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On the asymptotic behaviour of the solutions 
of difference equations of second order

Abstract. The aim of the present paper is to study the asymptotic behaviour of certain 
classes of difference equations of second order. The principal tool we use is the discrete 
analogy of Bihari lemma type.

In this note we consider the non-linear difference equation of the form 

Ü) А2Уп + Р(п ,ун,Уп+1) = b„,

where F : N x R 2 -+ R is continuous on R2 for each fixed n , b : N -> R.
Here yn = y(n),bn — b(n),N is the set of natural numbers, by Ayn we 

denote the difference yn + 1 — yn and by A2yn the difference A(Ayn). Throughout 
we assume that the function F satisfies inequality

(2) \F(n, z1, z2)\ ^  B(n, \zx\, \z2\),

where B (n , z l , z 2) is continuous on R2 for fixed n and such that for n e N  
and zk ^  0 {k =  1,2) hold :

(i) 0 ^  B (n ,z l , z 2) ^  B (n , z 1, z 2) for zk < zk {k = 1,2),

(ii) B(n,anz l ,a„z2) ^  A(an)B(n , z1, z 2) for an ^  e > 0,

where A: (e, oo) -> R+ is non-decreasing and j  --  | = oo.

Some useful lemmas will be given prior are to our considerations. 
L em m a  1. Let {Fn}, {Qn} are non-negative sequences, {Qn} is non-decreasing

со p

for n ^  n0, lim Qn = oo and У.~~~ < со. I f  there exists a sequence {/?„},
n0 Qn

0 < f}„ ^  n such that lim /?„ = oo and lim QUi |(Q„)_1 = 0, then
П пП И —► Y~ ^

lim f t  E Fk = °-n-̂ X) Qn k = „0
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Here the symbol [ ] denotes the integral part.
Proof. Lemma 1 is an immediate consequence of the following inequality

1 n 1 17  1 п T71 V-, 1 T-, Г If 1 , Г h
7 7  X ^ = 7 7  I  &7Г+7Г ?  &7TKin k —nQ Kin k —no Klk Kin k — [pn] Klk

< Q v ±  ÿ  j y  y  A
Qn k h 0 Q„ kh„i Qk '

L em m a  2. Let the function В satisfy (i) and (ii): furthemore, suppose that 
the non-negative sequences {u„}, {p„} satisfy the following conditions

(a) in + 2 ^  vn + 2[c+ , £  B(k ,uk,uk + 1)], 0 <  c = const for n ^  и0,

(b) Z  B (k ’ vk’ vk+1) < 00 
k=n 0

Then there exists a constant M > 0 such that u„ < Mvn for n ^  n0 + 2.
П

Proof. Define dn = c+ £  B(k, uk, uk + 1) and note that (a) implies that
k = n0

u„ + 2 ^  vn + 2dn for n > n0. Differencing above equality, and by conditions 
on В we have

Adn — В (n + 1, un +1 , un + 2) 5̂ B (n “P 1, vn +1 d„ _ 1, vn + 2 6?n)

< B(n + l,  vn + 1d„, vn + 2dn) ^  A(d„)B{n + i , v n + 1,vn + 2) for n ^  n0+ l .

Now, divide by A(d„) and use the mean value theorem to obtain

d",.+ 1 ds Ad„
< 77TV < B(n + 1, Vn + 1, V n + 2).

dn A ( 5 )  A (dn)

Summing the last inequality from n0 + l t0 n we have 

d”+1 ds
j =S £  B ( k + l , v k + 1, v k + 2).

Thus
dn0 + 1  k =  « o + 1

dn + 1 ^  G 1{G(d„Q + l)+ X B(k + \ , v k+l,vk + 2)},
к =  nQ +  1

ds
where G 1 is the inverse function of G, defined by G (z)=  f

0<s /l(s)
Since G-1 , as well as G, is strictly increasing, the above inequality together 
with condition (b) and

d„0 + 1 ^  2c + B(n0, u„0, u„0 + 1) + B(n0+ l ,  u„0 + l , v„0 + 2dno) ^  К  

give for n > n0 + \
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un+ 2  ^  v„ + 2 G 1 {G(K)+ X B(k + l , v k+1, v k + 2)} ^ Mvn + 2.
к = hq + 1

It is easy to see that the last inequality is also valid for n = n0,n 0+ l  and 
our lemma is proved.

The following lemma is the discrete analogy of d’Hospital rule and follows 
by the similar argument that we omit here.

