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On the boundedness of solutions 
of non-linear differential equations in Banach spaces

The purpose of the paper is to prove the existence and some properties 
of bounded solutions of the non-linear differential equation

x = A ( t )x+f  (t , x)

under the assumption that the linear equation

x = A(t)x+b(t)

has at least one bounded solution for each function b belonging to a Banach 
function space B. Here x represents a function with values in some Banach 
space and the real independent variable t ranging over <0, oo). Our results 
generalize some theorems due to Massera, Schaffer [3], Coppel [1] and 
Talpalaru [7].

In this paper we use some of the notation, definitions, and results from 
the book of Massera-Schaflfer [4].

Let J = [0, oo), and let £  be a Banach space with the norm || • ||. 
We introduce the following notations:

Ё — the space of continuous linear mappings £-►£;
C = C(J,E)  — the space of bounded continuous functions и: J->E 

with the norm ||w||c =  sup (||u(t)|| : t e J };
L1 = Ü(J,  E) — the space of Bochner integrable functions и: J ^ E  with

OO
the norm \\u\h = J ||u(s)||ds; 

о
L — L(J,E)  — the space of strongly measurable functions и: J->E, 

Bochner integrable in every finite subinterval f  of J,  with the topology 
of the convergence in the mean on every such J ', i.e. convergence in 
L1 (J E )  of the restrictions to J'.

Assume that B(J,R)  is a Banach function space such that 
1° B(J,R)  cz L(J,R)  and B( J , R ) is stronger than L(J,R):
2° B ( J , R ) is not stronger than Ll ( J , R );
3° B(J,R)  contains all essentially bounded function with compact 

support ;
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4° if u e B ( J , R ) and v is a real-valued measurable function on J such 
that |u| ^  |«|, then ve B ( J , R )  and ||y||B ^  ||m||b.

Denote by В = B(J,E)  the Banach space of all strongly measurable 
functions и: J-+E such that \\u\\eB(J, R) provided with the norm ||m||b
-  II Mil»-

Further, let A e L ( J , Ё), and let E0 be the set of all points of E which 
are values for t =  0 of bounded solutions of the linear differential equation

(1) x = A(t)x.

We assume that E0 is closed and has a closed complement E t , i.e. 
there exists a closed subspace E l such that E is the direct sum of E0 
and Ex. Let P be the projection of E onto E0. Moreover, let U : J->2s be 
the solution of the differential equation Ù = A(t)U with the initial condi­
tion (7(0) = /.

Assume that for every b e B  there exists at least one bounded solution of 
the differential equation

(2) x = A{t)x+b(t).

Then by Theorem 5l.E of [4] there exists a constant к > 0 such that 
for every b e B  the equation (2) has a unique bounded solution x  with 
x(0)e£ l5 and this solution satisfies ||x||c <  k||fr||B. For any b e B  denote by 
T(b) the bounded solution x of (2) such that x(0)eE1. Then T is a mapping 
of В into C and

1° IIт т  ^  к \\b\\B for b e B ;
2° T(Aj bj + À2 b2) =  Aj T(bj)+/l2 T(b2) for b1, b2^B  and Xl ,A.2eR.  
Moreover, by [4], Theorem 52J,

t 00

(3) T(b)(t) = J U(t)PU~1(s)b(s)ds-  J U ( t ) ( I - P ) U ~ l (s)b(s)ds (t e J )
о t

for every b eB  with compact support.
Applying Theorem 62.D of [4] we deduce that there exist a positive­

valued function N  defined on J and a positive constant a such that every 
solution x of (1) with x(0)e £ o satisfies, for all t ^  t0 ^  0,

l|x(r)|| ^ N (t0)e~*(,~to) ||x(t0)||,

and the fundamental solution U of (1) satisfies

(4) \\U(t)P\\ ^  N(0)\\P\\e-3t for all t e J .

In what follows we shall make use of the well-known Krasnoselskit 
theorem [2], p. 57:
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Suppose that F is a mapping of a complete metric space ( X , d }  into 
itself and

d(F(x),F(y)) ^  q(a,b)d(x ,y)

for each x, y e X  such that a ^  d{x,  y) < b, where q(a, b) < 1 for b ^  a > 0. 
Then there exists a unique u e X  such that и = F (и).

Consider the non-linear differential equation

(5) x = A{t )x+f ( t , x ) ,

where (t , x)-*f (t , x) is a function from J x E  into E which is continuous 
in x for any fixed t e J ,  and strongly measurable in t for any fixed x e E .

