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Some remarks on Baire-like spaces

In this paper we define locally convex semi-Baire-like spaces. The concept 
of “locally convex semi-Baire-like” spaces follows from [4]. In [11] S. Saxon 
generalized the Amemiya-Komura theorem (see [1]) by showing that: every 
locally convex barrelled space which does not contain X0 dimensional 
vector space with the strongest locally convex topology is Baire-like. In 
this paper we extend this result in the following way: every locally convex 
space of the type L which does not contain №0-dimensional vector space with 
the strongest locally convex topology is semi-Baire-like space. Since every 
barrelled space is of the type L, in particular we get the theorem of 
Saxon.

The spaces of the types L, Lb have been discussed by Ruess [9] (for 
non-locally convex case see [7]). His results generalized those of [8]. The 
properties of the, semi-Baire-like spaces will be considered in connection with 
the properties of L and Lb. The notion a “ locally convex topological space” 
is abbreviated by l.c.s. The notion “sequence (A„: n eN )  of absolutely convex 
sets which satisfy X = [j  An and A„ + A„ c= A„ + 1 for each n e N ” is ab-

ft

breviated by (as). Let (X, t) be an l.c.s. An increasing sequence {An: neN) 
of absolutely convex sets of X  whose union is X  is called bornivorous if 
every bounded subset of X  is contained in some Ap (see [8], [9]). For 
the locally convex spaces we assume the definitions and notations of Saxon 
and Ruess papers [11], [10]. A locally convex space (X ,t)

1° is Baire-like (resp. b-Baire-like) if it is pot the union of an increasing 
sequence (resp. bornivorous) of nowhere dense absolutely convex sets.

2° is unordered Baire-like if it is not the union of an arbitrary sequence 
of nowhere dense absolutely convex sets.

3° has property L  (resp. Lb) if for every (resp. bornivorous) sequence 
(An: neN) of absolutely convex sets whose union is X  and which satisfy 
An + A„ c : An + l for each neN , the finest locally convex topology a on X  
which agrees with т on every A„ is t . We shall write т = lim (X, A„, x: neN).
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For the locally convex spaces we have the following implications:

Baire -> unordered Baire-like -► Baire-like -*■ b-Baire-like
1 I

barrelled quasi-barrelled

In [12] Saxon showed that unordered Baire-like normed spaces need 
not be Baire. Any strict inductive limit of an increasing sequence of F 
spaces is ultrabarrelled (see [6], Corollary 2), hence barrelled but not Baire-like. 
In [4] are presented examples concerning unordered Baire-like and ultra- 
barrelled spaces.

1. Let (X, t) be an l.c.s. and (An: neN) an (as) in X; the following 
results about a =  lim (Х ,А п,т: n eN ) will be needed later (see [8], [9]).

(la) A т-bounded subset of X  is c-bounded if and only if it is contained 
in some A\.

(lb) a will not be changed if any A„ is replaced by Âxn.
(lc) a has a basis of neighbourhoods of zero consisting of X0-barrells.
If in addition (Ax„: neN) is bornivorous in X, then a has a base of

neighbourhoods of zero consisting of N0-quasi-barrels.
(ld) An absolutely convex subset U of X  is a neighbourhood of zero 

for a if and only if U n A„ is a neighbourhood of zero in An for each 
n e N .

M. Valdivia generalized the Amemiya-Kômura theorem by showing that 
a Hausdorff barrelled space with Baire completion must be Baire-like 
(see [14]). This in turn is generalized by the proof of Corollary 2d of
[16] and Theorem 2.16 of [12] which yield (see [13]).

Theorem (De Wilde-Houet). A Hausdorff œ-barrelled space is Baire-like 
if and only if its completion is Baire-like.

For a definition of со-barrelled spaces see [11], [16].
The following theorem concerns a relationship of L spaces to Baire-like 

spaces.
Theorem 1.1. Locally convex Hausdorff space (X ,t) of the type L 

(resp. Lb) is Baire-like (resp. b-Baire-like) if and only if its completion is of 
the same type.

