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On R S k integrals

A. M. Russell [3] introduced an integral, RSk integral, which is an extension 
of the Riemann-Stieltjes integral. In this paper we pursue the idea of 
Russell and obtain certain related results. The converse of Theorem 3 has 
been obtained by Russell, but his technique seems to be inapplicable to 
prove our Theorem 3. We had to introduce the notion of oscillatory sums 
which appears to be convenient to prove Theorem 3.

1. Definitions. The following definitions are borrowed from [2], [3].
Let a ' ,a , b ,b ’ be fixed real numbers such that a! < a < b < b’ and let 

к be a positive integer greater than 1. The real-valued functions that occur 
are defined at least in [я,Ь].

Definition 1. We denote by Г(х_к+1, xn+k_ l) a subdivision of the 
closed interval [a, b] of the form

a' < x_k + l < ... < x 0 = a < x t < ... < x„
= b < xn + 1 < ... < xn+k_ 1 ^  b'.

Definition 2. Let Г(х_к + 1, ..., xn+k_ i) be any subdivision of [а ,Ь ]. We 
call

max (X: — x.-_ i)
i = —k + 2 ... n + k —1

the norm of the subdivision Г, and denote it by ||Г||.
Definition 3. We denote by ti(x0, ..., x„) a subdivision of the closed 

interval [а,Ь] of the form

a ^  x0 < Xj < ... < x„ ^  b.

The norm of the subdivision n, \\n\\, is the number

max (x,- — x,-_ x).i=
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ь
Definition 4. The integral J f  (x) dk g (x)/dxk~1 is the real number I, if it

a

exists uniquely and if for each e > 0 there is a real number <5(e) such that 
when xt ^  ^  xi+k, i = —/с+1 ,..., n —1,

n — 1

к -  I  f ( Q L Q k - i ( 9 ‘, x i + l , . . . , x i + k) - Q k_ l ( g ; x i, . . . , x i+k_ l) ] \ < £
4 i=—fc+l

whenever \\Г\\ < <5(e).
If the integral exists we write ( / ,  g)eRSk[a, b] and refer to the integral 

as an RSk integral.
D efinition 5. If in Definition 4 we consider only n subdivision of 

[a ,b ] , so that we necessarily consider only functions /  and g defined on 
[a ,b ] , then we obtain an RS* integral,

* I /(* )
dkg(x) 

dxk- 1
D efinition 6. Let x ,x l5 ... ,x k be k+1  distinct points in [a ,b ]. Suppose 

that ht = X, — x, where i = 1 ,2 ,... ,  k, and that 0 < \ht \ < \h2\ < ••• < \hk\. 
Then we define the kth Riemann ^-derivative of /  by

Dkf  (x) = к lim lim ... lim Qk(f; x , x u  ..., xk)hk~*0 hjç ~ \ 0

if the iterated limit exists. The right and left Riemann *-derivatives, 
D+ /  (x) and DL /  (x), are defined in the usual way.

The notations and further definitions which are not noted here may 
be seen in [2], [3J.

2. Lemmas.
Lemma 1. I f  g eBVk[a, b] ,  then Vk[g; a, b] =  DkS 1 g ф) - Dk+ 1 g (a) . 
P roof. By Theorem 19 of [2], g is к convex in [a ,b ] and DkS 1g(b), 

Dk+~1g(a) exist. We consider a n(x0, . . . , x n) subdivision of [a, b]. By 
Theorem 3 of [2] we may take {x j, i = 0 , . . . , k — 1 sufficiently close to 
a and {x,}, i — n — k + l , . . . , n  sufficiently close to b , to ensure the dif­
ference of

IQk—l (q ’ —к+1 > • • • > ~ i {g у -Xq ,..., xk — i)]

and [/)*_ 1g(b) — Dk+ 1g(a)'] to remain less than an arbitrarily small positive 
number. The lemma follows now from Definition 2 and Lemma 4 of [2]. 

