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On the boundedness of solutions
of non-linear differential equations in Banach spaces

The purpose of the paper is to prove the existence and some properties
of bounded solutions of the non-linear differential equation

X =A@)x+f(t,x)
under the assumption that the linear equation
x=A{t)x+b(¢)

has at least one bounded solution for each function b belonging to a Banach
function space B. Here x represents a functien with values in some Banach
space and the real independent variable ¢ ranging over {0, c0). Our results
generalize some theorems due to Massera, Schiffer [3], Coppel [1] and
Talpalaru [7].

In this paper we use some of the notation, definitions, and results from
the book of Massera-Schiffer [4].

Let J = [0, 00), and let E be a Banach space with the norm |-|.
We introduce the following notations:

E — the space of continuous linear mappings E—E;

C = C({J, E) — the space of bounded continuous functions u: JoE
with the norm |lu||, = sup {Jlu(®)|: teJ};

I! = I} (J, E) — the space of Bochner integrable functions u: J—E with

the norm |lull; = { llu(s)| ds;
0

L= L(J, E) — the space of strongly measurable functions u: J—E,
Bochner integrable in every finite subinterval J' of J, with the topology
of the convergence in the mean on every such J’, ie. convergence in
L'(J', E) of the restrictions to J'.

Assume that B(J, R) is a Banach function space such that

1° B(J,R) = L(J,R) and B(J, R) is stronger than L{J, R);

2° B(J, R) is not stronger than L!(J, R);

3° B(J,R) contains all essentially bounded function with compact
support;
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4° if ueB(J, R) and v is a real-valued measurable function on J such
that |v] < |u|, then veB(J, R) and |jv|z < llulp.

Denote by B = B(J, E) the Banach space of all strongly measurable
functions u: J—E such that |lu|eB(J, R) provided with the norm |ulg
= || llull]ls-

“ F uﬂther, let AeL(J, E), and let E, be the set of all points of E which
are values for t = 0 of bounded solutions of the linear differential equation

1 x = A(t)x.

We assume that E, is closed and has a closed complement E,, ie.
there exists a closed subspace E, such that E is the direct sum of E,
and E,. Let P be the projection of E onto E,. Moreover, let U: J»E be
the solution of the differential equation U = A(t)U with the initial condi-
tion U(0) = I. ,

Assume that for every beB there exists at least one bounded solution of
the differential equation

2) x=AM)x+b(1).

Then by Theorem SL.E of [4] there exists a constant k > 0 such that
for every beB the equation (2) has a unique bounded solution x with
x(0)eE,, and this solution satisfies ||x|. < k|b|lzg. For any beB denote by
T (b) the bounded solution x of (2) such that x(0)e E;. Then T is a mapping
of B into C and

1° IT®). < k|bllg for beB;
20 T(Al bl+A.2 b2) = A‘l T(b1)+12 T(bz) f0r bl,bz EB and ).l,j.zeR.
Moreover, by [4], Theorem 52.J,

3) T(b)(t)=jU(t)PU“(s)b(s)ds—}OU(t)(I—P)U"(s)b(s)ds (teJ)
0 t

for every be B with compact support.

Applying Theorem 62.D of [4] we deduce that there exist a positive-
valued function N defined on J and a positive constant o such that every
solution x of (1) with x(0)e E, satisfies, for all t > t, > O,

lx @I < N (to)e™ ™" I x ()],

and the fundamental solution U of (1) satisfies
@) IU@P| < N@©)|Ple™ for all teJ.

In what follows we shall make use of the well-known Krasnoselskif
theorem [2], p. 57:



Non-linear differential equations 383

Suppose that F is a mapping of a complete metric space (X, d) into
itself and

d(F (x), F(y)) < q(a,b)d(x, y)

for each x, ye X such that a < d(x, y) < b, where g(a,b) < 1 for b > a > 0.
Then there exists a unique ue X such that u = F(u).
Consider the non-linear differential equation

®) x = A@M)x+f(t, x),

where (t, x)—f (¢, x) is a function from Jx E into E which is continuous
in x for any fixed teJ, and strongly measurable in t for any fixed xeE.