Proof. We prove only the case of Ь-Baire-like space. Let (ЛГ, i) be 
an Lb and b-Baire-like space. Let (X, t) be its completion. From the proof 
of Theorem 2.6, p. 102 of [11] it follows that (ЗГГт) is b-Baire-like. On 
the other hand let (A , t) be a b-Baire-like and let A  = (J A„, where (A„: neN)

* П
is bornivorous sequence of absolutely convex т-closed sets. Since (V ,t ) is 
Lb , by Theorem 2.4, p. 504 of [10] we have

X = [JA n = {JAn.
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We shall only prove that (A„: n e N ) is bornivorous sequence in completion 
(X , t) . Since for every bounded convex, closed set В of (X , t) the span 
(XB,xB) is Banach, where (XB, tb) is the linear span of В in X  endowed 
with the norm тв, xB being the Minkowski functional with respect to X B, we 
have that, by Lemma 1.2, p. 501 of [10], the sequence (An: n eN ) is 
bornivorous in completion (X, t). Thus some Am = Amn X  is a neigh
bourhood of zero in (X, t).

The direct consequence of theorem is: every metrizable l.c.s. is b-Baire- 
like (for another proof of this corollary see [16], p. 88).

2. Let us give the definition of semi-Baire-like (resp. b-semi-Baire-like) 
spaces.

Definition 1.2. The l.c.s. is semi-Baire-like (resp. b-semi-Baire-like) if 
it has the following property:
(*1v } for every increasing sequence (resp. bornivorous) (An: n eN )  of absolutely 

convex closed sets covering X, some An must be absorbent.
In this paper locally convex spaces are assumed to be Hausdorff. Of 

course, if a > t (resp. a ^ т and Bd(t) = Bd(cc), where Bd(t) denotes a class 
of all bounded sets of t) are l.c. topologies on a linear space X  such that 
(X, a) is semi-Baire-like (resp. b-semi-Baire-like), then so is (X, t). Clearly 
every barrelled semi-Baire-like space is Baire-like.

Theorem 1.2. Let (X, t) be an l.c.s. of the type L (resp. Lb) which 
does not contain bs0-dimensional vector space ц> with the strongest locally 
convex topology. Then X  is semi-Baire-like (resp. b-semi-Baire-like).

For the proof we use the following lemma (for a ш-barrelled l.c.s. this 
lemma is a Corollary 2.2 of [1]).

Lemma 2.2. Let (An: neN) be an (as) (resp. bornivorous) in X  of closed 
absolutely convex sets of l.c.s. (X, x). Suppose there exists a sequence 
(x„: ne N) with xne An + fsp (An) for each n eN . Let p be an arbitrary seminorm 
defined on the linear space S = sp(x„ : neN). Then the seminorm p is continuous 
if (X, t) is of the type L (resp. Lb).

Proof. By lemma of Saxon ([11], p. 93) there exists a sequence 
(/„*: neN) of (X, t)* such that, defining continuous seminorms qn on X by 
qn(x) =  max (|/r(x)|: 1 ^ r ^  n) we have:

(i) /пеЛ„°, where A° denotes the polar of An;
П

(ii) for each x = а*Х;, g„(x) ^ (1 + 2- ”)p(x) for every n e N .
i =  1

By (i) and by A° c  A°_ t for each neN  we have fme A ° for each m ^ n 
with an arbitrary but fixed neN. For g(x) = sup qm(x) =  sup |/r(x)| we have:

00 n

(x: q(x) ^  1)пЛ„ =  П (x: |/Л*)| ^ 1 ) ^ Л =  П (*: 1/rWI < 1)} ^ A
r = 1 r — 1
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since \fr{x)\ ^ 1 for xeA „,r  ^ n. Then the set (x: q(x) ^ 1 )r\A„ is x|T„ 
neighbourhood of zero for each neN. Thus, by the property of L, 
(x: q(x) ^ 1) is a neighbourhood of zero in X. This implies that q is con
tinuous seminorm which by (ii) dominates p on S.

