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On two linear topologies on Orlicz spaces L * v. I

Abstract. In this paper we consider two linear topologies on Orlicz spaces L*?, 
where <p is a ç>-function and E  is a finite-dimensional Euclidean space with the usual 
Lebesgue measure. We denote these topologies by and In § 1 we prove that
if cp is an JV-function, then these topologies are locally convex. In § 2 we compare the 
topologies and with the topology generated by the F -norm. [|- ||<p in L and 
in § 3 compare the 99-modular convergence of sequences (xn) in I*jf with convergence 
in the topologies and Finally, in § 4 and §5  we prove that the spaces
{FfF, and are separable and complete.

In the case where cp is the Orlicz function which satisfies the Z)2-condition 
and E  is a finite non-atomic measure space, then the topology &'<4> was considered 
by Ph. Turpin ([8], Chapter I, Theorem 1.2.2).

§ 0. Introduction.
0 .1 . cp-functions.
0.1.1. I t  is said that a function cp: [0, oo)->[0, oo) is a cp-function if it is 

continuous, non-decreasing and such that 99(0 ) = 0 , <p(u) >  0  for и >  0  
and <p(u)-> 00 for u->oo.

0 .1 .2 . A 99-function cp is called an N -function if it admits the represen
tation

■where p(t) is right-continuous for t ^  0, p { 0 ) =  0, p(t) >  0 for t >  0, non
decreasing and p(t)->oo for 00 ([2], p. 6).

I t  is sometimes useful to use the following definition of an N-iunction : 
A 99-function 99 is called an N -function if 99 is convex and satisfies the con
ditions

U
cp(u) =  J p { t )d t ,

0

«М
m—*0 и

oo ([2], P- 9).
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0.1.3. Let 9? and ip be ^-functions.
(a) I t  is wrote ip <  tp if there exist constants a >  0 and b >  0 such

that
ip(u) <  шр(Ьи) for u ^ O .

(b) We shall say that a ^-function cp increases essentially more rapidly 
than a cp-function ip and shall write ip < <p if, for an arbitrary c >  0 ,

ip(cu) , ip(cu)
Ym\-r \ =  0 and lim r \ ■/ =  0 ([2], p. 144; [5]).
Ur~± 0  W ->  OO ^ P \ ^ )

(c) We shall write ip<\ cp if, for an arbitrary c >  0, there exists 
a constant d >  0 such that

ip(cu) <  dcp(u) for и >  0 .

I t  is easy to check that if ip cp, then ip<\ <p ([5]).
(d) I t  is said that <p satisfies the A 2-condition if there exists a constant 

d >  1  such that

9o(2u) ^  dcp(u) for u ^ O  ([2], p. 23).

(e) I t  is said that <p satisfies the V2-condition for large (small) values of 
и if there exist constants d >  1 and uQ >  0 such that

2 cp(u) <  <p(du) for и >  u0 {u <  u0) .

0 .2 . Orlicz spaces.
0.2.1. Let E  be a finite-dimensional Euclidean space with the usual 

Lebcsgue measure. For a ^-function cp and a real valued function x defined 
and measurable on E  we write

Q(p{x) =  f  <p(\x(t)\)dt.
E

By L*9 we denote the linear space of those functions a?for which q̂ Xx) <  oo 
for some X >  0, and by L 09 the linear space of those functions x for which 
Qq,{Xx) <  oo for all X >  0 ([3]). I t  is well known that if ip «< cp, then L*9 
c  L*v ([3]). I t  is easy to verify that if ip<\ cp, then L*9 a  L0y> ([5], proof of 
Theorem 1).

