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On RS, integrals

A. M. Russell [3] introduced an integral, RS, integral, which is an extension
of the Riemann-Stieltjes integral. In this paper we pursue the idea of
Russell and obtain certain related results. The converse of Theorem 3 has
been obtained by Russell, but his technique seems to be inapplicable to
prove our Theorem 3. We had to introduce the notion of oscillatory sums
which appears to be convenient to prove Theorem 3.

1. Definitions. The following definitions are borrowed from [2], [3].

Let a',a,b,b’ be fixed real numbers such that ' < a < b < b’ and let
k be a positive integer greater than 1. The real-valued functions that occur
are defined at least in [a, b].

DEerFINITION 1. We denote by I'(Xx_,,4,..., X,+x—) @ subdivision of the
closed interval [a, b] of the form

’

ad<x_ 1,1 <.<Xg=a<x; <..<Xx,
=b< Xy <o < Xpppog Sb

DerFINITION 2. Let I'(x_;,4,.-., X,4x— () De any subdivision of [a, b]. We
call

max (i —x;-1)

the norm of the subdivision I', and denote it by | I']l.

DEerFINITION 3. We denote by m(x,, ..., x,) a subdivision of the closed
interval [a, b] of the form

a<xy<X; <..<x,<b.

The norm of the subdivision =, ||z||, is the number

.....
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b
DeriNITION 4. The integral | f(x)d*g(x)/dx*~! is the real number I, if it

exists uniquely and if for each ¢ > 0 there is a real number d(g) such that
when x; € & < X544, i = —k+1,...,n—1,

n—-1
[ - Z+ SEI-1(95 Xiv1s s Xisd— Ci=11g; xi!“"xi+k—1):” <e

i=—k+1
whenever ||T'|| < d(e).

If the integral exists we write (f, g)e RS, [a, b] and refer to the integral
as an RS, integral.

DEerFNITION 5. If in Definition 4 we consider only n subdivision of
[a,b], so that we necessarily consider only functions f and g defined on
[a,b], then we obtain an RS} integral,

d* g (x)

If()

DEFINITION 6. Let x, x4, ..., x; be k+1 distinct points in [a, b]. Suppose
that h; = x;—x, where i = 1,2,..., k, and that 0 < |hy| < |hy] < ... < |hy].
Then we define the kth Riemann x-derivative of f by

e ko
Df() = k lim lim . lim Q,(f;x,xi, ... %)

if the iterated limit exists. The right and left Riemann =*-derivatives,
D* f(x) and D* f(x), are defined in the usual way.

The notations and further definitions which are not noted here may
be seen in [2], [3].

2. Lemmas.

LemMma 1. If geBV,[a,b], then V,[g; a,b] = D*"1g(b)—D* ' g(a).

Proof. By Theorem 19 of [2], g is k convex in [a,b] and D* !g(b),
D* 1g(a) exist. We conmsider a =m(xg,..., X, subdivision of [a,b]. By
Theorem 3 of [2] we may take {x;}, i =0,...,k—1 sufficiently close to
a and {x;}, i = n—k+1,...,n sufficiently close to b, to ensure the dif-
ference of

[Oc-1(9; Xpokt1s s X Qr—1(g5 Xo5 05 Xk~ 1)]

and [D* " !g(b)— D% 'g(a)] to remain less than an arbitrarily small positive
number. The lemma follows now from Definition 2 and Lemma 4 of [2].

LeEmMMA 2. If g is k convex in [a,b], then for a<c<d<b

1 d g(x
J2I) - prtg@-p o).
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Proof. We consider a I'(X_z41,---» Xp+x—y) Subdivision of [¢, d], where
a < Xx_y4; and X,4,-¢ < b. If S(c, d) denotes the approximating sum for
the integral, then

n—1
S(c,d) = —ZH [Qk-1(9; Xit1seoor Xixd—Qi—1(95 Xi, oovs Xivk—1)]
= Q- 1(9, coos Xnak= 1) — Qi—1(g5 X415 005 X0).

Since D* 'g(d) and D"_"g(c) exist ([1], Theorem 7 (b)) and since
a I' subdivision contains exactly 2k —2 points outside (c, d], the right-hand
member of the above equality approaches to D% 'g(d)—D* 'g(c) as |T|
tends to zero. This proves the lemma.

3. Theorems. In [3], Theorem 10, it has been shown that if (f,g)
€RS,[a,b] and g has (k—1)th Riemann =x-derivatives at a and b, then
(f,9)e RS{[a, b] and the two integrals are equal. The following theorem
shows that under the same suppositions, the converse is also true.

