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Interpolation of Lipschitz operators
for the pairs of spaces (L', L*) and (I}, c,)

Abstract. Let u; be a o-finite non-atomic and u, a discrete measure. Let T: L' (u;)+
+L®(p) = L' () + L™ () be such that T is a Lipschitz operator from L!(y;) to L'(u) and
from L% (u;) to L®(u;), where L®(u,) = ¢o and L°(y;) is a maximal rearrangement invariant
Banach function space such that L®(u,) < Le(u,) = L'(u,), Le(uy) = I¢ < co, or Le(w) is
a mininsal rearrangement invariant Banach function space. Then T or its extension T is
Lipschitz from L¢(u;) to Le(u;) for i = 1,2, and the bound K, (or respectively I?o) does not
exceed max (K,, K).

0. Introduction. This theorem was proved by W. Orlicz [12] for Orlicz
spaces I? (0, l) in the case where | < oo for linear operators, and later [13]
for Lipschitz operators. In [4], the theorem was proved for maximal spaces
I¢(0, 1) and linear operators given by an integral transformation. In [10]
Mitjagin proved the theorem for linear operators and a minimal rearrangement
invariant Banach function space I¢(0, 1). Moreover, Mitjagin was the first =
who proved this theorem for linear operators and minimal sequence spaces [°.

Calderon [3] established this theorem in 1966 for quasi-linear operators
and every I¢(u) having the majorant property. Next, Lorentz and Shimogaki
[5], [6] proved it in the case of Lipschitz operators and for every maximal
I¢(0, 1) when | < oo, and for minimal I2(0, c0).

In this paper we show that this theorem holds if x4 is an adequate
measure and I¢(y) is a maximal rearrangement invariant Banach function
space such that I°(u) = I¢(u) = L' (u) if p non-atomic and ¢ < ¢, if u is
discrete, or I¢(u) is a minimal rearrangement invariant Banach function
space. The idea of the proof is taken from Lorentz-Shimogaki [6] in the
case of non-atomic measures. We give also another proof of this theorem
for a maximal rearrangement invariant Banach function space, applying the
theory of Bennett [1] and Peetre [14].

1. Preliminaries. In the sequel, (S,2, u) is a o-finite measure space
with a countably additive non-negative measure u on a o-algebra X of
subsets of an abstract set S. By M(P) we denote the space of all real-
valued (resp. non-negative) u-measurable functions on S, finite a.e. on S.
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A mapping o: P—[0, o] is called a function norm if ¢ satisfies the
following conditions for all f, f, (n = 1,2,...) and g in P:

() o(f) =0 iff f=0 ae.
o(f+g) <e(N+el@, o) = d(f) “A=0);

(i) f< g ae. implies ¢(f) < ¢(9);
If we identify p-almost equal functions, then

L) = {feM: o(f]) < o}

is a normed linear space with the norm | f|| = ¢(|f]). Such a space is
usually called a normed Kothe space or normed function space (for the
theory of normed Kothe spaces, see [18]).

For each ¢, ¢'(f) = sup {j|fg| du: o(g) < 1} is called the associated
S

norm to g; it satisfies conditions (i) and (ii). The associated space, denoted
by (Lf(w) or Lf (), is defined as

Ew={feM: ¢(f]) < oo}
A function norm ¢ is called:

continuous if f,el¢(u), 0 <f£,10, imply o(£)|0,

semi-continuous if 0<f,1/, fel(w, imply o(f)Te(f),
monotone-complete if 0 < f,1 f and sup o(f,) < co imply f € I¢ (u).

. If o satisfies Fatou property, ie. fo, fi,...€ P and f, 1 f ae. implies
o(£,)1Te(f) (this is equivalent to semi-continuity and monotone-completeness
of the norm), then I¢(u) is called a maximal normed function space, and
if 0 is a continuous norm, then I¢(n) is called a minimal normed function
space.

In the sequel we consider Banach function spaces (complete normed
function spaces) such that

Lwnl(uc Lu < Lw+L=p.

It is clear that if u is a non-atomic measure and p(S) < oo or u
is a discrete measure (ie. purely atomic with atoms of equal measure 1),
then

L'(wn L (w = () < L' (w)+ L (W
if and only if

(iii) u(E) < oo implies that there exists Ay independent of f such that
[If1du < Age(f),
E

(iv) u(E) < oo implies g (xg) < 0.
For each u-measurable function f on S, the function d,(y) = u{xeS:
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|f () >y}, y> 0, is called the distribution function of f. f; and f, are
called equimeasurable if d;, = d;, holds; we denote this by writing f; ~ f,.
A function norm ¢ is called rearrangement-invariant if

() fi ~ f, implies ¢(fy) = e(/f2);

I¢(p) is then called a rearrangement-invariant Banach function space.

Examples of rearrangement invariant Banach function spaces are Lebes-
gue spaces 7 (1 < p < o0), Lorentz spaces A, M, L[, A, (0 < a < 1) and
Orlicz spaces I¢.