0 .2 .2 . Let 9? be a 97-function. A sequence (xn) in E *9 is called cp-modular 
convergent to x e L *9 and is denoted by

<pxn->x

if there exists*a constant X0 >  0 such that Q4>(X0{xn — x))-^O ([3]).
0.2.3. In L *9 we may define an E-norm :

INI* =  inf {X >  0: qv{x ]X) <  X}.
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The space L *9 is complete with respect to the F-norm || 1̂ . Moreover, if 
ep is an F-function, then in L *9 we may define also a Б -norm:

INI* =  inf {X >  0 : Qv(xlÂ) <  1};

this norm is equivalent to the F-norm || \\fp ([4]).
Throughout the paper we shall denote by 2Г  ̂ the topology on L *9 

generated by the F-norm ]| |jp.
0.2.4. T h e o r e m . Let (xn) be a sequence in L*9. Then
(a) K H ^ O  implies a?n^>0,
(b) xn~-> 0 implies IKJ|,,->0 i f  and only i f  cp satisfies the A 2-condition ([3]).

0.3. Some equalities for Orlicz spaces. Let cp be a ^-function. Denote 
by T <9 (W<9) the set of all ^-functions ip such that ip <] cp (ip < 9?). I t  is shown 
in [5], Theorem 2, that

(1) L *9 =  П  L 09.
y)€

In the case where cp is an Orlicz function which satisfies the A2-condition 
and F  is a finite non-atomic measure space, then the above equality was 
obtained by Ph. Turpin ([8], Chapter I, Theorem 1.2.2). Since L *9 c  L ° 9 
for each ip e W<9 and W<4> a  T <9, it follows from equality (1) that

(2) L *9 =  П  L ov.
ye ï'O'P

0.4. Topology of convergence in measure.
0.4.1. Let S be the linear space of real-valued functions defined and 

measurable on F . Then in S a pseudo-modular may be defined as follows :

M «) =  10 e F :  \x{t)\ >  1}|.

Pet S0 be the subspace of S consisting of all functions which are almost 
everywhere finite valued. Then in $ 0 an F-norm || ||0 may be defined as 
follows:

||a?||0 =  inf je >  0: \{t e F :  |®(i)| >  e}| <  eji

Throughout this paper we shall denote by the topology on SQ generated 
by the F-norm Ц jj0.

I t  is seen that a sequence (xn) in S0 is convergent to x e S0 in the top- 
ology зг0 if and only if a sequence (xn) is convergent to x in measure. More
over, for every ^-function 9? we have that L *9 c  S0 and that the topology 
У  v is strictly finer than the topology restricted to L *9 ([8], p. 30). 

0.4.2. T h e o r e m . The space {S0, STf) is complete ([8 ], p. 30).
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0.4.3. Theorem. Let <p be a <p-function. Then the balls 

K v(r) — {x e L *9: ||a?||̂ <  r}, where r >  0 

are closed in the space (SQ, &~0) ([8 ], p. 30).

§ 1. Definitions of linear topologies ЗГАч> and 3T<9 on Orlicz spaces.
1.1. Definition. Let cp be a ^-function. Since L *9 a  L°v for every

ip e Ï /<|9’, we have two linear projective systems:

(1 ) V  L** =5. <£°* r v), where ip e W<9

(2 ) v  z *9 =М £°',-П ), where ip e W<9

where ST'4, denotes, for every ip e 4/<9 {ip e XIJ< 9 )1 the usual topology p ,  on L *v 
restricted to L°v.

We shall denote by ST̂ 9 and ST<9 the linear topologies of the projective 
systems (1 ) and (2 ).

The topology 2T<9 {3T<9) has a base of neighbourhoods of 0 consisting 
of all sets

П
i —1

where ip4 e Т <9{1р{ e 4J<9) and Uv. is a neighbourhood of 0 for the topology 
sr'v on L oy,i ([7]), Since j " 1 ( U4,.) =  L*9n L\. and Лщ =  К щ{гг)с\Ъ0̂ , where 
r{ >  0 and K n {rf) =  {x e L *9i: \\х\\щ <  r^, this base of neighbourhoods 
of 0 for F <9 {ZT<9) consists of all sets of the form

k
P| K w.{rf) nL*9, where ip4 e W^ 9 {ip4 e 4/<9) and r4>  0 .
г~ 1

1.2. Theorem. The topology {ZT<9) has a base o f neighbourhoods 
of 0 consisting of all sets o f the form

K v{r) nL*9, where ip e 4J< 9  (ip e W<9) and r >  0.