Lemma 2. I f  g is к convex in [a, b], then for a < c < d < b

s
dk g (x)

=  D+ 1g (d ) -D l  l g{c).
dxk 1
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Proof. We consider а Г(х_к + 1, subdivision of [c,d~], where 
a < x_fc + 1 and хп+к- х < b. If S(c,d) denotes the approximating sum for 
the integral, then

n- 1
S(c ,d )=  ]T LQk~l(91 *i+l> •••> xi + k)~Qk-l (91 xh •••■> x i + k- l)]

i=—k+1
=  Q k - l ( 9 ' y  x n ’ •••» x n + k -  l)—  Q k -  1 X - k +  1 5 •••»*<))•

Since Dk+ l g{d) and DkS x g{c) exist ([1], Theorem 7 (b)) and since 
а Г subdivision contains exactly 2k — 2 points outside [c ,d ], the right-hand 
member of the above equality approaches to Dk+ xg{d) — DkS l g{c) as ||Г|| 
tends to zero. This proves the lemma.

3. Theorems. In [3], Theorem 10, it has been shown that if (/, g) 
eRSk[a, b] and g has (k — l)th Riemann *-derivatives at a and b, then 
(/, g)e RS% [u, b] and the two integrals are equal. The following theorem 
shows that under the same suppositions, the converse is also true.

Theorem 1. Suppose that the (k — l)th Riemann *-derivatives of g exist 
at a and b. A necessary and sufficient condition that ( /, g)e RSk [я, b] is 
that (/, g)e RS* [a, b]. In either case

f  / ( * )
a

dkg(x) 
dxk~x

* J /(* )
a

dkg(x) 
dxk~x '

Proof. The necessary part is obtained in [3], Theorem 10. We, there­
fore, prove the sufficient part.

Let e > 0 be arbitrary. Then correspondingly there exists a > 0 
such that for af e (a — ôi , a + ÔJ, i = —k + l , . . . , —l , l , . . . , k —l , t x 0 = a 
and fa e(b — <51? b + ôf), i = n — k + l , . . . , n  — l , n  + l , . . . , n  + k — l,  f n = b, we 
have

and

I Qk - 1 {9 > + 1 > • • • » + ft) ôk — 1 » ®s+l) •> as+k)l < e/4{k- l)g ,
r , s — — k , ..., — 1,

lôk— 1 (9’ $r+l’ '“’ ftr + k) Qk—l(9’ fis+ 1’ ,p s+k)\ < s /4 (k - l )p ,  
r, s — n — k , ..., n— 1,

where p = sup | /  (x)|.
a’ ^ x ^ b '

We now consider а Г (х_к+1, ..., xn+fc_1) subdivision of [a ,b ].
Since we are ultimately concerned with subdivisions Г of arbitrarily 

small norms and since а Г subdivision contains exactly 2k —2 points outside 
[a ,b ], we may assume that x ie(a — 31, a + S^ ,  i =  —k + l , . . . , k  — \ and
xi e(b — ô1,b + ôl), i = n - k + 1 ,..., n + k - 1. Let S(a,b) and S*{a,b) de-

ь
note respectively the approximating sums for J f ( x )dkg(x)/dxk~x and
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ь
*§dkg(x)/dxk L Then for xf ^  ^  xi+k, i = —k + 1,...

a
, n — 1, we have

S(a, b)
- 1

= Z Xi+u ■■■>xt+k) - Q k- 1(g; xi}
i=-k + 1

..., x,-+k _ j )3 4-

n — k
+ Z /(f i)  Côk-ite; xi + 1, . . . , x i+k) - ô k- i ( 0 ; хг,.i = 0

+1—
11+X

n~ 1
+ Z /(si) IQk-1(0 ; x t +1,.. . ,  xi+k)-< 2k_ i(0 ;

i=n~k+1
Xj, • • • 9 Xj + k_ l)] •

This gives
\S(a,b) — S* (a, b)\ < e/4 + e/4 = e/2.

