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On the asymptotic behaviour of the solutions
of difference equations of second order

Abstract. The aim of the present paper is to study the asymptotic behaviour of certain
classes of difference equations of second order. The principal tool we use is the discrete
analogy of Bihari lemma type.

In this note we consider the non-linear difference equation of the form
(1) Azyn+F(n7 Yns yn+1) = bm

where F: N xR? = R is continuous on R? for each fixed n,b: N — R.

Here y, = y(n),b, = b(n), N is the set of natural numbers, by 4y, we
denote the difference y,, , —y, and by 4%y, the difference 4(4y,). Throughout
we assume that the function F satisfies inequality

(2) IF(n9 21, ZZ)l < B(l’l, lzlls IZZ')9

where B(n, z;, z,) is continuous on R? for fixed n and such that for ne N
and z;, > 0 (k = 1,2) hold:

(1) 0<B(n,z,z) <Bn,zy,z;) forz, <z (k=1,2),
(i1) B(n,a,z,,a,2;) < A(a,)B(n,zy,z;) for a, = ¢ >0,
where A: (¢, 00) > R, is non-decreasing and I—Z(S—) = 0

M N

Some useful lemmas will be given prior arc to our considerations.
Lemma 1. Let {F,}, {Q,} are non-negative sequences, {Q,} is non-decreusing

lee

for n = ng, lim Q, = 0 and Y — < . If there exists a sequence {B,},
n-=aw "0 n
0< B, <n such that lirrol0 B, = o and '!mzc Q1 (@)~ =0, then
ne iy

TR
lim -~ Y F, = 0.
n—xn n k="0
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Here the symbol [ ] denotes the integral part.
Proof. Lemma 1 is an immediate consequence of the following inequality

8,1
LY RS R
F, = LY
Qn kz =08 20,70 2, % 0
_ Qo ifbr < R
Qn k=np Qk k=18, Qk

LemMmA 2. Let the function B satisfy (i) and (ii): furthemore, suppose that
the non-negative sequences {u,}, {v,} satisfy the following conditions

(a) Upsy < Upsalc+ .Y, Blk,uy, e1)], 0 < c=const for n > n,
k=ngp

(b) Z B(kavkavk+l) < .
k=n0

Then there exists a constant M > 0 such that u, < Mv, for n = no+2.

Proof. Define d, = c+ Y, Bi(k, u, ) and note that (a) implies that
k=ng
Upsz < U,4d, for n > ny. Differencing above equality, and by conditions

on B we have
Ad, = Bn+1,u,, 1, u,,2) S Bm+1,0,41d,-1,Up124d,)

< Bn+1,v,41d,,0,42d,) € Ad,)BM+1,0,41,0,4,) for n = ng+1.
Now, divide by A(d,) and use the mean value theorem to obtain

1 g < Ad,

dj,. Als) T A(d,)

Summing the last inequality from ny+1 to n we have

< B(n+1’ Un+1avn+2)'

< Bk+1,0,44,0 .
e 4(s) k=§+l k+15 Ui+ 2)

Thus
dyry S G71 {G(dn0+1)+ Z B(k+1avk+1’vk+2)},
k=ngt1
. . . z d
where G™! is the inverse function of G, defined by G(z) = | A(S).
0<e S

Since G™', as well as G, is strictly increasing, the above inequality together
with condition (b) and

dn0+l < 2C+B("05unoaun0+l)+B(n0+1a un0+1’vn0+2dno) < K

give for n > ny+1
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n—1
Unsz S Va2 GTH{G(K)+ ) ) Blk+1,0011,042)} < My, ;.
k=ng+
It is easy to see that the last inequality is also valid for n = n,, no+1 and
our lemma is proved.
The following lemma is the discrete analogy of d’Hospital rule and follows
by the similar argument that we omit here.