THEOREM 1. If

1° r: J > J is a non-decreasing function such that sup {r(u)/u: a < u < b}
< 1 for each a,b,0 < a < b;

2° there exists heB(J, R) such that kl|h|gz <1 and |f(t,x)—f(t, )|
< h(@)r(|x—yl) for cach x,yeE and teJ;

3 f(-,0)eB,
then for any acE, there exists a unique bounded solution x(-,a) of (5) with
Px(0, a) = a. Moreover, for any ¢ > 0 there exists 3 > 0 such that

”x("p)_x("a)“c <& for each a, PGEO, ”P‘a” < 3

Proof. For each x,yeC the function s— f(s, x(s)) is strongly meas-
urable on J and

1S (s, x6) =S (s, y6)I < k) r(lx—yl) for sed.

Therefore
lIf(-,X)—fE-,y)IIB < [Iklgr(ix—yl) for x,yeC.
In particular this implies that f (-, x)eB, because
fGx) = (f(,0)=f(,0)+f(-,00 and f(-,0)eB.
Put H(v) = T(f (-, v)) for veC. Then H is a mapping of C into C, and
IH@)—H@)le = [T(f(0=f () < kNG 0=f 2
L k|hlgr(lv—z|) < r(lv—z||) for each v,zeC.

Fix aeE, and put S(v) = H(v+w) for veC, where w = U(-)a. From the
above it is clear that S is a mapping of C into C, and

IS@~-S@). < r(lv—zl) for v,zeC.

Thus we can apply Krasnoselskil’s theorem which yields the existence of
a unique mapping xeC such that x = S(x), ie.

x() = A@Qx@)+f(t, x(@O)+w() ~ for teJ.
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Since w(t) = A(t)w(¢) for teJ, the function u = x+w is a bounded solution
of (5). Moreover, Pu(0) = Pw(0) = a, because x(0)eE;. Suppose that z is
a bounded solution of (5) such that Pz(0) = a. Then y = z—w is a bounded
solution of y = A(t)y+f (¢, z(¢)) such that y(0)e E,. Consequently, y = H (z)
= H(y+w) = S(y), which implies y = x, and therefore z = x+w = u.

LemMA. If f(-,0) = 0 and m = sup {|U(t) P|: teJ}, then |x(-,a)|. < d
for each d > 0 and aeE, such that ||a|| < (d—r(d))/m.

Proof of lemma. If f(-,0) = 0, then H(0) = 0. Fix d > 0 and acE,
such that |la}| < (d—r(d))/m, and put w = U(-)a. We shall show that the
function u—S(u) = H(u+w) maps the ball K, = {xeC: |x|. < r(d)} into
itself. Indeed, as ||wl, < mllall < d—r(@d), |x+wll, < |x|l.+wl. < d for any
xe K,, and hence

ISClle = I1H (x+w)=HO)ll. < r(lx+wl) < r(d) for xeK,.

Applying Krasnoselskii’s theorem we deduce that there exists ve K; such
hat v = S(v). Since the equation u = S(u) has exactly one solution in C,
and u = x(-,a) — w satisfies this equation, we conclude that v = x(-,a) —
—w, and finally ||x(-, @)|l. < ||vll.+ [wl, < r(d)+d—r(d) = d. This completes
the proof of lemma.

For apy ¢ > 0 put 3 = (e—r(e))/m. Then for any a,peE, such that
la—pll €~ the function u = x(-,a)—x(-, p) is a bounded solution of the
equation

X =A@M)x+g(t,x),

where g(t,y) = f(t, x(¢, p)+y)—f (¢, x(¢,p) for (t,y)eJ xE, and Pu(0)
= a—p. Since ¢(t,0) = 0 and
lg(t,x)—g @, »I < h(@®r(lx—yl) for tel, x, yeE,

from the above lemma it follows that |u(f)|] < e, ie.
lx(t,a)—x(t,p)l| <e for ted.

Remark 1. Theorem 1 is a generalization of an analogous result of
Massera—Schiiffer [3] for B = I and r(u) = qu,q < 1.