Again as ( /, g) e RS% [a , b], there exists а ô2 > 0 such that
b

\S*(a,b) — f  (x)dkg(x)/dxk~i \ < e/2
a

whenever max (x, —x,-^) < 02.
i =  1

It then follows that
b

\S(a,b) — *J / (x)dkg{x)/dxk~1\ < e
a

whenever ||Г|| < S = min (<52, àx/(k — 1)). This completes the proof.
D efinition 7. We consider а Г (х_к+1, xn+fc_1) subdivision of [a ,b ] 

and make the definitions as in Lemma 4 of [3]. Then

П — 1

^  S  =  Z  ^ j C ô f c - l ( é N  i , . . . ,  X , + k) Q k - l i d l ’ X X , -  +  k _  j ) ]  ,
i=-fc+l

where Ot = M t — mt, i = — к + 1 ,. . . ,  n — 1, is called the oscillatory sum corres­
ponding to the subdivision Г and is denoted by cor .

The following theorem is vital to prove Theorem 3 and Theorem 6. 
Theorem 2. Let g be к convex in [a', b'~\. A necessary and sufficient 

condition that (f , g ) e R S k[a,b] is that the oscillatory sum tends to zero as 
the norm of the Г subdivision tends to zero.

Proof. We only prove the necessary part because the proof of the 
sufficient part may be constructed after using certain steps from the proof 
of Theorem 4 of [3].

If possible, suppose that the oscillatory sum does not tend to zero as 
the norm of the subdivision tends to zero. Then there exists a d > 0 and
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a sequence of subdivisions Гр with ||Гр|| -►О as p-+ oo such that Sp- s p > d, 
p = 1 ,2 ,... ,  where if Гр be given by

a' < + i < ... <  xp?0
= a < xpl  < ... < xPtHp = b < ... < < b',

then Mpi, mp i, Sp, sp denote respectively М{, т 4, 5, s in [3], Lemma 4, 
with replaced by xp>i and n by np.

By [1], Theorem 7 (b), g has left and right (к — 1)th Riemann 
♦-derivatives at each x in (a' , b'). Let G be the upper bound of the 
non-negative sums

n — 1

У, { .Qk— l i d ’ У * * * * X p,i + 1 ’ • • • ’ Xp,i +k) Q k —l i d ’ Xp,i’ • • ’ ’ Xp,i + k -  l ) l
i =  — fc+ 1

=  Q k - l i d ’ X p,np ’ X p,np + k - l ) ~ Q k - l i d ’ X p , - k +  1 ? • ••»  X p, o)

corresponding to all possible Гр subdivisions of [a ,b ]. Clearly the upper 
bound is finite by [1], Theorem 7 (b).

Let e > 0 be arbitrary. We may choose £p>i in [xp i, xp i+k], i = — k + 1, 
..., np — 1, such that

< e/G,

so that the approximating sum for the RSk integral,

"p~1

У  f i ^ p , ù  L Q k -  1 i d ’ x p,i + 1 ’ Xp,i + k) Q k —l i d ’ Xp,i ’ • • • ’ X p,i + k— l ) l
i = - k  + 1

differs from sp by less than e. Likewise it is possible to choose (Pti in 
[xP.i,xp>l+Jk], i = k + 1 ,..., np 1, such that

np - l

У. f  i C p , i ) L Q k - l i d  ’ X p, i +  1 ’ • • *’ X p,i + k) Q k - l i d ’ X p , i ’ • • •> X p,i  + k -  l)3
i = - k + 1

differs from Sp by an arbitrary positive number. Consequently as ||Гр|| -►О 
the limit of

У f  i£p,i)[.Qk-lid’ Xp,i+ 1 ’ xp,i + k) Qk-lid» Xp,i’ • • • ? Xp,i + k - l)]
i =  — k + 1

does not exist. This proves the theorem.
Theorem 3. Let g be к convex in [a', b'] and Dk~l g(c) exist, where

a < c < b. I f  ( f , g ) e R S k[a,b], then (/, g)e RSk[a, c] and (f , g ) e R S k[c,b~\,
and

J f i x )
a

dkgjx)
dxk~i = J / w

dkgix) 
dxk~1 + J / w

c

dkgjx) 
dxk~1
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Proof. Let £ > 0 be arbitrary. We consider Г subdivisions Г 1 and Г2 
of [a, c] and [c, b] respectively as

/V  a' < *-*+! < ••• < *o
= a < x x < ... < xp = c < xp+1 < ... < Xp+fc-i < c +

and

Г2: c - ^ i  < xp_k+1 < ... < Xp
-  c < xp+1 < ... < x„ = b < ... < xn + k- i  ^  b',

where ^x(£) = > 0  is such that

16k-1 (0; ai + i,a«+k)-6 k-i(0; a,-, •••, ai+k-i)l < e/fc(M-m+l)
for a{’s belonging to (c — + and M , m  being the upper and the
lower bounds of /(x ) in [a, b]. Let Г  — J \  и Г 2.

