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On a multistage optimization problem II

1. The purpose of this paper is the multistage solving of the following 
problem : we are looking for r x 1 matrix V and s x l  matrix X  which 
satisfy the system of the equations

(1) AV +  B X  =  C 

and realize the minimum

(2) min VTV .

The numerical matrices A, В , C, m x r, m x s, m x 1, respectively, are given. 
We assume

(Zj) 1 qa =  m, qb = s ,

where qa , qb  denote the rank of the matrix A, B, respectively.
Under the assumptions (Zx) the problem (1 ) (2 ) has the unique solution 

(given, e.g., by the method of Lagrange’s factors) of the form

(3) V =  AT{AAT)~1 \ I - B ( B T{AAT)-1B )-1B T{AAT) - 1] G,

(4) X  =  {BTB)~lB T(C — AV);

here I  is the identity m x m  matrix. The assumption (Z2) guarantees the 
reversibility of the symmetric matrix B T(AAT)~lB.

In the multistage problem instead of the system (1) the following 
system (5) is considered:

(5) AjV +  B jX ^ C j,

where A-, Bj, Cj are respectively mi x r, x s, mj x 1 matrices. We assume 
(ZJ and

n
(Z2) Jp m j — m <  r, qa . — mj, 1 <  n <  m.

Rem arks. 1. In the case of s =  0, the problem (1) (2) was solved in
[1]. Also there an information on the genesis of this problem was given.
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\

In the compensating computation the problem (2) (5) is called “compen­
sation of the direct conditioned observations with unknowns” and it often 
happens that the particular conditions (5) (in this case V denotes correc­
tions) are obtained successively as investigations develop. The presented 
multistage procedure allows to solve the problem (2) (5) in the j-th  stage 
by a suitable correction of the solution obtained in the preceding stage, 
which is practically more convenient than to compute all from the begin­
ning.

2. Under some additional assumptions, the case s >  1 may be reduced 
to the case s =  0. This way will be used in our paper.

3. We shall distinguish two cases: (a) s =  const for j  =  1, 2 , . . . ,  n 
(Sections 2 and 3); (b) s Ф const; then system (6) will be of the form 
(19) (Sections 4 and 5).

4. If system (5) is not at once fully known, but the particular con­
ditions are obtained successively, then it may happen that the number 
of the observations and thereby the number r of the corrections increases, 
г Ф const. However, it is not necessary to deal with this case (see remark, 
Section 3).

5. A comparison of (1) and (5) gives the following block-matrices

~a ; b ; "<V
A 2 II b 2 , c  = 0.

_An_ Bn 0».
6 . If qc — 0 (system (1) is homogeneous), the unique solution of 

the problem (1 ) (2 ) is V =  0 , X  — 0 .
7. If s =  m, the solution of the problem (1) (2 ) is V =  0, X  =  B~lC.

2. The case of s — const. WTe assume

(Z3) 0 <  s <  mx <  r, QBi =  s.

We divide A XV ф В xX  =  Cx into two subsystems (possibly after the 
preceding renumeration of the equations in system (5) for j  =  1)

(7)
'AXV +  B xX  =  Cx (s equations),

A XV +  B xX  — Gx (mx — s equations),
о

so that det-Bj Ф 0. From the first subsystem. (7) we get

X  = B xl {Cx- A xV),(8 )
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and hence and from the second subsystem (7) we get the following system 
of equations:
<9) K XV = Q X,
where

V v о о

К г — A x — B XB X1A X is the (mx — s ) x r  matrix with the
rank qk ~  mx — Sj

V v о О

Qx =  Cx~ B xB xlCx is the (m j- s j x l  matrix.

The solution of the first stage'of the problem (2) (6) (j =  1) is (see [1] and
(8), (9) above)' of the form

<10) Vx =  7<J> =  K ^ {K xK Tx) - lQx, X x =  BT\CX~ A XVX).

Likewise, using formula (8), we eliminate X  in all other stages. So we 
get in the second stage (see (5) for j  =  1, 2; see also (9)) the system

(11) J T iF - Q , ,  K 2V = Q 2, 
where

О  о

JSTg =  A 2~ B zB xlA x is the m2x r  matrix of the rank qk  — m2,
о о

Q2 =  C2~ B 2B X1CX is the w2x l  matrix.