Theorem 1. I f
1° r: J -> J is a non-decreasing function such that sup {r(u)/u : a ^  и ^  b} 

< 1 for each a , b , 0  < a ^  b;
2° there exists h e B ( J , R ) such that fc||/i||B ^  1 and \ \ f ( t ,x)- f ( t ,y) \ \  

^  h(t)r(\\x — y\\) for each x , y e E  and teJ;
3° f ( ; 0 ) E B ,

then for any a eE 0 there exists a unique bounded solution x ( - , a ) of  (5) with 
Px(0, a) — a. Moreover, for any e > 0 there exists 3 > 0 such that

l|x (- ,p )-x (- , a)\\c <  £ for each a , p e E 0, \\p-a\\ <  3.

Proof. For each x , y e C  the function s-> /(s,x(s)) is strongly meas­
urable on J  and

\ \ f (s,x(s))-f(s,y(sj)\ \  /i(s)r( ||x -y ||c) for s e J .
Therefore

II/ ( - , * ) - / ( • ,  jOIIb <  ЦЛ||вг ( ||х -у ||с) for x , y e C .

In particular this implies that f ( - , x ) e B ,  because

/( • ,x )  = ( /(• , x)—/( • ,  0))+ /(-, 0) and / ( • ,  0)eB.

Put H(v) = T ( f  ( •, v)) for veC . Then Я  is a mapping of C into C, and

\ \ H ( V ) - H ( z ) \ \ c =  \ \ T ( f ( ; V ) - f ( . , z ) ) \ \ c ^ k \ \ f ( ; V ) - f ( . , z ) \ \ B

^  k\\h\\Br(\\v-z\\c) ^  r{\\v-z\\c) for each v , ze C .

Fix a e E 0 and put S(r) = H(v + w) for veC,  where w = U( )a. From the 
above it is clear that S is a mapping of C into C, and

||S(y)-S(z)||c ^  r(\\v-z\\c) for v , z e C .

Thus we can apply Krasnoselskifs theorem which yields the existence of 
a unique mapping x e C  such that x = S(x), i.e.

x(t) — A( t )x( t )+f  (t, x{t)-\-w(t)) ' for t e J .
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Since w(t) = A(t)w(t) for t e J ,  the function и = x + w is a bounded solution 
of (5). Moreover, Pu(0) = Pw{0) = a, because x ^ e f ^ .  Suppose that z is 
a bounded solution of (5) such that Pz(0) = a. Then y = z —w is a bounded 
solution of ÿ — A( t ) y +f  (t, z{t)) such that Consequently, у = H(z)
= H(y + w) =  S(y), which implies у = x,  and therefore z = x + w = u.

Lemma. / / / ( • ,  0) =  0 and m = sup {\\U(t)P\\: t e J }, then ||x(-,a)||c <  d 
for each d > 0 and a e E 0 such that ||u|| ^  (d—r(d))/m.

P ro o f of lemma. If / ( - ,0 )  = 0, then H(0) = 0. Fix d > 0 and a e E 0 
such that ||a|| ^  (d—r(d))/m, and put w = U{ )a. We shall show that the 
function u-+S(u) = H(u + w) maps the ball Kd = (xeC : ||x||c ^  r(d)} into 
itself. Indeed, as ||w||c ^  m||a|| ^  d — r(d), ||x + w||c ^  ||x||c + ||w||c ^  d for any 
x e K d, and hence

\\S(x)\\c = \\H(x + w)—H (0)||c ^  r(||x + w||c) ^  r(d) for x e K d.

\pplying Krasnoselskifs theorem we deduce that there exists v e K d such 
hat v = S(v). Since the equation и = S(u) has exactly one solution in C, 

and и = x ( - , a ) — w satisfies this equation, we conclude that v = x(  ,a) — 
— w, and finally ||x (-,a)||e ^  ||u||c +  ||w||c ^  r(d)+d — r(d) = d. This completes 
the proof of lemma.

For ajiy £ > 0 put 5 = (e — r(e))/m. Then for any a ,p e £ 0 such that 
||a — p || ^  the function и = x(-,a) — x( ,p) is a bounded solution of the 
equation

x = A (t)x + g(t, x),

where g(t, y) = f ( t ,  x(t,  p )+y) - f { t ,  x(t,  p)) for ( t ,y ) e J x £ ,  and Pu(0) 
= a — p. Since g(t, 0) =  0 and

\ \g{t , x) -g( t t y)\\ ^  iî(0 r( ||x -y ||)  for t e J ,  x , y e E ,

from the above lemma it follows that ||w(r)|| ^  £, i.e.

||x(t, a)—x(t, p)|| ^  £ for f e J .

R em ark  1. Theorem 1 is a generalization of an analogous result of 
Massera-Schaffer [3] for В = И  and r(u) = qu, q < 1.

Theorem 2. I f
1° r: J -*■ J is a non-decreasing right continuous function such that 

r(0) = 0 and r(u) < и for и > 0 ;
2° there exists a h&B(J,R)  such that k\\h\\B ^  1 and

|| / ( t ,x ) || ^  h (f)r(||x||) for each (t, x )eJ  x E,  

then every hounded solution x of (5) satisfies lim ||x(r)|| = 0.
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Proof. Assume that x is a bounded solution of (5). First we shall 
show that
(6) x = U( ) Px ( 0 ) +T( f ( - , x ) ) .