The oscillatory sum corresponding to Г is given by

p- 1
rU/- =  Z  L 6 k  — l ( 0 »  +  1 > • • 4 ^ i  +  k) Q k — l i d ’ X ,-, . . . ,  X j  +  k _  l l  "h

i =-fc+1
Л — 1

+ Z °it6 k-i(0; x i+i’ ■■•’ Xi+k)-Qk-i(g' ’ xcf+k-1)] —
i = p —k + 1

p -  1

- Z 0 f[6 k-i(0; xf+i,...,xJ+k)-6 k-i(0; .̂--.xj+k-i)]
i = p — к + 1

and so
p - 1

CÜp — (Of +(Or2~ Z [6 k-1(0» Xi + 1 » •••> *i + k) Qk~lid’ Xi’ • • •» *i + k)D »
i=p—k+1

where co'ri and a>r2 denote respectively the oscillatory sums over [a ,c ] 
and [c, b] corresponding to the subdivisions Г х and Г2.

Since (/, g)e RSk [a, b], there exists <52(£) > 0 such that

cor < £//c whenever ||Г|| < ô2(e).

Again, since each Ot, i  = p — k + l , . . . , p —l, is ^  M —m, it follows that

a>'rl + a)'r2 < e/k + (k— l)e/k = e

whenever norm of each subdivision Г 1, Г 2 is less than b =  min(b2, 
01/(k—\)). Consequently

œ’ri < e, a>r2 < e whenever \\Гк\\ < <5(г), ||Г2|| < b(£).

Hence, by Theorem 2, it follows that

if ,  g) e RSk [a , c] and (/, g) e RSk [c , b] .
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We now establish the equality. Let S(a,b), S(a, c) and S(c,b) denote 
the approximating sums over [a ,b ] , [a, c] and [c,b] respectively. Then 
for xf ^  < xi+k, i = ~ k + 1 ,..., n -1

p - 1

S(a,b) =  S(a,c)+S(c,b)~  £  /(&) [ôk-i (01 *i + i, •••, *«+*)-
i = p —k + 1

-Qk-i(9' ,  x „ . . . ,x i+k_i)].

Since D* 1 gr(c) exists and since by Lemma 3 of [2] Qk- 1{g: xi + 1,.. .,  x,+k) 
is independent of the choice of the order of х -’s, it follows that

p - 1

Z /OüiKôk-ite; xi+i,...,xi+k)-ôk-i(̂ ; X,-,....Xi+k-i)]
i = p — k +1

tends to zero as ||Г|| tends to zero. The required equality is then evident. 
This completes the proof.

Theorem 4. I f f  is continuous in [a ,b ], g is к convex in [a', b'] and 
(/, gf)e.RSfc[a, b], then there exists a  ̂ in [a, b] such that

f /(x)
a

d ^ (x )
dxk~i = /(£)J

dkg(x) 
dxk~1 '

The proof is omitted.
Definition 8. Let

* dk a (t)
Ф(х) = f f (  t) dtks x , a < x ^ b ,

with Ф(а) = 0.
Theorem 5. I f  f  is continuous in [a ,b ], g is к convex in [a', b'] and 

gf lias (k — l)th Riemann *-derivatives everywhere in [a ,b ], then Ф'(х) exists 
almost everywhere in [a ,b ], and

Ф'(х) = f(x )n ' (x )  = f ( x ) { D k~1g(x)y

almost everywhere in [a ,b ] , where dash denotes the ordinary derivative and 
n (x ) = vklg\ a, x].