Proof. I t  suffices to show that, if ipx, . . . ,  ipk e Т <9 (ipv . . . ,  ipk e W<9) 
and r17 . . . ,  rk >  0 , then there exists ip e XIJ<]9 {ip e ¥J<9) and a number r >  0 
such that

K w(r) С П  К  (и).
г—I

In fact, let us set ip(u) =  max(^1( w), ... ,■ipk{u)) for u^O . Then ip e Т <9{1р 
e W<9). Since ip4{u) <  ip{u) for и >  0 , it follows from 0 .2.1 that

L*v c  j fv i  an(j  \\х\\щ <  ||a?|l̂ for every x e L *4’.

Hence, for r — min(rx, . . . ,  rk), we have
K v{r) c  K V{{r4) for i =  1 , . . . ,  h .
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1.3. Co r o l l a r y . A  sequence {xn) in L*v is convergent to x e L*(f in 
the topology (3L<4>) i f  and only if

||a?w — гр|!у->0 for every i p E ^ *  (y e!P<?).

Now, we shall show that if 99 is an Ж-function, then the topologies 
and 9~<4> are locally convex. The proof is based on the following lemma.

4
1.4. L em m a . Let 9? be an N-function and y> a rp-function such that 

у <4 (p (y <199). Then, there exists an N -f unction ip0 such that

* y>0 99 (%<CI99) and y>{u) ^  ip0(2u) for и ^ 0 .

Proof. Take an arbitrary Ж-function щ  such that 'ipl < 99 (-̂ xO 99). 
Let us set ipz{u) =  тах(у(ад), Wx(u)) f°r 0* We see that щ  satisfies 
conditions (0Х) and (oo2), i.e.

lim
M->0

Уа(Ц)
U

=  0 and lim
U -+ O Q

vAu)
и

oo.

Indeed, we have

<  lim <  limz<?± +  =  0 ,
m -*0  U U u-*-0 U m->0 U

v V>a(«0 ^  r T Vi(«) lim --------- >  lim -------- =  oo,
и и

0 for s — 0 ,

hText, let us put

p (s) =

At last, we define a function щ by the equality

sup ( f 2{t)jt) for s >  0 .
0  < t < S

U
y0(u) =  Jp(s)ds.

0

In virtue of the conditions (02) and ( oo,), the function щ is an Ж-function. 
I t  is easy to verify that

tp(u) <  % (2 u) for и >  0 if у ^ 99 (^<] 99).

2m

% ( 2 u) = j  p(s)ds >  p(u)u,

Indeed, since
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and

we have

ip2{t) ip{t) ip{u)
p{u) =  snp ------->  sup ------ - > -------

0 < « m t  0<<<w t  U

ip0 { 2 u )  >
y { u )

и
и =  ip {и) for и >  О,

Now, we shall show that if у cp and ipx <4. у then ip0 <4 <p, i.e. for arbitrary 
c >  0 , s >  0 there exist constants u\ >  0 and u] >  0 such that

ip0 (cu) <  eq>(u) for и ^  u] and и >  %.

Since ip0{cu) <  p{cu)cu, it suffices to show that

p  {cu) <  ecp (и)leu for и <  u\ and u ^  %.

In fact, since ip q>, ipx < 99, there exist constants ux >  0 and u2 >  0 
such that

ip{u) <  s(p{%ijc), ipx{u) <  £<p(u/c) for u <  ux and и >  u2.

But ip2{u) =  max.{ip{u), ipx{u)), hence there holds

щ{и) ^  E(p{u)c) for и <  ux and и >  u 2.

