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Interpolation of Lipschitz operators 
for the pairs of spaces (L1, U°) and (Z1, c0)

Abstract. Let /Xj be a tx-finite non-atomic and /x2 a discrete measure. Let T: L1(/xi) +  
+  Lao(ni) -*■ L1 (/Xj)+L°°(/ij) be such that T  is a Lipschitz operator from L1 (/X;) to L1 (/x;) and 
from to Г°°(/Х;), where L°°(/x2) =  c0 and Le(/x,) is a maximal rearrangement invariant
Banach function space such that L ® ^ )  <= Le(^t) <= L1^ ) ,  Ьв{ц2) = Iе <= c0, or Le(^) is 
a minimal rearrangement invariant Banach function space. Then T or its extension T is 
Lipschitz from U  (jxJ to Le(/Xj) for i — 1 ,2 , and the bound K e (or respectively K e) does not 
exceed m a x fK j.X J .

0. Introduction. This theorem was proved by W. Orlicz [12] for Orlicz 
spaces П(0,1) in the case where l < oo for linear operators, and later [13] 
for Lipschitz operators. In [4], the theorem was proved for maximal spaces 
12(0,1) and linear operators given by an integral transformation. In [10] 
Mitjagin proved the theorem for linear operators and a minimal rearrangement 
invariant Banach function space 12(0, 1). Moreover, Mitjagin was the first * 
who proved this theorem for linear operators and minimal sequence spaces Iе.

Calderon [3] established this theorem in 1966 for quasi-linear operators 
and every 12 (p) having the majorant property. Next, Lorentz and Shimogaki
[5], [6] proved it in the case of Lipschitz operators and for every maximal 
12(0 ,1 )  when / <  oo, and for minimal 12(0 , oo).

In this paper we show that this theorem holds if p is an adequate 
measure and 12 (p) is a maximal rearrangement invariant Banach function 
space such that L00 (p) <= 12 (p) c= L1 (p) if p non-atomic and Ie c= c0 if p is 
discrete, or 12 (p) is a minimal rearrangement invariant Banach function 
space. The idea of the proof is taken from Lorentz-Shimogaki [6] in the 
case of non-atomic measures. We give also another proof of this theorem 
for a maximal rearrangement invariant Banach function space, applying the 
theory of Bennett [1] and Peetre [14].

1. Preliminaries. In the sequel, (S, I ,  p) is a <r-finite measure space 
with a countably additive non-negative measure p on a ст-algebra I  of 
subsets of an abstract set S. By M(P)  we denote the space of all real­
valued (resp. non-negative) ^-measurable functions on S, finite a.e. on S.
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A mapping g : P-*[0, oo] is called a function norm if g satisfies the 
following conditions for all / ,  /„ (n = 1 ,2 ,...) and g in P:

(i) Q(f) =  0 iff/ =  0 a.e.

e( f+g)  ^  Q(f)+eig),  e(V)  =  W )  ( Л  >  0 ) ;

(ii) f  ^  g a.e. implies g( f )  ^  g(g)-,
If we identify /i-almost equal functions, then

Hin) = { /e M :  g{\f\) < oo}

is a normed linear space with the norm | | / | |  = g(\f\).  Such a space is 
usually called a normed Kôthe space or normed function space (for the 
theory of normed Kôthe spaces, see [18]).

For each g, g'{f) = sup {j  \fg\ dp: g(g) < 1} is called the associated
s

norm to g-, it satisfies conditions (i) and (ii). The associated space, denoted 
by (Le{p))' or LQ> {p), is defined as

IS' (p) = { /e M : g'(\f\) < oo}.

A function norm g is called:
continuous if f neIS{p), 0 ^  f n[ 0, imply g(fn) l  0,
semi-continuous if 0 < / „ } / , /  eI2{p), imply ^(/„)î g(f) ,
monotone-complete if 0 <  f n Î /  and sup g (/„) < oo imply f  e IS (p).П
If g satisfies Fatou property, i.e. / 0, / 15. . .е Р  and / Л /  a e - implies 

* Q (fn) î  в ( /)  (this is equivalent to semi-continuity and monotone-completeness 
of the norm), then IS(p) is called a maximal normed function space, and 
if g is a continuous norm, then IS(p) is called a minimal normed function 
space.

