. Then C: = (|G is non-empty; moreover, C

Ge%

= ¢o8C (cf. [4]) and coS ¢ (C) < C. Besides we have coSg(C) e ¥ as @
# g (DN0O) < D. Therefore coS g (C) = C as o8 ¢o8g (C) = coSg (0).

THEOREM 2. Let A = A be a type I subset of a metric space (M, d)
and let @ map f: A—~M satisfy (4). If for any C <= A for which Apc

< C{dyey : = \UJ A,), it follows from the compaciness of O\coS Ay, that c
@&f(C) :
i8 compact, Fix f £ O.

Proof. Let g(x): = Ay, for # € A and let D = A be any compach
set. We take a minimal set £ = B containing D and such that ¢ (E) < E.
We can see that E\g (F) = D, because (E\J (B))N(AND) is relatively
open in B and would be rejected when nonempty. Therefore, E must be
compact. According to Lemima there exists a set C such that coS g (€)= C
and so ¢ must be compact. It can be seen that if f(x) ¢ C, f(») ¢ 4 and
@ ¢ Oy, and hence f has a fixed point in C.

THEOREM 3. Let (M, d) be a S-contractible metrie space and let A = oS 4

be a type I subset of M for 8. Let f: A—M be a map. Suppose that for someé
ze A and for any C < A satisfying § (C): = S, (I, f(C))NA = C it follows
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from the compaciness of C\coS g (d) that C is compact. If, in addé'tion,
(6) for any € = o8 §(C) and zef(ONA, A,nCNf1(e) =0

holds, f has a fized point.

Proof. Let g(v): = S,{I, f(#))nA. Similarly as in the proof of The-
orem 2 we obtain a compact set ¢ = coS g (C), and hence, by Theorem 1,
Fix f = @.

Remark 1. Theorem 3 is more general than Reich’s theorem ([5],
Theorem C), because if a map is condensing for Kuratowski’s measure of
non-compactness in a Banach space, it is condensing for a class of measures
[3]1 and is generalized condensing too. Besides, by [5], Lemma 3, it follows
from (6) that the inwardness condition holds.

Remark 2. We can take condition (2) [4] (Leray—Schauder boundary
condition) with w = 2z instead of (6) in Theorem 3 for any open convex
subset A of a Banach space where S,(1, y) = tx+(1—1)y.
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