First, let u\ — щ/с. Since cu <  cu] <  ux for и <  и\, we obtain

e(p{u)ip2(t) E(p(t/c)
p  {cu) =  sup —— - <  sup ---------

0<«cw i> 0 <<<CM t cu

Next, let u2 >  0 be a number such that e(p{u)/cu ^  К  =  sup (ip2{t)ft) for
0<<<«2

u >  ^2- Then, for и ^  Uq =  max (w2, u2), we obtain

p(cw) =  sup
0 <t̂ cu

V>2(t) =  max I sup
\0<«w,

ViV) Va(<)\-, sup 1
•t<2 «<CU£ «

<  max ( i ', sup -  m ax ( г , Z ™ .
t I \ CU } cu

Thus, we obtain ip0 <4 <p.
Finally, we shall show that if ip<] 9? and ipx<]<p, then ipQ <] 9?, i.e. for an 

arbitrary c >  0 there exists a-constant d >  0 such that

y>0 {cu) <  d<p{u) for и >  0 .

In fact, since ip<\<p and ipx<]<p, it follows that for an arbitrary c >  0 there 
exists a constant d >  0 such that

ip{u) <  d(p{ujc) and ipx{u) <  d<p{îijc) for и ^  0 ,
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from which it follows that

ip2(u) <  d(p(ujc) for и >  0 .
Therefore

w2(t)p(cu) — sup -------<  sup
d<p(njc) d(p{u) ш

t cu 1

hence ip0(cu) <  p(cu)cu  <  dcp(u) for u ^ O . Thus, we obtain ip0<3<p.

1.5. T h e o r e m . I f  (p is an N -function, then the topologies вГ<9 and ZT<9 
are locally convex.

Proof. Prom Theorem 1.2 we know that the system of all sets

constitutes a base of neighbourhoods of 0 for £Г<Ч> (£Г<<Р). Рог an Ж-function 
ip0 we define -

where U C  i» the .В-norm in L *90 which is equivalent to the P-norm || 1̂  . 
We shall prove that the system of all sets

K °o(r)n L *<p, where ip0 is an Ж-function, ipQ<\(p (ip0<i <p), r >  0 ,

constitutes.a base of neighbourhoods of 0 for 3~Л9($~<<p). Since for an arbit
rary Ж-function ip0 the P-nor ms |j ||v; and |j ||° are equivalent in L*9«, it suf
fices to show that for every neighbourhood of 0 for 2ГК of the form

there exist an Ж-function ipQ e F <i9 (ipQ e F <9) and r0 >  0 such that

Indeed, let ip be an arbitrary ^-function such that ip e F^9 (ip e 4J<9). 
Let r be an arbitrary positive number. Then, from Lemma Ï.4  it follows 
that we can find an Ж-function ipQ e F^9 (ip0 e F <9) such that

On the other hand, since the P-norms || ||v and'|| ||° are equivalent in L*v°, 
!t follows that there exists r1 >  0 such that

K v(r)nL*9, where ip e F <9 (ip e F <9), r >  0,

i r Vo(r ) =  {х е Ъ ^ : \ \ х \ \ ^ < т}

I fv,(r)n.L*'p, where ip e F^ 9 (ip e F <9), r >  0

K lo(r)nL*9 c: K w(r)^L*9.

, ip(u) <  ip0(2u) for 0 .

Hence
(*) INIV <  l|2®||Vo for every x e L*9о.

{**)

^OW, let r0 = r j /2 and let x e K °o(r0)nL*9.
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Then ||2л?||°о <  rx, and using (**) we have ||2æ||v <  r. Hence by (*) we obtain

constitutes a base of neighbourhoods of 0 for 3T<i(p, it suffices to show 
that for every у e W^9 and r >  0 there exists rx >  0 such that

Indeed, let у be an arbitrary ^-function such that yj e W<9. Let r be an 
arbitrary positive number. Then there exists a constant d >  1 such that

Let гг =  min(2ujr, 1). Then ||a?||4>< r 1 implies \\oo\lp <  r. Indeed, if ||a>||v 
<  rx <  1 , then q9{x) <  r/2d, and hence

Hence ||®||v <  r/2 <  r.