In the sequel we consider Banach function spaces (complete normed 
function spaces) such that

Ii (ft) n  I f  (p) Œ Lf(M) <= 1}(м)+1Г(м).

It is clear that if p is a non-atomic measure and p(S) ^  oo or p 
is a discrete measure (i.e. purely atomic with atoms of equal measure 1), 
then

L1 (p) n  L00 (p) cz IS (p) а  I} (р) + и°  (p)

if and only if
(iii) p{E) < oo implies that there exists AE independent of /  such that 

J | / |  dp < AEg(f ) ,
E

(iv) p(E) < oo implies g (Xe) < 00 •
For each /i-measurable function /  on S, the function df (y) = p { x e S :
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\f(x)\ > у), у > 0, is called the distribution function of / .  f x and f 2 are 
called equimeasurable if dfl = df2 holds; we denote this by writing f i  ~  f 2. 

A function norm g is called rearrangement-invariant if
(v) /1 ~ / 2 implies g{fx) = g( f2);
IS {ft) is then called a rearrangement-invariant Banach function space. 
Examples of rearrangement invariant Banach function spaces are Lebes- 

gue spaces U  (1 ^  p ^  00), Lorentz spaces Л , M , L pq, A a (0 < a ^  1) and 
Orlicz spaces I?.

The smallest and the largest of the rearrangement invariant maximal 
Banach function spaces with non-atomic or discrete measure are respectively 
1}(р) n  L00 (/1) and L1 (/i)-t-L°° (p), this in the sense that the continuous 
embeddings

L1 (p) n  L00 (p) a  U (p) c= L1 (p) + L00 (p)

hold for any rearrangement-invariant maximal Banach function space IS(p) 
satisfying (iii) and (iv).

2. Majorant property. For each / e M , / *  denotes the non-increasing 
rearrangement of J, which is the right continuous inverse of the function 
df , i.e.

f*(t)  = inf {y > 0: df (y) < f}, 0 ^  t < p(S) ^  00.

It is clear that

f*(t)  = d7f (t) = |{A > 0: df (X) > t > 0}|
= sup {X > 0: df {X) > t > 0} for 0 < t < p(S),

and /*(0) = ess sup \ f  (x)|. We write g < f  for / ,  g eL1 (p)+IS° {p), if
xeS

t t

J g*{s)ds ^  j f*(s)ds  for any 0 < t < p{S).
о  0

00

L em m a  1. I f  hn < f ,  n =  1 ,2 ,... ,  then Y  2~nhn ^ f .
71 =  1

t t t

Proof. By the inequality j C/i +f2)*(u)du ^  J f f (u)du + § f?{u)du  (see 

[7], p. 108), we get
t N N t t

j (  Y  2 ~nhn)*(s)ds ^  Y  2 ~ n  j h*(s)ds ^  J f*(s)ds  for every N  ^  1.
0  71 =  1  7 1 = 1  0  0

N oo N 00
Since Y  2~"К î  Y  2~пК  implies ( Y  2”"M* î ( Y  2~пК)*, by Beppo-

7 1 =  1 7 1 =  1 7 1 =  1 7 1 =  1
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Levi theorem we obtain

lim j (  £  2 nhn)*(s)ds =  j ( Ë  2 "hn)*(s)ds.
О n=  1 O n= 1

00

Hence Y, 2~nK <  /•
n= 1

If f  g 13(g) and g - < /  imply g e 13(g), then we shall say that 13(g) 
has the majorant property (l?(//)eMP); if, moreover, g(g) ^  g(f) ,  then we 
shall say that 13(g) has the strong majorant property (19(g) e SMP).

L em m a  2. I f  13(g) e MP, then there exists an equivalent rearrangement 
invariant function norm g0 such that I3°(g)e SMP.