Lut we want to get V2 =  F (1) +  F (2), so the corrections F (2) must satisfy 
the following system of equations (see (9) (11)):

(12) K XV =  0, K 2V =  Q , - K 2Vx.

According to the results presented in [1 ], we find the matrices F 2X 
~  K 2K X {K XK X)~\ K 2 =  K 2~ F 2XK X, Q2 — Q% — F 2XQX and then

v m =  f 2 =  F « + 7 < 2>, X 2 =  В Г Ч С .-А ^ ,) ,

etc. In an analogous way we get in the Ath stage (see (5) for j  = 1 , 2 , . . . ,  fc), 
k ^ n  the system (see (12)):

(13)
K fV  =  0 for j  = 1, 2 , .
K kV = Q k - K kVk_lf 

where K x, Qx, Vx are as in (9), (10) and for j  =  2 , 3, . . . ,  Tc

(14) K j =  A} -  BjBT1! »  Q, = C j -  BfBr'Clt v , =  у  y « .
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So we have reduced the jfcth stage of the problem (2) (5) to the 7cth 
stage of the problem solved in [1]. Write, as it was in [1 ],

(15)

(16)

1 the r x r  identity matrix,

_  U for j  =  0 ,
1 ~  (or j  =  1, 2 ,

K j  =  K jA j_l7 Qj =  Qj K j Vj _1,

and let us denote by P k the problem (2) (5) (with j  — 1, 2, k). Then
we have

T h e o r e m  1 . I f  the assumptions (Z1)-(Z3) are fulfilled, then the problem 
I\  has the (unique) solution which is o f the form

a  7) n = y > wl, V
j =1

В т Ч С г -А М ,

where by notations (14)-(16) and taking into account that К г — K x, Qx =  QXf

(18) V»» =  £ * ( К ,Ё  fr'Q 'i M

3. Algorithmic process for the case of s =  const. Formulae (14)-(18 ) 
are here applied (see also [1 ], § 8 ).

o

The 1st stage. (1) We find the matrix B x. We calculate the matrices:
(2 ) ВТ1-, (3) JE, =  К ,;  (4) Ô, =  Qi; (5) (here JГ,i f ) ;  (6) (JT Jjff)-1; 
(7) i ,  =  K fX K & f)-1-, (8 ) 7 , =  7<‘> =  L & ;  (9) X ,.

The 2nd stage. We calculate (1 ) J l2> (2) (3) Ax =  Â  — L̂ Kx'-,
(4) К 2 = К гЛ,-, (5) Q2 = Q 2- K 2Vi; (6 ) К гК f ;  (7) ( X jE f r 1; (8 ) X, 
=  г Г ( Я г1ЕГГ1; (9) !* * > = £ ,& ; (10) 7 2 =  7 « + 7 < 2»; (11) X 2.

The fcth stage. We have already from the —l)th stage: Лк_2, &k-i,
L k_„ V We calculate: (1) (2) Q,: ; (3) Ak_, =  Ak_2 L k_lK k_,-,
( i ) K k =  K kAk_ki (5)Qk =  Qk - K kTk_i; (6 ) K kÎCk ; (7) (KkK l)-'-, (8 ) X* 
=  (9) 7<*> =  X * fe  (10) 7* =  У*_, +  У<‘>; (11) X*.

Rem ark. If at a certain stage the number r changes and there appear 
e.g. r corrections more (considering the assumptions on r), then it is necess-

О v  ^

ary to increase the matrices A lf A x, Aj, Щ, K i of the previous stages by 
adding r zero columns. One should also increase Aj to the form

[ 4 0

1 » I ~  ~r x r  _

The matrices Qj, Qjy Щ Щ , ( K j K j )  do not change their dimensions.