Now we prove Theorem 1.2. Suppose that (X, t) is not semi-Baire-like 
(resp. b-semi-Baire-like); then there exists a sequence (resp. bornivorous) 
(Sn: neN) of closed absolutely convex sets whose union is X but no S„ is 
a barrel in (X, t). Without loss of generality we may assume S„ + S„ c  S„ + 1 
for each neN. There exists a subsequence (A„: neN) of (S„: neN) such 
that sp(An) ф An+l, An + An c  A„ + 1 for each neN. We may choose 
xneAn + 1\sp(A„). Clearly, (An: neN) and (xn: neN), (X ,x) satisfy the 
hypothesis of the lemma, so S = sp(x„: neN) is isomorphic to N0-dimensional 
vector space with the strongest locally convex topology.

C o r o l l a r y  3.2. Every barrelled space which does not contain N0-dimensional 
vector space with the strongest locally convex topology is Baire-like.

E x a m p l e . Let (X, x*) be a locally convex space and suppose there 
exists another locally convex matrizable topology т such that т* ^ x and:

Г (X, т) has a base of balanced x*-closed neighbourhoods of zero in X.
2° For each т-bounded closed convex set В of X the space (XB,xB) is 

barrelled, where (XB, xB) is as above.
3° x* is not identical with т on т-bounded sets.
If у denotes the finest locally convex topology on X agreeing with

t* on all т-bounded subsets of X , then (X ,y) is of the type L and does
not contain (p. Clearly, the property L of (X ,y) follows from Example 3 
of [7]. On the other hand, by metrizability of (X, t) and by Theorem 6.1 
of [6] we have т* ^ у ^ t. Since X with the topology т fails to contain
(p, so does X with the topology у (see Theorem 2.11 of [11]). Thus (X, y)
is semi-Baire-like but it is not Baire-like because it is not quasi-barrelled.

T h e o r e m  4.2 (see Theorem 6.5 of [9]). Let (X ,t) be an l.c.s. of the 
type L. Then (X, t ) has a closed bs0-codimensional subspace if and only if 
(X, t )  contains (p complemented.

For the barrelled case or со-barrelled or Mackey with property that 
its dual X* is a (X * ,X )  sequentially complete, see [11].

Remark 5.2. Let (X, x) be an l.c.s. of the type L. If X contains <p 
complemented, then it is not semi-Baire-like space since it can be written as 
a union of an increasing sequence (X„: neN) of closed subspaces, where 
X„ has codimension 1 in X„ + 1 for each neN . The space (X, x) is 
semi-Baire-like if it does not contain (p at all.

Property of semi-Baire-likeness (resp. b-semi-Baire-likeness) is inherited 
by linear subspaces of countable codimension (resp. finite codimension). For 
products there is the following positive result:
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Every product of semi-Baire-like (resp. b-semi-Baire-like) l.c.s. is of the 
same type. This is a consequence of the proof of Theorem 2.9 of [11]. 
The following theorem generalizes the result of Saxon (see Theorem 2.16 
of [11]).

T h e o r e m  6.2. Let X 0 а X be a dense subspace of the type L {resp. Lb) 
of l.c.s. (X , r). Let X 0 be a semi-Baire-like {resp. b-semi-Baire-like). Then 
{X, t ) is of the same type.

Proof. Let {An: neN) be a sequence (resp. bornivorous) of the closed 
absolutely convex subsets whose union is X . Then л 0 = (J An n X 0 and

Л

(A„ n l 0: neN) is bornivorous in X 0. Thus by the assumption some Am n X 0 
is a barrel in X q. Then

*o  =  U2 n{Amn X 0).
П

By Theorem 2.4 of [10] we have

X  =  r 0 = \ J 2 = U 2n(Am n X 0) .
n n

--------------------------- T

Then Amn X 0 is a barrel in X  and hence

Am X q cz Am — Am
is a barrel in X. The property L or Lb of the space {X,x) follows from
[10]. As in Theorem 1.1 we have: if {X , t ) is of the type L or Lb, then 
{X, t ) is semi-Baire-like or b-semi-Baire-like if and only if its completion 
is of the same type.

T h e o r e m  7.2. Let {X, r) be a l.c.s. of the type L which contains a closed 
at most countable infinite codimensional subspace X 0.

I f  the completion of (X, r) is Baire, then the codimension is finite. 
Proof. By Theorem 1.1 the space (X, i) is Baire-like. The finiteness 

of codim X 0 follows now indirectly, see the argument in Remark 5.2.
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