Lemma 3. Let {u„} be sequence such that for some n ^ n0,Av„ > 0 and
Aun un

lim vn = oo. I f  there exists l im ------ = L, then lim —  = L.
n~* CO n-*ao Avn n-> ao Vn

Theorem 1. Let {Q„} be non-negative sequence such that

(3) AQn ^  0, lim Qn = oo and lim ^ [/?"] = 0
n ^ c o  n - c o  Q n

for some sequence {/?„}, such that 0 < ^  n, ne N and lim /?„ = oo. I f
n ~> oo

b„
(4)

(5)

lim
n-oo AQn

1

L Ф 0, L =  const,

B(n,nQ„,(n+l)Q n+l) < oo,
\Ln

then every solution {y„} of (1) has the property

(6) lim A Ï!L , L.
Q„

Proof. Summing (1) twice from n0 to n one can verify the following 
equality

П

(7) У„ + 2 = УП0 + 1 + (п -п 0+\)Ау„0+ £  ( n + [ - k ) b k-
k=n0

n
-  X (л + 1 — к) F (к, ук, >'fc+i).

к = п0

We may assume without loss of generality that Q„ > 0 for n > n0. Divide 
now (7) by (n + 2)Q„ + 2, we obtain

Уп + 2

+

(n + 2)Q„ + 1 Qn + 2 I n + 2

Z (n + l - k ) b k-

1 I Уп0 +  i n — n0+ 1
+ --------------------- = ---------  Л Уп0 } +n + 2 

1
(n + 2)Qn + 2 k = n о 

hence

(n + 2)Q„ + 2 k = n0
Z ( n + l - k ) F ( k , y k, y k + 1)
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(8)
\Уп- _  <  n ~ n 0 +  l  1  f , v

(n + 2)Q„ + 2 ^  n + 2 Qn >L"n + 1n0+ Il + M 3n0l} +

1

E  K
Qn + 2 k = n 0

+

+  -7;- - - - -  E  \F(k,yk,yk +1)|.
Q n + 2 k — nQ

Using Lemma 3 and by assumptions (2), (3) we observe that

\Уп- 1
, ^  C+ S  -~ -Ж *,Ы ,1л+11з-(n + 2)Qn + 2 k^„0 Qk

From Lemma 2 it follows now for n ^  nx ^  n0 + 2

(9) \yn\ ^  MnQ„.
Summing now (1) from n0 to n and divide by Qn + l we have 

dyn+1 ^y„n 1 Д . 1
(10)

(2n+ 1
First of all observe that

1 ""o * у  >+ — —  E
"0

n  n ^  ~k— zz- - - - -  E  F(k,yk,yk+1).
U n + 1  U n + 1  fc="0 U n + 1  к = по

(11) lim Ay>"0
e.-

= 0, and by (4) and Lemma 3 lim

E  bk
k = n 0

Qn
= L.

+1
We show now, that the third term of the right-hand side of (10) approaches 
zero as n -> 00.

From (9) we have

1
Qn +1 k = n 0

E  \р(к’Ук,ук+1 )\

^ E  \р (к’Ук,Ук+i ) ! + 7 t  E  £ ( M y k U y * + i l)
U n  к =  « о  U n  k =  n l

« 3 -  Z  | F ( k , n , ^  + 1)H -3 -  £  B(k, MkQ, Mik + UQt + i)
Q n  k - n Q  Q n  k —nj

1 r*i / 4 t M l  "

« 7 Г  I  1 ^ № , у л , л + | ) | н — У - -  S  в ^ д е . л к + п е ^ , ) .
U n  k =  " 0  U n  k =  n j

Using now Lemma 1 to the above inequality we obtain

1
( 12) lim

Q n + l  k = n0
E  F ( /c ,y fc,> ’fc+1) =  0.

Comparing (10), (11) and (12) we complete the proof of the theorem.
Consider the special cases of sequences for which assumption (3) holds.
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Corollary 1. If, under the assumptions of Theorem 1

AVn
(13) Qn = t f V ,+ i, where a ^  0 and lim n --------= C

K+i
or

AV„
(14) Qn — Vn + 1 ean, where a > 0 and lim -----— = 0,

и->* K+i
then every solution {y„} of (1) has the asymptotic behaviour

(15) lim + (к = 0, 1) in the case (13)

or

(16) lim Д к У п
a  1 \ 1  — кeanK + k (ea- l )

(к = 0,1) in the case (14).

Here A0 y„ denote y„.
Proof. From (6) and by Lemma 3 we have

r Уп v ДУп vlim —т-;----= lim — —-—;— -  = lim Ду«
— « n*+ lV„ —oo A(n* + 1V„) —oo Vn + 1 An* + 1 +ri* + 1 AVn

Дуп
a y  L

= lim —  . - ••-1—rr-r- = ------ :— ~  for the case (13),
An3

+ n
AVn ol 4- 1 T C

777
r  Уп у  Д У п  у  Д Упlim ---------= lim -------------  = lim ------------------------
— oo vnean — oo A(V„ ean) — Vn + 1 Aean+ ean AVn

ДУп

= lim
K + 1e“ L

— oo Aean AV„ ea- l
------ + ----- —pan V  .e 'n +1

Theorem 2. Suppose that the following conditions
00

(17) I N  < ° o ,

X

(18) £ В ( / с , / с Д + 1 ) < о о  are satisfied. 