P ro o f  (see also [7], Theorem 16.1). Let us put, for f  e 13(g),

Qo(f) = sup (e(0): g e Q ( f ) } ,

where Q(f )  = {h e Ü (g) + 13° (g): h -< /} . There exists a constant C >  0 
such that g -< /, /  e 13(g), imply g (g) ^  Cg(f).  Suppose that this condition 
does not hold for each C > 0. Then there exist positive functions f„, 
g„, n =  1 ,2 ,. .. ,  such that

9n < f n , Q(9n) ^  n and g( fn) = 2~ln.
oo oo

Putting / =  X 2nf„, we have f e  13(g) and 2 "^  -< 2"/„ <  £  2"/„ = /  for
n= 1 n= 1

n ^  1. By Lemma 1, we get

9 =  E « .  = E  2-"(2"/„)-< /;
n=l n=l

hence g e 13(g). On the other hand, 0 ^  gn ^  g, therefore g(g) ^  g(<7„) ^  n 
for all n 2? 1, a contradition. From the above we get g( f )  ^  M / )  Q ( / )
for f  e 13(g). g0 is a rearrangement-invariant function norm.

For example, we shall show the triangle inequality. Let f x, f 2e 13(g) 
and £ > 0. Then there exists g e 13(g) such that g < f x+fi ,  Qo(fi+fi) 
^  g(g) + 8. There exist gx, g2 such that gt < f ,  i = 1,2, g = gx+g2 
(see [5]). Since Z?(^)eMP, therefore gx, g2£ 13(g). We have

Q o i f i + f i )  ^  Q(9) +  z <  ô ( 9 i ) + Q ( 9 2 )  +  £ ^  Q o ( f i ) + Q o ( f 2) + £  ■

Since £ > 0 is arbitrary, we conclude the triangle inequality.
A measure space (S, I , g) is called adequate if for any f , g e P

MS)
sup { f  fg 'dg: g' ~  g} = f f*(t)g*(t)dt.  

s о
Non-atomic measure spaces and discrete measure spaces are adequate (see 
Luxemburg [7], Mills [9], Silverman [16]).
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Luxemburg theorem. I f  p is an adequate measure and B(p) is maximal, 
then Le(/i)eSMP.

If p is not adequate, then this theorem may be false (counter-example — 
see [7], p. 118).

If g is monotone-complete, then by the Amemiya theorem (see [18]), 
7Q(f) ^  Qn(f)  ^  Q(f) for /  eM  and 0 < у ^  1. Hence, if p is adequate, 
then f e L Q(p) and g <  /  implies geLe(p) and д(д) ^  1 llQif)-

M itjagin-C alderôn theorem. I f  g is a separable non-atomic measure 
or a discrete measure and LL> (p) is minimal, then Le(p)e SMP.

G. I. Russu [15] has given examples of rearrangement-invariant Banach 
function spaces B(m) and Lf (m), where S = [0, 1] and m is the Lebesgue 
measure, such that В(т)ф MP and If(m)E MP, Н{т)ф SMP.

We shall say that B(p) has universal majorant property (B(p)e UMP) 
if each closed rearrangement-invariant Banach function subspace B°(p) of 
the space B(p) has the majorant property, i.e. B°(p)e MP.

Let /  g 1} (m) + L00 (w), and let

W H O  =  1/1 }  / * ( s ) *  - W 0  i f  S  =  [ 0 ,  / ] ,  /  «  00.0
We shall say that IS(m) has Hardy property (7?(m)eHP) if f  eB(m)  

implies HfeIS{m).  If IS(m)e HP, then each of its closed rearrangement 
invariant subspaces B°(m) belongs to HP. Since B(m)e HP implies 
B(m)e  MP, therefore if B(m)e HP, then Z?(m)e UMP. Note that the con­
verse is false: Li (m)e UMP and I) {т)ф HP. A. A. Siedajev has given even 
an example of B(m) without continuous norm such that Le(m)eUMP 
and В(т)ф HP.