From Theorems 2.1 and 2.2 we have

2T<9 c  #-<v c

2.3. Theorem. Suppose that a (p-funetion 90 satisfies the A condition. 
Then

IMIV< IM Vo < r.

Thus œ e Z v,(r)n l*?’.

§ 2 . Comparison of the topologies ÿ~<9 and r̂ lf.
2.1. Theorem. Let <p be a (p-function. Then

ç- Ч>

Proof. I t  follows from this that XF <9 c  F^9.

2.2. Theorem. Let cp be a <p-function. Then

Proof. Since the system of all sets

K v (r) n L*9, where y e F <v,

K 9{rx) < z K ^ r ) .

в  ' ' в

Proof. I t  suffices to notice that if cp satisfies the zl2-eondition, then
\p<<p
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Now we shall show that if y does not satisfy the d2-condition, then 
5"<l9> is strictly weaker than Namely, we have the following theorem.

2.4. Theorem. Suppose that a y-function y does not satisfy the Az-con
dition. Then there exists a sequence (xn) in L*(p such that

<«-<3 (p #
xn—— >0 and Q<p(xn) >  1 for every integer n >  0.

Proof. Since y does not satisfy the A2-condition, it follows that for 
an integer n >  0 there exists a number un >  0 such that

(*) <p(2Un) >  ny{un).

Let (En) be a sequence of measurable sets in E  such that

№ n\  =  ] Г  »ny(un)

and let us put

\2un for t e E n,
xn{t) =

(0 for t $ E n.

Then ||a?J|v->0 for every у e W<<r, i.e. xn-̂ -~ >0.
Indeed, let у be an arbitrary 99-function such that y e W<4>. Let e be 

an arbitrary positive number. Then there exists a constant d >  0 such 
that 1

2 и 
e

Let N  be a natural number such that N  >  djs. Hence, for n ^  N  we obtain

j^ d y (u ) for u^O.

Qy>
1 d

---------<  — <  e
ny{un) n

so we have ||#J|V <  e. On the other hand, by (*) we obtain

y(2un) . .
g (xn) = ---------->  1 for every positive integer n;

ny{un)

hence
The topology ST<,f is always strictly weaker than the topology
2.5. Theorem. Let у be a y-function. Then there exists a sequence 

(®n) w L*9 such that
з-<ч>>0 and Qv{xn) =  1 .
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Proof. Let (un) be an arbitrary sequence of positive numbers such that 
un->oo. Then, let (En) be a sequence of measurable sets in E  such that

Define

Then

\En\ =  1 l<p(un)-

xn{t) =
for
for

t e E n,
t ФЕП.

IKIIv->0 for every ipeW <<p, i.e. xn------>0.

In fact, let ip be an arbitrary ^-function such that ip e T <4>. Let e be an 
arbitrary positive number. Then there exists a number u0 >  0 such that

ipiuje) <  e<p(u) for u ^ u Q.

Let Ж be a natural number such that un >  uQ for n >  N. Then

?v>K/£) =  v (unle) e for<p{un)

hence ||®n||v-> 0. Thus, we obtain con-- — >0.
gr

On the other hand, Qv((vn) =  <p{un)l<p{un) =  1; hence xn i >0.

§ 3. Comparison of convergence of sequences (xn) in L*v in the top
ologies N'<j4> and 9~<<T with the ^-modular convergence.