Lemma 3. Let {v,} be sequence such that for some n > n,, 4v, > 0 and

. . . u . 12
lim v, = oo. If there exists lim — = L, then lim —- = L.
n—w n- oo Uy, n=>c P,

THEOREM 1. Let {Q,} be non-negative sequence such that

) 40,0, lih Q=0 and lim 28 — g

- -
n—oo X n-—* oo n

for some sequence {f,}, such that 0 < B, < n, neN and lim g, = co. If

“) '11132 Abé,, =L #0, L = const,
(5 ¥ g Bl 10y (14 10,..) < 0,
then every solution {y,} of (1) has the property

©) tim Y~ L

Proof. Summing (1) twice from n, to n one can verify the following
equality

n

(1) Yns+2 = Yngr1+n—ng+1) A4y, + 3 (n+1-k)b,—

k=ng

™M=

k

(n+ 1 —k)F(k9 Yis yk+1)'

il
3
=}

We may assume without loss of generality that Q, > 0 for # > n,. Divide
now (7) by (n+2)Q,,,. we obtain

T T {,?"_oﬂ+_i'_:'i<)_*1 Ay b+
(n+2)Qn+2 Qusz | nt+2 n+2
1 " n
+— n+l—k b —— (n+1“l\)F(k,v v )
(n+2)0p+> k=zno( )i n+20,., k:ZnO k> Yi+1

hence
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|yn+2| n~’10"_1
< ‘n + A n b
1200y~ nt2 Q.. g 1 141l Qn+2 kZ

no

(8)

Q o kz [F(k, Yis Yis 1)l

Using Lemma 3 and by assumptions (2), (3) we observe that

Y+ 2 o |
——— < C+ —— Bk, tyil, .
n+2)0,+, k;'lo 0, [Vils 1Ve+1l)
From Lemma 2 it follows now for n = n; > ny+2
© lyal < MnQ,.

Summing now (1) from n, to » and divide by Q,.; we have

AYn+1 Ay"o 1 c
(10) = by~ F(k, yi, ).
Qn+l Qn+l Qn+l kz £ n+1 k=§-::0 Yio Vi

First of all observe that

4y,
(11) lim ® =0, and by (4) and Lemma 3 lim

7o Unta n=o n+1

We show now, that the third term of the right-hand side of (10) approaches
Zero as n — .
From (9) we have

Z [F(k, Yies Y+ 1)l

Qn+1 k=
1 ny 1 n
Z [F(k, yi, Y+l +—— Z B(k, {yil, lyx+1l)

Qn k= Qn k=nq
12 1

< Z IF(k, Yis Yi+ 1)l Z B k MkQ, M (k+ 1) Qy+1)
Qn k=ng Qn k=n,
R AM) &

< Z [F(k, yis Vs Ol +— Z B(k, kQy, (k+1) Q44 1).
Qn k=ng Qn k=ny

Using now Lemma 1 to the above inequality we obtain

Y. F(k, yio yiv1) = 0.

n+1 k=ngy

(12) lim

n—a

Comparing (10), (11) and (12) we complete the proof of the theorem.
Consider the special cases of sequences for which assumption (3) holds.
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CorOLLARY 1. If, under the assumptions of Theorem 1
. av,
(13) Q. =nV,,y, where a >20and limn-——=2C
n=o n+1
or
.4V,
(14) Q,=V,.,¢", where a>0and Ilim =0,
n=w n+1
then every solution {y,} of (1) has the asymptotic behaviour
Ay L
15)  lim z = k =0,1) in the case (13
15 lim =y = ariror ) in the case (13)
or
aky L
16) - li = k =0,1) in the case (14).
(16) nLrg oy 1) ( ) in the case (14)
Here A°y, denote y,.
Proof. From (6) and by Lemma 3 we have
. Vn . Ay, . Ay,
lim ——— = lim ———=—— = lim
e n1+1Vn n— A(n1+1 Vn) nLoo V;l+1Anz+1+n1+1Av;
4y,
. WV L
=1 = for the case (13),
AT AV, axiec orthecase (D)
+n
h Vi+1
A A
lim —2" = lim — > = lim Yn
B o0 V;,(’a" n— o0 A(Vnean) n— o V;,+1A€an+€anAVn
AYn
V, an L
= lim nt1€ = for the case (14).
o Ae™ 4 a4V, e’—1
Pl V;1+1

THEOREM 2. Suppose that the following conditions
(17) 2 byl < oo,

(18) Y Bk, k,k+1) < oo are satisfied.