3. Non-atomic case. An operator T  which maps a Banach space X 
into a Banach space Y is called a Lipschitz operator if TO = 0 and if 
\\Tf—Tg\\Y ^  K \ \ f —g\\x , f g e X ,  for some К > 0. The smallest К  in this 
inequality is called the bound of T.

By L ip p f, Y ; K ) (B(X, Y; K), oc(X, Y; K)) we denote the class of all 
Lipschitz (bounded, linear and bounded) operators T  from I  to У with 
bound not exceeding K. If X  = Y, we shall write Lip(A :X ) (B ( X ; K ), 
« (* ;* )) .

Lemma 3. Let p be a non-atomic measure. I f  p(S) ^  t >  0, then there 
exists a set Et e Z  such that p (£,) =  t and

1 If \ d p  = $ f*(u)du,  |/(x ) | ^ /* ( t )  for x e E t a.e.,
Et 0

|/(x ) | < /* ( f )  for x g S\Et a.e.

4 — Roczniki PTM — Prace Matematyczne XX1
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P ro o f (see [11], Theorem 5.4.7 or [17], Lemma 3.17).
For a > 0, / <a) will denote the a-truncation of / ,  that is, the function

/ (a)(x) = min (|/(x)|, a) sgn f(x).

Lemma 4. Let p be a non-atomic measure. I f  T : L1 (p) + L00 (p) -*■ L1 (p) + 
+ U°(p) is such that Те Lip (L1 (p); 1 ) n B ( L cc(p); 1), then T /« < / for any 
feL' i f i ) .

Proof. For each a, 0 < a < p(S), we can find measurable sets Ela 
and E2<a such that p(Eia) = p(E2a) = a,

a q

$(Tf)*(u)du — \ \Tf(t)\dp, J f*{u)du=  J \f(t)\dp,
0 £i,„ 0 £2a

1/(01 ^  f*{a)  for t e E 2a a.e.,

1/(01 < f*{a)  for te S \E 2'tt a.e.

Putting a = f*(a),  we have for the truncation f (a) of /

\ (Tf )*(u)du=  J 17/(01 d/r ^  J \Tf ( t ) - (Tf^)( t ) \dp + J |T /(a)( 0 l^
0 £ 1,« E l . a  E 1 ,a

< J I / ( 0 - / w (0№ +  J l l / (a)I L ^
S £i,„

= S i / ( 0 - / (e)( 0 № + « i i /w iL
E 2.a

^  J | / ( 0 ~ a  sgn / (01 dp + cca
E 2 ,a

= J ( l/(0 |-a )d ^  + aa = J 1 /(01^  =  J/*(«)<*m.
E 2 ,a  E 2 , a  0

Hence T f  <  / .
Proposition (Calderon theorem). I f  T: L1 (jw)+L°° (/r) -►L1 (/z) + L°° (/r) is 

sneh that TetxlL1 (fi); X 1)na(L °°(/0; X^) and Le(/i)eMP, then Teoc(Le{p); 
Kg), where Kg ^  C max (Xx, X*,) and C > 0 is the constant from Lemma 2.

Theorem 1. Let p be a non-atomic measure and let T: L1 (/O + L00 (p) 
-+L1 (р)+Ц°(р) be such that Те  Lip (L1 (/x); X x) n  Lip (L00 (/x); X j .

(a) I f  IS(p) is maximal and L°°(/x) c  Le(/x) <= L1 (tx) or IS(p) is minimal 
and p is a separable finite measure, then T e Lip (IS (p); К e), where Kg 
^  max (Xx, X^);

(b) / /  L(/x) is minimal and p{S) = oo, then T can be extended uniquely 
to t  on U{p) belonging to Lip(Le(/x); Xe), where Xe ^  max(X1,X 00).

Proof. We fix h e l )  (p) n  L°° (/x) and define the operator 5 by

T ( f + h ) - T h  
max (Xj, Х да) ’

/ б / ( / 1 ) и Г ( 0 .
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Then SeLip (L1 (/i); 1) n  Lip (L00 (/̂ ); 1). Hence, by Lemma 4, S/ -< /  for 
each f  e L? (g) n  Ll (g) and g(Sf) ^  £?(/), because L?(g)e SMP. This means 
that

g ( T f - T h ) = e(max (Kb K x ) S ( f - h )) ^  max (Xb K J g i f - h ) .