THEOREM 2. If

1° r: J > J is a non-decreasing right continuous function such that
r(0)y=0and r(u) < u for u> 0;
2° there exists a he B(J, R) such that k|h|z < 1 and

If @) < h@r(ixl)  for each (t, x)eJ xE,

then every bounded solution x of (5) satisfies lim ||x(t)| = 0.
t— o0
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Proof. Assume that x is a bounded solution of (5). First we shall
show that
(6) x = U()PxO)+T(f (- x).
Let z = T(f(-,x)) and y = x—U(-) Px(0)—z. Since z(0)eE,, y(0) = x(0)—
— Px(0)—z(0)e E,. Moreover,

¥ = x(O=U @) Px(0)—2(1)
AR x@O)+f(t, x(0)=A() U () Px©)— A @) z(1)—f (¢, x(2))
= A@)y(@) for tel,

and hence y is a bounded solution of (1) with y(0)eE,. Therefore y = 0
which proves (6).

For any 7 > 0 put

U, = T(to /(%) and v, = T(gem /(- X)-

Because

1 2escor S (£, X @)] < B (O o000 @ 7 (I D) < B (@) 7 (sup Ix (D))

t21

for teJ, we have

loelle < Kk lltgesn £ (-, ¥)lip < K llhllgr(sup x (@) < r(sup fx(@)1).

t=1t t2t

On the other hand, by (3),

u () = U(t)Pi U (s)f(s, x(s))ds for ¢t > 1,

and therefore

lu, O < [|[U@ P - g U™ (s)f (s, x(s))ds| for ¢ > t.

Let p = lim Ix(®)]l. Suppose that p > 0. Since r(p) < p and r is right
t—

continuous, there exists ¢ > 0 such that r(p+¢) < p. Moreover, by the
definition of p, there exists T > 0 such that [x(¢)] < p+¢ for t.> 1. As

x=UC)Px(0)+T(f(-,x) = U(-)PxO0)+u,+v,,
[x@®) < |U@®P]- ]Ix(0)||+r(51>1p llx (1) + llu, ()]
SNU@P| - IxOf+r(p+e)+ U@ PI- | f U ) f(s, x(5))ds]|

for t > 7. By (4) this implies p = tlﬁ Ix ()| < r(p+e¢) in contradiction with
r(p+¢) < p. Consequently, p = 0, which ends the proof of Theorem 2.

Remark 2. Theorem 2 generalizes some result of Coppel [1] for
.B=17 E=R"and r(u) = qu, q < 1.
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THEOREM 3. Assume that
I dlim l%a.. Blg = O for every beB(J, R);

2° (t,u)— h(t,u) is a non-negative function defined for t,uelJ such that

(i) for any fixed teJ the function h is non-decreasing on u;

(ii) h(-,u)e B(J, R) for each fixed u.

If I f(t. X)) < h(t, ||x]||) for each (t, x)eJ x E, then every bounded solution
of (5) satisfies 'lirg Ix ()] = 0.

Proof. Let x be a bounded solution of (5). For any 7 > 0 let u, and
v, be the same as in the proof of Theorem 2. Since

[ Xte00) (O S (6, X @)]| < Xgeoooy @ B2, Nx]l)  for ted,
lvelle < klXtieso) S G D < K | dtieser B (s 10| 8-
By assumption 1°, lim [ty R (- I1X10)]| s = O, and therefore for any & > 0
we can choose 1 >t Owsuch that |v,|l. < ¢/3. Moreover, by (4), 'Erg U (t) P)

= 0. Hence there exists a t, > 0 such that

(O < TU@PL - || | U~1(5) £ s, x(6)) ds]

<¢3 and JU@P-IxO) < ¢&/3
for t > t,. From this, by (6), it follows that |
Ix@OI < JU@ P -llx O + llu O +llo, O] <& for t > ¢t,.
As ¢ is arbitrary, this implies 'lirg lx@l = 0.

Remark 3. Theorem 3 generalizes a similar result of Talpalaru [7]
for E= R" and B = .

Remark 4. Our results may be applied to the important case, when
B is any Orlicz space L, generated by a convex ¢-function ¢ such that

ling o)fu=0 and lim @(u)u = oo

(cf. [5], [6]). Theorems 1 and 2 are true for every Orlicz space; Theorem 3
is true only in this case where the function ¢ satisfies the condition
¢ (2u) < co(uffor each u > 0.
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