Let z = T ( f  (•, x)) and y = x —U()Px(0)  — z. Since z(0)eEl , y{0) = x(0) — 
— Px(0)—z(0)e El . Moreover,

y{t) = x (0 — Ù (0 Px (0) — z {t)
= A (t)x (t) + f ( t , x  (t)) — A(t )U (0 Px (0) -  A (t)z (t) - f ( t , x  (0)
= A(t)y(t) for t e J ,

and hence y is a bounded solution of (1) with y (0)e£ i. Therefore у = 0 
which proves (6).

For any t  > 0 put

Щ = T(x[0,t]f  (■,*)) and vt = T(x[t>00)/ (  -, x)).
Because

\\X[x,°o)(t)f(t,x(t))\\ ^  h{t)x[x,oo)(t)r(\\x{t)\\) ^  h(t)r(sup ||x(0l|)
Or

for t eJ ,  we have

M e  ^  М1Х[т,оо)/(-,*)11в ^   ̂ll l̂ls r(sup ||x(0 ll) <  r(sup |}x(r)|t).
T r ^ T

On the other hand, by (3),
T

ux(t) =  U (t) P J t/ _1 (s)f(s, x(s))ds for t ^  t ,
0

and therefore

К  (Oil ^  1 и  (t) P II • II ] U - 1(s)f(s,x(s))ds\\ for t ^  T.
0

Let p = lim ||x(t)||. Suppose that p > 0. Since r(p) < p and r is rightt~* OO
continuous, there exists e > 0 such that r(p + e) < p. Moreover, by the 
definition of p, there exists т > 0 such that Их (Oil ^  p + e for t ^ z .  As

x = 1 /()Р х (0 )+ Г (/(- ,х ))  =  U(-)Px(0)+u, + v„

||x(r)ll «  ||[/(t)P|M|x(0)|| + r(sup||x(r)||)+!|«,(0ll

sS IIt/(r)P|| ■ ||x(0)H +  r(p + 6)+ ||t/( t)P || • || j  U~1(s)f(s,x(s))ds\\
__  0

for t ^  t . By (4) this implies p = lim ||x(f)|| ^  r(p+s) in contradiction witht—*oo
r(p + e) < p. Consequently, p = 0, which ends the proof of Theorem 2.

R em ark 2. Theorem 2 generalizes some result of Coppel [1] for 
B = LP, E = Rn and r(u) = qu, q < 1.
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T heorem  3. Assume that
1° Пт \\Ыоо)Ь\\в = 0 for every beB(J ,R) ;

d~* r.
2° (t, m)-> h(t, u) is a non-negative function defined for t , u e J  such that 
if) for any fixed t e J  the function h is non-decreasing on u;

(ii) hi-, u )eB(J , R) for each fixed u.
I f  || f ( t ,  x)|| ^  hi t , ||x||) for each it, x ) eJ  xE,  then every bounded solution

of (5) satisfies lim ||x(r)|| = 0.
*-►00

Proof. Let x be a bounded solution of (5). For any x > 0 let ux and 
i\ be the same as in the proof of Theorem 2. Since

||X[r,ao)(0/(*,*(0)|| ^  IWU for t e J ,
K L  < к ||X[T,30)/(-,*)lle ^  k\\xluoo)hi-, ||x||c)||B.

By assumption 1°, lim ||x[Ti00)/i(-, ||x||c)l|B =  0, and therefore for any e > 0
г ► oo

we can choose т > 0 such that ||pt||c ^  e/3. Moreover, by (4), lim ||£/(t)/>||
*-►00

= 0. Hence there exists a t0 > 0 such that

IW')II « 111/(0̂*11 • I i  C/-1(s)/(s,x(s))dS|j
0

< e/3 and \\U(t)P || • ||x(0)|| ^  e/3 

for t ^  t0. From this, by (6), it follows that

I lX( O i l  ^  Il Uit) P II • I lX(0)|| + ||nt ( O i l  + I M O I I  ^  e for t ^  t0.

As e is arbitrary, this implies lim ИОН = 0 .
*-*■00

R em ark 3. Theorem 3 generalizes a similar result of Talpalaru [7] 
for E = Rn and В = Lp.

R em ark 4. Our results may be applied to the important case, when 
В is any Orlicz space generated by a convex (^-function q> such that

lim (p iu)/u =  0 and lim q> (и)/и = oo
u - »  0  u~*ao

(cf. [5], [6]). Theorems 1 and 2 are true for every Orlicz space; Theorem 3 
is true only in this case where the function <p satisfies the condition 
(pi2u) ^  c(piu)ïov each и ^  0 .
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