(а,Ш1Х) For arbitrary f ,geL?(g),  we consider the truncations f {n\ g (n). 
Then T ( f (n)) and T(g(n)) converge to T f  and Tg, respectively, in the 
1} {g)~norm since T e Lip (L1 (g); K t) and IS (g) c= 1} (g). Consequently, the 
same holds in the measure g. Therefore, for a properly chosen sequence 
nh Tt fW)  and T(g(rti)) converge almost everywhere to T f  and Tg. Since 
f (n)eIS°(g) for any /  eIS(g) and \ f (n) — g(n)\ ^  \ f — g\, we have

g ( T ( f n>)-T(g^))  ^  max (Ku K n) g ( f - g ) .

Hence, by virtue of Fatou property, we get

e ( T f - T g I s: lim e ( r ( / w )-T(gW )) s: max (K „ K J e ( f - g ) .
i -► oo

(amin) For arbitrary f , ge l?(g)  we consider hne L00(g) (n = 1 ,2 ,...), 
such that g (g -h n)->0 as n->oo. We have

g(T f -Tg)  ^  lim g ( T f — Th„)+ lim g(Th„-Tg) ^  max (Xb K J ,
n -► oo n 00

lim (е ( /-Л и) + е(Л„-^)) = max (JG, K J e  ( / - # ) .
«-►oo

(b) Since g is a continuous norm, T  can be extended from LS (g) n  
n  I}(g) n  L00 (/r) to L? (g) uniquely, because L1 (g) n  L°° (g) is dense in If (/i).

R em arks. (1) If S = (0, /), / < oo and U° (m) cz Le(m) ci L^m) is maxi­
mal or l = oo and IS(m) is minimal, then Theorem <1 is the Lorentz- 
Shimogaki theorem (see [5] and [6]).

(2) Lorentz and. Shimogaki gave the exact value of Ke. There is

К ^  sup j Q : 0 ̂  /  G L4 ’ where a =
( Q U )  j  A i

and
f o / ) ( 0  =/(«OZ[o,„(S)](aO

(see [6]).
(3) In Theorem 1 we can assume that Те Lip (L1^ ); K t) n  B(IS° (g); К „) 

instead of TeLip (l}(g); X j  n  Lip (L® (^);
Problem. Is Theorem 1 true for a non-atomic measure such that 

g(S) =  oo and the space 1} (g) + IS° (g), i.e. does there exist an extension 
f  e Lip (L1 (ji)+L00 (g); К)?

The space 1} (g) + IS° (g) is identical with Gould space (see [8]) 
for which I }cz l9a czl9 = l} + Lc.
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4. Sequential case. If /j is a discrete measure and / e c 0, then /*  is 
a step function constant on [n,n+ 1), n = 0, 1 ,2 ,...; thus we shall some­
times regard f *  as the sequence (/„*)*= 0, where (/„*)*= 0 is a non-increas­
ing sequence obtained from (|/J)*=0 by a suitable permutation of indices. 
In the case 0 ^  t < 1 we have

f  f*(s)ds  =  J f*(0)ds = t/0*; 
о 0

moreover, if t ^  1, then
f [t] t [r] -  1 n + 1 t
I /* (S )*  =  f f*(s)ds+ S f*(s)ds  = £  f  f*(s)ds + j  /*([/])<&
0 O [t] n =  O n [t]