THEOREM 1. Suppose that the (k—1)th Riemann x-derivatives of ¢ exist
at a and b. A necessary and sufficient condition that (f,g)e RS, {a,b] is
that (f,g)e RS¥[a, b]}. In either case

d*g(x b d*g(x
jf()dk(l) .‘f dk(l)

Proof. The necessary part is obtained in [3], Theorem 10. We, there-
fore, prove the sufficient part.

Let ¢ > 0 be arbitrary. Then correspondingly there exists a 6, > 0
such that for o;e(a—6,,a+d,), i= —k+1,...,—=1,1,..,k—1,a,=a
and B;e(b—6,,b+6,), i=n—k+1,...,n—1,n+1,...,n+k—1, B, = b, we
have

1Qk-1(G5 Osyserns i) = Qh—1(g5 Ugigsenes Uil < ef4(k—1)p,
r,s=—k,..., —1,
and
‘Qk-—l(g; ﬂr+1""5 ﬁr+k)_Qk—1(g; ﬁs+1’---s ﬁs+k)l < 8/4(1(_1)“’
r,s=n—k,...,n—1,
where p = sup |f(x).

a'€$x<b’

We now consider a I'(Xx_,4q,.--» Xs+x—1) subdivision of [a,b].

Since we are ultimately concerned with subdivisions I' of arbitrarily
small norms and since a I' subdivision contains exactly 2k —2 points outside
[a,b], we may assume that x;e(a—9d,,a+4d,), i= —k+1,..,k—1 and
x;€(b—6,,b+6,), i =n—k+1,...,n+k—1. Let S(a,b) and S*(a,b) de-

b

note respectively the approximating sums for f f(x)d*g(x)/dx*~* and
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b
x [ d*g(x)/dx*~1. Then for x; € & < Xj4y, i = —k+1,...,n—1, we have
S(a, b)
= Zk+1f(é)[Qk 1(99 ,+1,..-,X[+Q—Qk_1(g; x,-,...,xi+k_1)]+
n—k

+ _Z S &) [Qk-11g; xi+‘1, oo Xl = Q=1 (95 Xis ooy Xiwx— )]+

+ z SEI[Q-1005 Xiv1s > Xis ) = Cu—1(g5 Xisooer Xizu— )]

i=n~k+1
This gives .
|S(a, b)—S*(a, b)| < ¢/d+¢/4 = ¢/2.

Again as (f, g)e RS¥ [a, b], there exists a §, > 0 such that
b
|S*(a, b)—» | f (x)d* g (x)/dx*~1| < ¢/2

whenever , max (x X;_q) < 0,.

.....

It then follows that
b
IS(a, by—» [ f(x)d*g(x)dx*"1| < ¢

whenever [|I'| < & = min (8,, §,/(k—1)). This completes the proof.

DEefFINITION 7. We consider a I'(X_;4+4, .-» Xp+x—1) Subdivision of [a, b]
and make the definitions M;, m;, S,s as in Lemma 4 of [3]. Then

S—s = Z;,+ Oi[Qk-109;5 Xiv1seos Xix ) = Q=195 Xisoers Xivu—1)],
where O, = M;—m,;, i = —k+1,...,n—1, is called the oscillatory sum corres-
ponding to the subdivision I' and is denoted by w;.

The following theorem is vital to prove Theorem 3 and Theorem 6.

THEOREM 2. Let g be k convex in [d',b']. A necessary and sufficient
condition that (f,g)e RS,[a,b] is that the oscillatory sum tends to zero as
the norm of the I' subdivision tends to zero.

Proof. We only prove the necessary part because the proof of the
sufficient part may be constructed after usmg certain steps from the proof
of Theorem 4 of [3].

If possible, suppose that the oscillatory sum does not tend to zero as
the norm of the subdivision tends to zero. Then there exists a d > 0 and
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a sequence of subdivisions I', with ||I',J| -0 as p— co such that §,—s, > d,
p=1,2,..., where if I', be given by

’

a <X, g1 <o < Xpo
=a<Xpy <o < Xpy = b<..< Xpnptk=1 S b,
then M,;, m,;, S,,s, denote respectively M;,m;, S,s in [3], Lemma 4,
with x; replaced by X,; and n by n,.
By [1], Theorem 7 (b), g has left and right (k—1)th Riemann

x-derivatives at each x in (a/,b’). Let G be the upper bound of the
non-negative sums