Then every solution {y,} of (1) has the property

139
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(19) lim == = L = const (k = 0, 1).

Moreover, equation (1) has the solution {y,} with L # 0.
Proof. Using the same calculations as in the preceding theorem we
obtain (8), where Q, = 1,n = nqy:

|Vn+ 2l < Vnol  n—ng+1
n+2  n+2 n+2

[Aynel + kz byl + Z [F(k, Y, Yir1)l-

=ng k=ng

Analogously as in Theorem 1, to the above we may use Lemma 2 from
which and by (17), (18) we have

(20) vl < Mn  for n > n,.

Summing (1) from n, to n we obtain

21) AYpiy = AYpy+ kz by — kz Fk, yi> Y+ 1)
=ng =ng

By (17) we have

(22) lim Z bk = Lo.

n— o k=ng
We show now that there exists a finite lim Y F(k, y,, yi+,). Observe that
R0 = ng
by (20) and preliminary conditions on functions B, F we have

"t

(23) Z IF(k, Yo Yis 1)l < Z IF(kayk’yk+1)|+kZ Bk, yx, Yx+1)

k=ng k=ng =ny
m n
< Y IF(k, yi yes I+ AM) 3 Bk, k, k+1).
k=ng k=ny

Therefore comparing (21), (22) and (23) it follows that lim 4y, = L. Now

n—ao

by Lemma 3

lim 2% = lim 4y, = L.

n—+xo R n— o

For the rest of the proof it can be noted that we can take y, , Vuy+1
such, that L # 0.

THEOREM 3. Let

(24) Y nlb,| < o0,

)

(25) Y nB(n,n,n+1) < .
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Then every solution {y,} of (1) has the property
1
(26)  A*y,= Y c;n'"i+o(l), ¢ = const (k= 0,1), as n > oo.
i=k

Proof. From Theorem 2 it follows that every solution {y,} of (1) has
a finite limit of sequence of first differences, i.e. lim 4y, = L. From this for

large n > n, we get estimation e

(27) [yal < Mn,

where M is a certain copstant. Observe that

(28) Y (k+1=ng)lb) < Y (k+1)|b) < o0

k=ngp k=ng
and
(29) kz (k+1—=no)|F(k, yi, yi+ 1)l
S

n
Z (k+1)|F (k, yk,yk+1)l+ Z (k+1)B(k, k, k+1) < .
k=ng k=ny

Summing equation (1) from n to m and pass with m — oo we have

(30) 4y, = L— kz b+ Y, F(k, yi, Yi+1)-

=n k=n
From (28), (29) and (30) 4y, = L+o0(1). Summing now (30) from nz‘to
n we obtain

Yn+1 = yn2+("—”2+1)L_ Z Z by + Z Z F(k, yi, Yi+1)

i=ny k=i i=ny k=i

o

= Yyt VL= L— Y (1=K)b— Y (k—ny+ Db+
k=n . ¢

k=njy

¢ o)

+ Z (mn=Kk)F(k, yi» s )+ Z (k—=n,+ 1) F(k, yis Yis1)-

k=n k=n3

Since (28) and (29) hold it follows that
y. = nL+L +o0(1).

Remark. We conclude this paper by noting that by precisely the same
methods as used here we can obtain similar results for some different
difference equation.

Let 4,y, = y,.,—ay, for arbitrary positive constant a. Consider now
an equation of the form
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(31 : A2 VutF (1, Yy Yusy) = b,
Putting y, = a"u, in (31) we obtain a following equation
A*u,+a " F(n,d"u, a"*tu,, ) =a " ?b,.
Taking now
F,(n,u,u,,,)=a " *F(n,a"u,,a"* *u,,,), b,=a"?b,

and assuming that F,, {b,,} satisfy conditions on F, {b,} of our theorems
we obtain (for instance for Theorem 1)

A

. asn . a . u,

lim ———Hy— = lim = lim -= L.
noo q" Qn n=o Qn n=oo Qn

Similar problem for differential equations was treated by many authors (see,
for instance, [1], [2]).
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