3.1. Lemma. Let cp and ip be (p-functions such that ip<]<p. Then 0 
implies for a sequence (xn) in L

P roo f. Let A0 be a positive number such that Since
ip<](p, for an arbitrary number e >  0, there exists a constant d >  0 such 
that
(*) ip(u/e) <  dp{À0u) for u ^  0 .
We have

j  <p(t0\xn{t)\)dt-+0;
E

hence there exists a natural number N  such that

{**) ' J p[À0\xn(t)\)dt <  e/d for n ^ N .
E

Prom (*) and (**) it follows that

Hг,-» '

K W I dt^Cd f  <p(*oK(t)\) dt <  d
d

e for n^ N -,

hence \\xn\\v <  e for n ^  N.
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This lemma implies the following theorem.
3.2. T h e o r e m . Let p be a p-function. Then xn-> 0 implies xn------>0

for a sequence (xn) in L v<p.
3.3. Co r o l l a r y . Suppose that <p satisfies the A 2-condition. Then

xn >̂ 0 i f  and only i f  #w-  0 for any sequence (xn) in L*(p.
Proof. I t  suffices to remark that if p satisfies the A2-condition, 

then by Theorem 2.3 we have that 2Г  ̂ =  £T<(p.
3.4. T h e o r e m . Suppose that a p-function p does not satisfy the V2- 

condition for large values of u. Then there exists a sequence (xn) in L** such 
that

xn^ -(p »0 and xn̂ -h>0.

Proof. Since p does not satisfy the P 2-condition (0.1.3.e) for large 
values u, it follows that for every positive integer n there exists a real 
number un with un ^ n  such that

(*) 2 p(un)> p (n u n).

Let (En) be a sequence of measurable sets in E  such that

1Д .1 =
and let us put

\nun for t e E n,
X„(t) =

0 for t $ E n.

First, we shall show that xn—— >0. Indeed, let ip be an arbitrary ^-func
tion such that p e W<<p. Let e be an arbitrary positive number. Then 
there exists a number u0 >  0 such that

и
ip ! — J <  ep(u) for и ^ и 0.

Let J  be a natural number such that nun >  u0 for n >  N. Then

i x n\ [n u n\ 1 
Qv \ e ) W \ « / <p{nun)

<  e for n >  N  ;

bence ||œ j,< e for n ^  N. Thus, we obtain xn̂ ^->0. On the other hand, 
for any real number A0 >  0 , there holds by (*)

. l®n\ p(un) 1 . J 1
Q<p (V O  >  6<p\ —  =  ~ :--- г >  7Г for еу в т У  mteSer п > - Г 'v\ n J  p(nun) 2 A0

Thus 0 .

6 —■ R oczniki PTM  — P ra ce  M atem atyczne t. X X I I I
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§ 4. The separability of the spaces (L*'p, 3^<rp) and (L*9, We shall
prove that the space (JO**, ЗГ^) is separable. Then, since 3T<<P <= ЗГ^9, the 
space (L*(p, 3T<(p) also will bo separable.

4.1. L em m a . Let E  =  R k and let у be a y-function. Let B 0 <=. L*9 be 
the set o f all measurable, bounded functions vanishing outside intervals An 
— ( —n,n) x ...  X  ( —n,n) for some n >  0. Then the set B Q is dense in L*v in

A tim es
the sense o f у-modular convergence.

Proof. We must show that, if x e L*9, then there exists a sequence 
(xn) in B 0 such that xn >̂ x. Let x e L*v. Then l0x) <  oo for some À0 >  0. 
Let us put

x(t) for |o?(t)| <  n  and t e An,
0 for \x (t) I >  n or t ф An.

Then xn e B Q and f y[?.Q\x{t) — xn(t)\)dt->0.
É

In fact, we have

y(Z0\x(t)-æn(t)\)^y(ÀQ\x(t)\),
and

y(A0\x(t)—xn{t)\)-+0 almost everywhere.

Hence, by Lebesgue’s bounded convergence theorem ([1], p. 110) we have

j  y (A0\x(t)-xn(t)\)dt->0.
E

4.2. Co r o l l a r y . The set B 0 is dense in {L*9, $~<<p).
Proof. This follows from Theorem 3.2.
4.3. T h e o r e m . The space (L *v, ЗГ^9) is separable,

Proof. Let W0 be the set of polynomials with rational coefficients, van
ishing outside intervals An — ( — n, n) x ... x ( — n, n) for some n >  0.