Proof. Under the hypotheses of the theorem, the existence of Ф(х) 
for x e (a ,b ]  is assured by Corollary to Theorem 17 of [2], Theorem 11 
of [3] and Theorems 1 and 3.

Suppose that x ,x  + h belong to [a ,b ]. Then 

x+h dka(t)
Ф (х+Ь)-Ф (х) = f f  (t) , _. , by Theorem 3

x dt
x  + h

= / ( x  + 0h) J
X

dkg(t) 
dtk- 1 ’

0 ^  в ^  1, by Theorem 4
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= f{x+eh){D k~1g(x + h ) - D k- 1g(x)}, 0 ^  в ^  1,
by Lemma 2

= f { x  + eh) Vk[g; x , x  + h], 0 ^  0 ^  1, by Lemma 1

= f ( x  + 0h){n(x + h) — n(x)}, 0 ^  в ^  1,
by [2], Theorem 7.

Since n(x) is increasing in [я, b] ([2], Theorem 7), 7i'(x) exists almost 
everywhere in [я, b].

Also since л(х) = Vk[g\ a , x ] = Dk~l g{x) — Dk~1 g(a), it follows that 

Ф'(х) = f ( x ) n ’(x) = /  (x){Dk~1 g(x)Y

almost everywhere in [я ,Ь ]. This completes the proof.
Theorem 6. Let ( / p(x)} be a sequence of functions which converges 

uniformly to f  (x) on [a ',b '] . I f  g is к convex in [я ',Ь '] and for all 
p , ( fp,g)e RSk[a,b], then (f , g ) e R S k[a,b], and

bc r / dkg{x)lim J / p(x) = J f i x )
У ^  a dxk 1 i dxk 1

Proof. We set/ (x) = f p(x) + hp{x) so that corresponding to e > 0 we can 
find a positive integer p0 (independent of x) such that

\hp (x)j < s/4G whenever p > p0,

where G is the quantity as defined in the proof of Theorem 2.
We choose p > p0 and form the upper and lower sums as in [3], Lemma 

4, for f ( x ) ,  f p(x) and hp(x). Then
n -  1

£  xi + l , . . . , x i+k) - Q k^ 1(g; xf, ..., *,•+*_,)]
i = -  к +  1

n — 1

^  ^  iMp. p̂,-) Côk — 1 id ? %i + 1 » • • + k) Qk — 1 {g y > • • • ? -̂ i + fc — 1 )J 4~
i = -  к +  1

n — 1
У ,  ( M ^ , .  C (2 fc -1  ’ X i + 1 X i + k ) Q k - i i d ’ X ( , . . . ,  X ( + k ~  i ) 3 ?

i = — fe + 1

where suffixes i ,p t, bf in M’s and m’s correspond to the functions /(x ), 
f p(x),hp(x) respectively.

Since (f p, g) e RSk [a, b ], there exists by Theorem 2, a bj (e) > 0 depending 
on p and £ such that the first sum on the right of the above inequality 
is less than g/2 whenever ||L|| < S.t . Also

n — 1

У i^hi LQk —lid ’ X( +1 •> • • •, X,-+k) Qk — i (g, Xi, . . . ,  X,-+k — i )]
i = — к +  1
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и -  1

< Z  [<2fc-i(0; xi + l ,...,xi+k) - Q k_l (g; xf,..., xi+k_ x)] • e/2G
i = - k +1

< e/2.

Hence the oscillatory sum for /  (x) corresponding to the subdivision Г 
is less than e whenever \\Г\\ < Using Theorem 2 again, it follows that 
( f , g ) eRS k [a, b ].

Further for p > p0

\ \ f { x )d kg (x)/dxk" 1 -  J f P(d)dkg (x)/dxk" 11
a a

= I J { /  (x)-fp (x)} dk g {x)/dxk ~~11
a

< ~ 7   ̂dkg(x)/dxk~i
Z b  a

= —  {Dk+ 1 g (b) - D k_ 1 g (a)}, by Lemma 2
Zb

< e/2.

Arbitrariness of e > 0 proves the theorem.
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