The smallest and the largest of the rearrangement invariant maximal
Banach function spaces with non-atomic or discrete measure are respectively

L'(u)nL®(u) and L'(u)+L*(u), this in the sense that the continuous
embeddings

L'(wnL*@ < L) < L' (w)+ L (»)

hold for any rearrangement-invariant maximal Banach function space I¢(u)
satisfying (iii) and (iv).

2. Majorant property. For each feM, f* denotes the non-increasing

rearrangement of f, which is the right continuous inverse of the function
d,, ie.
fo

f*@O=inf{y>0:d;(y)<t}, 0<t< u < .

It is clear that

S0 =) = {4 > 0: d; () > t > O}
=sup{A>0:d;()>t>0} for 0<t< pu(s),

and f*(0) = esssup |f(x). We write g < f for f, geL!(u)+ L[ (n), if

t t
{g*(s)ds < | f*(s)ds for any 0 < t < u(S).
0 0
Lemma 1. If h, <f,n=1,2,.., then ¥ 27"h, < f.
n=1

t t t
Proof. By the inequality [(f;+/2)*@)du < | fi*(u)du+ [ f3*(u)du (see
0 0 0
[7], p. 108), we get

(

z

27"h,)*(s)ds < ). 2'"}h,f(s)ds <

0

MZ

f*(s)ds for every N > 1.

Oty =
Ot =

il

n=1

N ©

N = o]
Since ”; 27"h, 1 "; 27"h, implies (n; 27"h)* 1 (n; 27"h,)*, by Beppo-
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Levi theorem we obtain

t t

Jim f ( ) 27 h,)*(s)ds = | ( i 27" h,)* (s)ds.

0 n=1 0

Hence Y 27"h, <f.
n=1

If fell(w) and g < f imply ge¢(u), then we shall say that I¢(n)
has the majorant property (I¢(u)e MP); if, moreover, ¢(g) < ¢(f), then we
shall say that I¢(u) has the strong majorant property (I¢(u)e SMP).

Lemma 2. If I¢(u)e MP, then there exists an equivalent rearrangement
invariant function norm g, such that I¢°(u)e SMP.

Proof (see also [7], Theorem 16.1). Let us put, for f e I¢(u),

0o (f) = sup {e(9): geQ(f)},

where Q(f) = {hel (W+L*(n): h < f}. There exists a constant C > 0
such that g < f, f e I¢(u), imply 9(g) < Co(f). Suppose that this condition
does not hold for each C > 0. Then there exist positive functions f,,
gn.,» n =1,2,..., such that

gn <fus 0(g)=n and o(f)=2"%"

Putting f= Y 2"f,, we have feI¢(y) and 2"g, < 2"f, < ), 2"f, = f for
n=1 n=1

n > 1. By Lemma 1, we get

9= % 0= 32 <S;

hence ge I¢(u). On the other hand, 0 < g, < g, therefore ¢(g9) = ¢(g,) = n
for all n > 1, a contradition. From the above we get ¢(f) < 0o (f) < Co(f)
for f e I?(n). 9o is a rearrangement-invariant function norm.

For example, we shall show the triangle inequality. Let f;, f, e I¢(u)
and ¢ > 0. Then there exists ge I¢(u) such that g < fi+/f, 0o(fi+/f2)
< o(g)+e. There exist g;, g, such that g, < f,,i=1,2, g =g,+9g,
(see [5]). Since I¢(u)e MP, therefore g,,g, € I¢(u). We have

2 (fi+f2) < e(@+e < 2(91)+0(g2)+e < Qo(f1)+90(f2)+8-

Since ¢ > 0 is arbitrary, we conclude the triangle inequality.
A measure space (S, 2, u) is called adequate if for any f,ge P

u(s)

sup{gfg’du: g ~g}= g f*@®g*t)dr.

Non-atomic measure spaces and discrete measure spaces are adequate (see
Luxemburg [7], Mills [9], Silverman [16]).
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LUXEMBURG THEOREM. If u is an adequate measure and I¢(n) is maximal,
then 12 (u)e SMP. )

If ¢ is not adequate, then this theorem may be false (counter-example —
see [7], p. 118).

If ¢ is monotone-complete, then by the Amemiya theorem (see [18]),
ye(f) < 0" (f) < o(f) for feM and 0 <y < 1. Hence, if p is adequate,
then fel?(u) and g < f implies ge 1?(u) and o(g) < 1/ye(f).

MITIAGIN-CALDERON THEOREM. If u is a separable non-atomic measure
or a discrete measure and I1¢(u) is minimal, then 12(u)e SMP.

G. L. Russu [15] has given examples of rearrangement-invariant Banach
function spaces 1¢(m) and I/ (m), where S = [0,1] and m is the Lebesgue
measure, such that I¢(m)¢ MP and I (m)e MP, If (m)¢ SMP.

We shall say that [¢(u) has universal majorant property (I1¢(u)e UMP)
if each closed rearrangement-invariant Banach function subspace I¢% () of
the space I¢(u) has the majorant property, ie. I¢ (u)e MP.

Let f € I} (m)+ L (m), and let

Hf) (1) = 1)1 (f)f*(S)dS-xm,q(t) if §=10[0,1], I < .