к tim es
I t  is well known that WQ is dense in L 0<p in the topology ^ ( [3 ] ) .  Since 3TAfp 
<= it follows that W0 is dense in L 0(p in the topology ЗГ<Ч>, i.e. W0 =э L 0<p, 
where à closure is taken in ЗГ<Я>. Then, by the Corollary 4.2, we obtain 
IF0 =  ( l f 0) гэ L°9 => B 0 =  Jj*4’, where closures are taken in

§ 5 . The completeness of the spaces (L*v, ЗГ^) and (L*9, 33<<p)t 
6.1. T h e o r e m . The spaces (L*9, 3r<i<p) and (L*4>, 3T<,p) are complete. 
P roof. Let {xa: a e 2 }  be any Cauchy M-S sequence in L*v in the top

ology ЗГ^у {3T<<P), i.e. for every ip e {ip e W<<p) and every number r
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with 0 <  r <  1 there exists a0 e S  such that

(1) IK - a v l lv - <  r  for ' > o 0;

hence

(2) ev(a?e-a v )  <  r for a, o' >  <r0.

We shall show that

a?0— —>x {xa—5—» x) for some x e L 9.
Define

Aaa.{e) — {t eU : \xa{t) — xa.{t)\ >  «} . for an arbitrary s >  0 .

Let ip be an arbitrary <p-function such that ip e {ip e W<,p), and let e be 
an arbitrary positive number. Let r =  eip{e). Then from (2) it follows 
that

№a,Ae)\V>{e) =  / У»(е)<Й< / ip(\xa( t ) - x a,{t)\)dt
Aa,a<e) Aa,a'(e)

<  J v >(|®e(0 — a?o'(^)l)^ <  r == еУ(е) f°r
25

hence we have
1А „в'(е)К « for a , a ' ^ a 0.

1
It means that this Cauchy M-S sequence {xa: a e Щ satisfies the Canchy 
condition in measure. Since by 0.4.2 the space ($0, is complete, it
follows that there exists a function x e S0 such that xa—̂ x .  Hence

(3) , {xa. - x e)-£r>{x-xa).
“\t  ^*^Ф■Now, we shall prove that xa——>x {xa— >a?), i.e. \\xa — 0 for every

(y e
Indeed, let ip be an arbitrary ^-function such that ip e W<4> {ip e W<<p). 

Let r be an arbitrary number with 0 <  r <  1 . Then from (1 ) there exists 
0-0 e Г  such that

(4) xa, — xe e K w (r) for a, a >  a0.

The balls K ^ r) are by 0.4.3 closed in ($0, 5"0). Therefore from (3) and (4) 
it follows that

(5) x — xa e K v{r) for cr >(T0.

Hence a?||v-^ 0 . Thus, we proved that -a?).(a?a—
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Гог the completeness of the spaces (L *v, ИГ<<Р) and (£*’’, it suffices 
to show that x e L*v. Since by 0.3 we have the equalities L *9> =  P| L ov

<p

=  P| L°vj we shall show that for every ip e W<4> there holds Qy,(Xx) <  oo
ye V<4>

for all X >  0. In fact, let ip be an arbitrary ^-function such that ip e 
Then, from (5) it follows that for any number Л >  0 there exists cr0 e E  
such that Ца>в — æ\\v <  1 /2Л; hence

(6) ег(2Я(*„о-® ))<1/2Я.

On the other hand, since x . e I ' ' ,  we have

(7) eA 2^ a0) <  °°- 
Finally, from (6) and (7) it follows that

qv {Xx ) =  е * (£ (2 ^ во) + £ ( 2 Л (а ? -0во) ) ) <  qv {2Xx%) + qw(2X{x% - x )) <  oo.

I  would like to express my thanks to Doc. E . Lesniewicz for his help 
while working on this paper.
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