4. The case of s ^  const. In the most general case, each stage can 
have more unknowns. We shall write them separately, so, instead of (5),
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we shall have the system

(19) A jV -f BjxX x +  Bj2X 2 +  . . .  -\-BjjXj =  Cj, j  =  1 , 2 ,

where Ajy V, Gj are the same matrices as in (5),
BH are for j  = 1 , 2 , . . . ,  n, i — 1 ,2 , . . . ,  j,  rrij x s{ given matrices, 
Xi s{ x 1 matrix of unknowns,
-p'T    г ~yT -yT  y î 1]

Л. —  1Л-! , JLo , . . . ,  Л -nJ-

We assume (Z2) and

<Z4) 0 <  Sj <  mj <  r, QBj} =  8j for j  =  1, 2, . . . ,  n .

The 1st stage is the same as in Section 2.
о о о

The 2nd stage. X , =  В ХХ(СХ — А ХУ) is put into the equation A 2V-j- 
~j-B21X x +  B 22X 2 =  C2 (see (19)) and we get

(20)

where
A 2V -j-B22X  2 — c 2,

(21) A x — A X1 Gx —-Ci, A 2 — A 2 B 21B n A X} G2 — C2 B 21B n Gx.

We divide the system (20) like (7), namely
о о о о

A 2V +  В 22Х 2 =  С2 (s 2 equations, det Б 22 ф 0), 

A 2V ф В22Х 2 =  С2 (m2 — s2 equations).
(22)

Hence X 2 =  B 22(G2 — Â 2V) and after substituting it into the second 
subsystem of (22) we get

(23) K 2V = Q 2, 
where

(24) K 2 =  A 2- B 22B 22lA 2, Q2 =  G2- B 22B 22lG°2.

Since we want to have the solution V2 of these two stages together of the 
form Vg =  F*1) +  7 (2), so У(2) must satisfy the system of equations

(25) K XV =, 0 , K 2V =  Q2- K 2VX

(see (12)). Y<2> and V2 are computed by the same calculation method as 
in Section 2 . However, X T — [X f, X f  ], where for i — 1 , 2 , Х г- =  ВФ  (6\ — 
- 1 г-У2).

In an analogous way we get in the &th stage, h <  n, the following sys­
tem of equations (see (13) (14)):

• K jV  =  0 for j  =  1, 2 , . . . ,  к — 1 ,
Kkv  = Q k- K kVk_x,

(26)



58 G. M ajch er and T. S ty ry ls k a

•where for j  =  1 , 2, . . . ,  к (see (21) (24)):

(27)

V v  О О

v1̂ ° °Aj Aj BjvBvvAv1

Qi ^ C j - B jjB J C j ,
j-1

Qj =  C j-  £  BjvB -'cv.
r = l

The further procedure is like that in Section 2 (using formulae (15)
(16)).

Denote by Pk the problem (2 ) (19) with j  =  1, 2 , li.

Theorem 2. I f  the assumptions (Z2), (Z4) are fulfilled and i f  qa  =  m 
(see (6)), then the problem P k has the (unique) solution, which is o f the form

(28) V k =  J  V<», Х т =  [X f, X f ,  . . . ,  X £ ] ,

where (see (14)-(16))

X , =  /or * =  1 , 2 , ft,

X ,  X „  &  =  <?,, y«> =  X )  ( X , x f ) - %  fo r  j  =  1, 2, . . . ,  ft.

5. Algorithmic process for the case of s Ф const.
О о

The 1st stage. We calculate: (1 ) jBu ; (2 ) B f f  and afterwards as in 
Section 3, the 1st stage, (3)-(9).

The 2nd stage. We calculate: (1) A2; (2) 0 2; (3) jB22; (4) B f f  and then 
as in Section 3, the 2nd stage, (1)-(10) (of course, using formulae (24)). 
Finally we calculate Х г, X 2.

о о о

The Jcth stage. Prom the (Tc — l)th  stage we have already A„, Cv, B~l 
for v =  1 , 2 , . . . ,  h — 1 , and also Лк_21 К к_и L k_г, Ук_г. We calculate:

О о

(1) Ak) (2) Ck; (3) B kk; (4) B kk and then as in Section 3, the hth stage,
(1)—(10) (of course, using formulae (27)). Finally we calculate X 1? X 2, . . . ,  X k 
(see (28)).
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