It] -  1 [t] -  1
= £  / * ( n ) + ( f - M ) / * ( M ) =  £ /.*+(»

n — 0  n = 0

Hence
, (tfo* if 0 ^  t < 1,

I f ( s ) d s  =  J Y / .* + ( '- г а )Л З  if t > 1.
( n= 0 

fc fc
Lemma 5. I f  £  |b„| < ]T |a„| /o r 0 ^  /с ^  AT and a0 ^  oq ^  . . .  ^  aN

n=0 n= о
V N

> 0, then X aJb J  <  Z  a*KI-
n=0 n=0

к к
Proof. If Ak = У |a„| and Bk = У |b„| (/!_! = = 0), then, using

/»=О n= 0
Abel’s transformation, we have

V J V - l  ЛГ — 1 . N

Z Ми1 -̂JV "f" Z (®и ®n+l) ^ Z n̂î n OC/i+l) Z l̂ /il ■
n — 0  n =  0  n =  0  n =  0

Lemma 6. / /  T eL ip f/1; l)n B (c 0; 1), then T f < f f o r  / g /1.
Proof. Let /*  = (/о*, Л*,...) =  (1Л(0)|, |/ ff(i) |, ...) and

( Г / ) *  =  {(Tf)UTf)*u ...) = ( | ( ' Г / ) я (о )| ,  | ( Г / ) Я(1)| , . . . ) ,

where о, n are permutations of non-negative indices. Let a = f*  for к ^  0. 
Then we have

£  (г/).* =  £  |(7 n .wl <  £  l(7T),w -  ( г / П ^ к  £  | ( r /BI)„„,|
n = 0 n = 0 n = 0 n = 0

oo к

^ Z \fn(n)-fnS)\+ Z supI/*S)I
/1=0 /1=0 "

= Z I /«<«> -/*S)I + (fc ■+ 1) sup I f $ }\ = A .
n =  0 "
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Let Ak =  {и > 0: |/„„,| > /,*}. Evidently, ц(Ак) (c+ I, Then 

■ 4 = 1  l / , (. , - / , t t l+ ( * + l ) s u p |Æ )|

< Z  I /*(«) -  a sgn /я(П)1 + (к+ 1) f k*
neA k

= Z (1Лм1-/,*)+№ +ПЛ*ne4i
fi(Ak)

= Z I /»(»)!- f *  (a* (-4») -  * - 1) < I  1/,<„,1-Л*(/<(Л)-*-1)
neAk n = 0

к f'(Ak)
= I  l/.<J + E ! X<„,l -Л* (m (-4*) -  fc -  x)n = 0 n=k+1

к
«  Z I Л(»1 + 1 + i >1 (#* Mt) — fc — 1 ) — I /.да| (/* (A) — к — 1)

n =  0

«  z  i/.<j  = Z /.*•
n =  0 n=0

If 0 < t < 1, then (Tf)* = \\Tf\\C0 ^  | | / | |C0 = / o * .  If t > 1 is arbitrarily fixed, 
then

к к
E ( r / ) ? ^ E / » *  f o r o s t k ^ M .

и= 0 n = О

Let <хп = 1 if п ^  [t] — 1 and ot„ =  t —[t] if n = [г] ; then by Lemma 5
t ' ] - i  U] tf] tf] - 1

Z (m r+ (t-M )(T /)ft  = X М Ш Г < z  «./.* = Z /.* + ('-M )A 1-
n =  0 n = о n= 0 n =  0

Hence 7 J  < / .
Theorem 2. / /T e L ip f /1; X ^n L ip fco ; X да), /е c; c0 and /е is maximal 

or minimal, then T eLip (lQ; K Q), where Kg ^  max (Kj, X,»).
Proof. We have g ( T f - T h ) ^  m a x ^ , ^ )  g ( f - h )  for f e l 1 and h e l 1, 

by the proof of Theorem 1.
If Iе is maximal and if f {H)(k) = /(fc)x{0> then f (n) } / ,  \f(n)- g {n)\

^  I /~ d\ > /<n)G ^ and T (/(„>)-► T  ( /)  in c0-norm, since T eL ip (c0; and 
ll/(n)-/llc0 ~>0 as n^rco.  We have

0 (r (/<„>)- T ( 0(„))) ^  max (Xi, Х д а ) ^ ^ - ^ ) )  ^  max (Kt K J g i f - g ) .

Hence, by virtue of the Fatou property, we obtain T  e Lip (Iе; K e), where 
Kg ^  max (Klf Хда). In case of Iе minimal, the proof is performed similarly 
as in Theorem 1.