Z [Qk l(g’ p1+1"",xp,i+k)—Qk—l(g; xp,is"', xp,i+k—1):|

i=—k+1
= Qk-'l(g; xp,npa ceey xp,np+k—1)_Qk—1(g; xp,—k+1a sy xp,O)

corresponding to all possible I', subdivisions of [a, b]. Clearly the upper
bound is finite by [1], Theorem 7 (b).
Let ¢ > 0 be arbitrary. We may choose &,; in [x,;, X,;4i], i= —k+1,
n,—1, such that

|f(ép,i)_mp.il < E/Ga
so that the approximating sum for the RS, integral,

n—l

z f(fpz)[Qk 1095 x Xpi+1s--es pt+k —Qi-1lg; x ,ia""xp,i+k—l)]

i=-k+1
differs from s, by less than ¢. Likewise it is possible to choose {,; in
[xpis Xpissd, i = —k+1,...,n,—1, such that

np—1

Z f(Cp,i)[Qk—l(g; xp,i+1’--'sxp,i+k)—Qk—1(g; xp.i""’xp,i+k—l)]
="k+1

differs from S, by an arbitrary positive number. Consequently as |I',]| >0
the limit of

P_l

~ Zkﬂ f(fp,i) [Qk-1(9; Xpi+1s-ems xp,i+k)_Qk—l(g; Xpiseees xp,i+k—1)]

does not exist. This proves the theorem.

THEOREM 3. Let g be k convex in [d,b'] and D* 'g(c) exist, where

a <c<b. If (f,g)e RS, [a, b], then (f,g)e RS, [a, c] and (f, g)e RS;[c,b],
and

dg(x) ¢ d*g(x)
k-1 —.[f()dk 1 jf()dxk—l :

[ f )=
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Proof. Let ¢ > 0 be arbitrary. We consider I' subdivisions I'; and I,
of [a,c] and [c, b] respectively as

[‘1: a, < x_k+1 < ... < xO
=a<X) <..<X,=0€<Xpp1 < .o < Xpyg-1 < €+
and

F2: 0_51 < xp_k+1 < e < Xp
=< Xpyy <. <X = b <l < Xpypoy b,
where 6,(¢) = 4, > 0 is such that
1Qk-1(95 Xivrs-evs Guld = Qi 1(g5 Uiy eves Ciyp— i)l < e/k(M—m+1)

for as belonging to (¢c—4,,c+6;) and M, m being the upper and the
lower bounds of f(x) in [a,b]. Let ' = 'y v T,.
The oscillatory sum corresponding to I' is given by

p—1 ’
@r = Z 0:;[Qk-1(95 Xiv1s s Xizl) = Qr—1 (g5 Xis ooy Xigg—1]+

i=—k+1

n—1
+ Z O0i[Qu-1(g; Xiv1s-eos Xixd = Qu=1(g5 Xiy ooy Xigi— )] —

i=p—k+1

p-1
- 2 Oi[Qu-1(g5 Xiwgs-vns Xixd = Q=1 (g5 Xiy ooy Xigi—1)]

i=p—k+1

and so

p—1
wr = (U'rl"l'w?z“ Z O0:i[Qu-1(95 Xiv1s-res Xivld = Qu~1(95 Xis -, Xin )],
i=p—k+1

where o and wr, denote respectively the oscillatory sums over [a,c]
and [c, b] corresponding to the subdivisions I'; and I',.
Since (f, g)€ RS;[a, b], there exists d,(¢) > 0 such that

or < ¢/k  whenever ||| < d,(¢).
Again, since each O,,i = p—k+1,...,p—1, is < M—m, it follows that
wr, +or, < ¢gk+k-— ek = ¢

whenever norm of each subdivision I'y, I, is less than & = min (J,,
8,/(k—1)). Consequently

wr, <e, of, <e whenever |I't]| <), [I2] < le).
Hence, by Theorem 2, it follows that
(f.9)e RS [a,c] and (f,g)€RS,[c,b].
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We now establish the equality. Let S(a,b), S(a,c) and S(c,b) denote
the approximating sums over [a,b], [a,c] and [c,b] respectively. Then
for x; < & < x4, i = —k+1,...,n—1

p—1
S(a,b) = S(a, c)+S(c,b)— ) Zk lf(fz) [Qk-1(95 Xis1s--es Xis)—
i=p—k+

—Qx-1(9; Xis ey Xiv-1)]-

Since D*~! g (c) exists and since by Lemma 3 of [2] Q,_ ;1 (g: Xis1s--er Xi+s)
is independent of the choice of the order of x;’s, it follows that

Z f(é)[Qk l(g’ |+1=""xi+k)_Qk—1(g; xia""xi-Hc—l)]

i=p—k+1
tends to zero as ||I'|| tends to zero. The required equality is then evident.
This completes the proof.