Then every solution {>’„! of (1) has the property

for the case (14).
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(19) lim = L = const (к — 0, 1).Л-00 n
Moreover, equation (1) has the solution {y„} with L #  0.

Proof. Using the same calculations as in the preceding theorem we 
obtain (8), where Q„ = 1, n ^  n0 :

13̂ и +  2 1 ^  \У * о \ ^  ^ 0  “h  1 I i I I V  IK  I I V  I с  // M
— r^r ^ — ГТ + ----- Го— ИУпо + L \bk\ + L  \F(k,y^yk+i)\-n + 2 n + 2 n + 2 0 k=no k=n0

Analogously as in Theorem 1, to the above we may use Lemma 2 from 
which and by (17), (18) we have

(20) |y„| ^  Mn for n ^  .

Summing (1) from n0 to n we obtain

(21) Ayn+ 1 = dy„ 4- £  bk-  £  F (к, yk, yk+i)-
k = n0 k — HQ

By (17) we have

(22) Hm £  bk = L0.
n - *°° k = n0

We show now that there exists a finite lim ]T F (k, yk, yk+1), Observe thatn-oo k=„0
by (20) and preliminary conditions on functions B, F we have

n "1 n
(23) £  \F(k,yk, y k + 1)\ ^  £  \F(k,yk, y k+l)\ + Z  B(k ,yk, y k+1)

k = tiQ к =  «о  к — n i

£  B ( k , k , k + 1).
k = nQ к = щ

Therefore comparing (21), (22) and (23) it follows that lim Ayn = L. NowЛ-* oo
by Lemma 3

lim —  = lim Ay„ = L.
n — OO Yl Л— 00

For the rest of the proof it can be noted that we can take y„0,y„0 + i 
such, that L Ф 0.

T heo rem  3. Let
00

(24) X n \b«\ < 00 ’
00
£  nB(n, n, n + 1 )<  00.(25)
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Then every solution {yn} of (1) has the property
l

(26) Akyn = £  с£и1-, + о(1), Ci = const (к = 0, 1), as n -*■ oo.
i =  k

Proof. From Theorem 2 it follows that every solution {y„} of (1) has 
a finite limit of sequence of first differences, i.e. lim Ayn = L. From this for

И 00
large n ^  n2 we get estimation

(27) \ya\ ^  Mn,

where M  is a certain constant. Observe that
00 00

(28) £  (k + l - n 0)\bk\ a  £  < * + l) |M < ° 0
k = n 0 k = n 0

and

(29) £  ( k + l ~ n 0)\F(k,yk, y k + lH
k = n0

n2 oo

^  Z (k+l) \F (k ,yk, y k + l)\+ £  (k+l)B(k,  k, k+ \ )  < oo
k=n0 k = n2

Summing equation (1) from n to m and pass with m -► oo we have

(30) Лу* = L -  X bfe + X F (/c,yk,y k+1).
к = и fc =  л

From (28), (29) and (30) Ayn = L + o( 1). Summing now (30) from n2 to 
n we obtain

И 00 л oo

Уп + 1 =  Уп2 +(п - п2 + 1)Ь -  X  Z  bk+ Z  Z ^ , 3 W k +i)
i = n2 k =  i i — î%2 k ~ i

00 00
= y„2+(n+l)L-n2L- X (n-fc)bk-  Z (fe-M2+1)ftk +

k ~ n k = n*

+ Z ( п ~ к ) р ( к ’ У к ’ У к + 1 ) +  Z (fc-n2+l)F(k,yk,yk + i).
к =  и к =  л2

Since (28) and (29) hold it follows that

Уп = nL + L l +o(\).

R em ark. We conclude this paper by noting that by precisely the same 
methods as used here we can obtain similar results for some different 
difference equation.

Let Aayn = yn + l — ay„ for arbitrary positive constant a. Consider now 
an equation of the form
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<31) ^ У п + р (п,Уп’ Уп+i) = K-
Putting yn = anun in (31) we obtain a following equation

A2un+ a -n- 2F(ri,anun,an+1 un + 1) = a~n- 2bn.

Taking now

Fi in , un, un+1) = a~n~2 F(n, anun, an+iun+1), bln = a~n~2bn,

and assuming that Fl , {b ln} satisfy conditions on F,{b„] of our theorems 
we obtain (for instance for Theorem 1)

lim Д аУ п

n-*cc an+ 1
Qn

— lim
Q n

= lim
Дип
Qn

L.

Similar problem for differential equations was treated by many authors (see, 
for instance, [1], [2]).
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