5. Alternative proofs. Applying the theory of Bennett and Peetre, we 
give here alternative proofs of Theorems 1 and 2 for maximal rearrangement 
invariant spaces.
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Let (X x, X 2) be a Banach couple, i.e. there is a Hausdorff topological 
vector space X  and continuous embedings X x a  X , X 2 <= X.  The X-func- 
tional of Peetre is defined on X x + X 2 for each t > 0 by

K ( f J )  = K ( t ; f ; X x, X 2) = inf (|| Л li ! + ï I I I I2), f e X x + X 2.
/  =  / l + / 2

Since K(t; f )  is a continuous concave function of t > 0, we have

K{V,f)  = X (0+; / ) +  /  k(s;f)ds,  f e X x + X 2,
0

where k{s; f )  is non-negative, right-continuous and non-increasing for 
s > 0. We shall restrict our attention to these f e X x + X 2 for which 
K(0+;f )  = lim K( t ; f )  = 0, which is equivalent to the fact that f e

f - 0  +

e X 1n X 2Xl + X 2 (see [2], p. 8).
If (X x, X 2) is a Banach couple and g is a rearrangement invariant 

norm on (0,p(Sj),  we denote by ( I b I 2b  the space of elements f e
e X x n  X 2 l + X 2 for which g(k(s; f  )) is finite. The space (Xx, X 2)e.k is 
Banach space with norm \\f\\e-k = g(k(t;f))  and

X \  г л Х 2 c= ( X l 9  Х 2)в;к с=  X x n  X 2 + X 2 cz X x + X 2

(see [1], p. 420).
Theorem 3. Let ( Xx, X 2) and (Yi, Y2) be two Banach couples, and Ex, E2 

subsets of X x+ X 2, and let g be a rearrangement invariant norm such that 
IS eSMP.  I f  T: X 1 + X 2-*Y1 + Y2 is such that

(a) K ( f , T f - T g К  C1K(C2 f , f - g )  for all f e E l , g e E 2, t e (  0, 00),
(b) \\Tf—Th\\Yi ^  K l \\f—h\\Xl if f - h e X x, f e E x, \ \Th-Tg\ \Y2 ^  

K 2 \\h-g\\X2 if h - g e X 2, g e E 2,
then there holds

\\Tf—Tg\\e.k ^  К  К/— g\\e;k if f e E x, g e E 2, f —g e ( X x, X 2)Q.k,

where К ^  max (Cx, Cx C2) or К ^  max (Kx, K 2), respectively.

Proof, (a) We note first that if f —g e X x r \ X 2 1+ X 2, then T f —Tge 
e Y xn Y 2 1 + Y2. Hence we have

K (t ; T f -  Tg) = \k(s;  T f - T g ) ds for any f - g e { X x X  2\ , k.
0

In this case, the inequality K{t; Tf—Tg) ^  CxK(C2t; f —g) reduces to
t t

j  /c(s; T f  — Tg)ds ^  Cx C2 J k(C2 s ; f -g )ds ,  0 < t < 00.
о 0
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Hence g(k(s; T f - T g )) ^  д(Сг C2 k(C2 s; f -g) ) ,  and so 

\\T f-Tg\\e,k ^  g(C, C2 к (C2 s ; f — g))
g(k(C2 s ; f - g ))

^  C] Cc sup g(k(s;f -g))
f-gzL* g(k(s; f -gj )

< max (Cl5 Ci C2) g (к (s; f —g)) = m a x ^ , ^  C2) | | / - ^ | |e;k.

(b) If f —g = f i +  /2 is any decomposition, we have a decomposition 
T f - T g  = 0i+02 if we set

/2 = h — g, #1 = T f — Th, g2 = T h - T g .

Using (b), we obtain

K(f,  T f - T g ) ^  +  t II02II2 =  \\Tf— Th\h +t IITh— Tg\\2
^  K . W f - h U  + K . t W h - g h  = K M f i h  + K J K ^ t W M J ,

which clearly implies K(t; T f —Tg) ^  K l K i K ^ K ^ ,  t ; f — g). Hence and by
(a) , we complete the proof.