THEOREM 4. If f is continuous in [a,b], g is k convex in [a',b'] and
(f,9)e RS, [a, b], then there exists a £ in [a, b] such that

d“g(x) b d*g(x)
50052~ p 0§ S55
The proof is omitted.
DEFINITION 8. Let
d“g(t)
¢()—§f(t) ST, a<x<b,

with @(a) = 0.

THEOREM 5. If f is continuous in [a,b], g is k convex in [a',b] and
g has (k—1)th Riemann x-derivatives everywhere in [a, b], then ®'(x) exists
almost everywhere in [a,b], and

¥ (x) = f ()7 (x) = f (){D*" g (x)}’
almost everywhere in [a, b], where dash denotes the ordinary derivative and
n(x) = Vilg; a,x].
Proof Under the hypotheses of the theorem, the existence of @(x)

for xe(a,b] is assured by Corollary to Theorem 17 of [2], Theorem 11
of [3] and Theorems 1 and 3.

Suppose that x, x+h belong to [a,b]. Then

x+h dk t
P(x+h)—d(x) = | f(r) %, by Theorem 3
x+h k
_ oy | 290 5 < <1, by Theorem 4

S dtk T k=1 0
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=f(x+6n{D* 'g(x+h)-D*"'g(x)}, 0<O<1,
by Lemma 2

=f(x+6h)V,[g; x,x+h], 0<6<1, by Lemma 1

=f(x+0h){n(x+h)—=n(x)}, 0<O<L1,
by [2], Theorem 7.

Since 7z(x) is increasing in [a, b] ([2], Theorem 7), n'(x) exists almost
everywhere in [a, b].
Also since =(x) = V,[g; a,x] = D*"'g(x)—D* 1g(a), it follows that

' (x) = f()n' (x) = f (x){D* g ()}

almost everywhere in [a, b]. This completes the proof.

THEOREM 6. Let {f,(x)} be a sequence of functions which converges
uniformly to f(x) on [a',b"]. If g is k convex in [a',b"] and for all
p,(fy,»9)e RS, [a, b], then (f,g)e RS, [a, b], and

b k b k
tim [ 1,09 255 = 700555

Proof. We set f (x) = f,(x)+h,(x) so that corresponding to ¢ > 0 we can

find a positive integer p, (independent of x) such that

lh,(x)] < ¢/4G  whenever p > p,,

where G is the quantity as defined in the proof of Theorem 2.
We choose p > p, and form the upper and lower sums as in [3], Lemma
4, for f(x), f,(x) and h,(x). Then

n—1

Z I(Mi'—mi)[Qk—l(g; Xit1sores Xixk) = Que1 (g5 Xis ooy Xi1x—1)]

i=—k+

n—1

< Z (Mp,-”‘mp;) [Qk=1(9; Xiv1s-or Xizld = Qu—1(g5 Xisooos Xia— )]+

i==k+1

n—1
+ Z;,H (M, ~m ) [Qk—1(g5 Xiw1s-s Xird — Q=195 Xis ooy Xi+ik- 1)1,
where suffixes i, p;, h; in M’s and m’s correspond to the functions f(x),
f»(x), h,(x) respectively.
Since (f,, g) € RS, [a, b], there exists by Theorem 2, a J, () > 0 depending
on p and ¢ such that the first sum on the right of the above inequality
is less than ¢/2 whenever |I']| < 8;. Also

n—-1

Z (Mh,-—mhi) [Qk=1(g; Xiv1s-oor Xixld = Qu—1(95 Xisooes Xips—1)]
1

i=k+
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n—1

< Z . [OQk-1(g; Xit1seos Xiol) = Q=195 Xisoors Xi1x-1)] - €/2G

i= K+
< &f2.

Hence the oscillatory sum for f (x) corresponding to the subdivision I’
is less than ¢ whenever ||[I'ff < &,. Using Theorem 2 again, it follows that

(f,9)€ RS, [a, b].
Further for p > p,

b b
| [ (x)d* g (xydx*=1 = [ £, (d)d*g (x)/dx*"|

b
[ {f =1, (x)} d* g (x)/dx*~1|

e | k=1
<3¢ !d g(x)/dx
= -;—G {DX"'g(b)-D*"'g(a)}, by Lemma 2
< gf2.

Arbitrariness of ¢ > 0 proves the theorem.
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