R em ark. In the case of a linear operator T  and El — Xi  + X 2, 
E2 = {0}, (a) is Bennett’s interpolation theorem (see [1], Theorem 5.3), and
(b) is Peetre’s theorem (see [14], Theorem 2.1).

We say that a Banach function space Y has the (*) property in relation to 
a subspace X  and some classes of operators ZT if
(*) for any f , g e Y  there exist {fn),(gn) e X  such that /„ î f ,  g„ î g 

a.e., \f„-g„\ <c \ f —g\ and there is a subsequence (nk) for which 
T{fnk) ^ T f  T(gnk) ^ T g  a.e. for T e ^ .

For example: (a) IS such that IT a  IS c= L1 has the (*) property in 
relation to IT and T  eLip (L1; K

(b) Iе such that Iе a  c0 has the (*) property in relation to ll and 
T  e Lip (c0; K J .

T h eorem  4. Let (2f 1, A r2) be a Banach function couple, I ? e S M P  and let 
T: X l + X 2 -> X± + X 2 be such that TeLvp (Xi ,  K 1) n L i p ( X 2, K 2). I f  IS is 
maximal and (X l , X 2)Q.k has the (*) property in relation to X 1 n  X 2 and to 
the above T or if IS is minimal, then T or Те Lip ((Xl5 X 2)e;k; Ke or Ke), 
where Kg or KQ ^  max(K t ,X 2).

Proof. Let f 0e X i n X 2 and S f  = T ( f + f 0)—Tf0, f e X l n X 2. Then

\ \Sfh ^  K A f  Hi for f e x u
\\Sf-Sg\\2 ^  K 2 \\ f-g\ \2 for f , g e X 2.

Hence, by Theorem 3 (b) with = {0} and E2 = X 2, we have

\\Tf— Tf0\\e.k = \ \S ( f - f0)\\e,k ^  max (Kx, K 2) \\f-fo\\e;k
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tor / е { Х 1, Х 2у кг , Х , г л Х 2 and f Be X ,  n X 2. Hence the theorem follows, 
by the same argument as in the proof of Theorem 1.

Corollary 1. Let (X1, X 2) be a Banach function couple, \\f\\x2 ^  
C • II/11*1 for f e X l ,and let U  be maximal. I f  TeLip (X1; X ^ n L ip ( X 2; K 2) 
and has the (*) property in relation to X x, then

T e Lip ((X t , X  2)g,k; K), where К  ^  m a x ^ t , ^ ) -

We consider the Lebesgue spaces L1 (p) and L00 (p) over a er-finite 
adequate measure space ( S , I , p ) .  If IS°(p) is a maximal rearrangement 
invariant space, then there is a maximal rearrangement invariant norm q  

on (0, ju(S)) such that Q0(f)  = {?(/*) (see [7], Theorem 12.2). Since

K ( t -, f ;  L1 (p), L00 (/i)) =  \ f*{s)ds,  0 < t < oo
о

(see [17], p. 240), k(s; f )  is just f*(s).  Therefore, the norm on (l} ,L °)g,k is 

im U  = e(M s;/)) =  É>(/*) =  É?o</)-
Hence

(Ll (p),L™(p))e,k = I§°(p).

Corollary 2. I f  Те Lip (L1 (0, /); Xj) n  Lip(L°° (0, /); K*), where l <  oo, 
or TeLip (l1; X Jn L ip fc o ; X*), then TeLip (Le(0, /); K) or TeLip (1в0; K), 
respectively, where К ^  m axfX ^X ^).

The proof is a consequence of Corollary 1 and the fact that (L1 (p); 
L°(p% k = IS0 (p).

R em ark. If a = (an)f= l e c Q, then K(t; a; ll , c0) = ta* = f|ja||co if 
0 ^  t < 1, and

M
K(t ,a;  l1, c0) = X + 1 i f t ^ l .
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