We shall say that I¢(m) has Hardy property (I¢(m)e HP) if f e I¢(m)
implies Hf e I(m). If I¢(m)e HP, then each of its closed rearrangement
invariant subspaces I%(m) belongs to HP. Since I¢2(m)e HP implies
I¢(m)e MP, therefore if I¢(m)e HP, then I¢(m)e UMP. Note that the con-
verse is false: L'(m)e UMP and L'(m)¢ HP. A. A. Siedajev has given even
an example of I¢(m) without continuous norm such that I¢(m)e UMP
and I¢(m)¢ HP.

3. Non-atomic case. An operator T which maps a Banach space X
into a Banach space Y is called a Lipschitz operator if TO = 0 and if
ITf—Tylly < K| f—gllx, f-g€ X, for some K > 0. The smallest K in this
inequality is called the bound of T.

By Lip (X, Y;K) (B(X, Y; K), a(X, Y; K)) we denote the class of all
Lipschitz (bounded, linear and bounded) operators T from X to Y with
bound not exceeding K. If X = Y, we shall write Lip(X:K) (B(X; K),
«(X; K)). ‘

LEmMMA 3. Let p be a non-atomic measure. If u(S) >t > 0, then there
exists a set E,€X such that u(E) =t and

' iflfldu = (f)f*(u)du, If ) = f*(@) for xeE, ae,
[ f(x) <f*() for xeS\E, ae.

4 — Roczniki PTM — Prace Matematyczne XXI
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Proof (see [11], Theorem 5.4.7 or [17], Lemma 3.17).
For a > 0, f® will denote the a-truncation of f, that is, the function

f(x) = min (|f (x)], &) sgn £ (x).

LemMma 4. Let u be a non-atomic measure. If T: L' (u)+ L® (u) — L' (u)+
+L* () is such that TeLip (L'(u); 1)nB(L*(u); 1), then Tf < f for any
fe L (p).

Proof. For each a, 0 < a < u(S), we can find measurable sets E, ,
and E,, such that u(E, ) = u(E,;,) = a,

(I)('Iff)*(u)du = FI ITf (0] dp, gf*(u)du = EI |f @) du,

If@®) = f*(a) for teE,, ae,
If(®) < f*(a) for teS\E,, ae.

Putting o = f*(a), we have for the truncation f® of f

a

g(Tf)*(u)du = EI ITf(Odu < ITf(l)—(Tf‘“’)(t)ld/HEI ITf® (0)] dp

qjlf(t)—f‘“’ O dp+ EI 1@l dp
FIf@O=f*®Oldut+alf®],

E2.a

< EI |f(t)—asgn f(t) du+aa

2,a

N

il

§(f@)—o)dp+oaa = EI |f@ldu = (ff*(u)du.

Ez,a

Hence Tf < f.

ProrosiTioN (Calderdon theorem). If T: L' (u)+L® (u) — L' (u)+ I (n) is
such that Teo(L'(n); K{)na(L* (n); K,,) and L2(u)e MP, then Tea(L*(p);
K,), where K, < Cmax (K,, K,) and C > 0 is the constant from Lemma 2.

TueoreM 1. Let p be a non-atomic measure and let T: L' (u)+ L™ (w)
— L} (u)+ L™ (1) be such that TeLip (L' (u); K;) Lip (L* (1); Ko)-

(@) If I¢(p) is maximal and [* () < I(p) < L' (w) or I¢(p) is minimal
and p is a separable finite measure, then T e Lip (I2(w); K,), where K,
< max (K, Ky);

(b) If I¢(u) is minimal and p(S) = oo, then T can be extended uniquely
to T on L£(n) belonging to Lip (L2(w); K,), where K, < max (K, Ky)-

Proof. We fix he L' (u)n L* () and define the operator S by

T(f+h)—Th

1 <]
m, feLl'(wou L*(w.

Sf=
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Then SeLip (L'(u); 1) Lip (L (u); 1). Hence, by Lemma 4, Sf < f for
each fel(u)n L' (p) and o(Sf) < ¢(f), because [2(u)e SMP. This means
that

e(Tf—Th) = ¢(max (K, K,,)S(f—h)) < max (Ky, K,,)e(f—h).

(@) For arbitrary f,gel?(u), we consider the truncations f™, g™,
Then T(f"™) and T(9™) converge to Tf and Ty, respectively, in the
L' (w-norm since T eLip (L' (n); K,) and I¢(u) = L' (u). Consequently, the
same holds in the measure u. Therefore, for a properly chosen sequence
n;, T(f"™) and T(g"?) converge almost everywhere to Tf and Tg. Since
f™ el (u) for any fel¢(u) and | f™—g™ < |f—g|, we have

e(T(f")—T(g") < max (Ky, Kp)e(f—9)-
Hence, by virtue of Fatou property, we get
o(Tf=Ty < lim o(T(f™)~T(¢"™)) < max (K, K)o (f~9)-
(a,,) For arbitrary f,gel?(u) we consider h,eL®(p) n =1,2,...),
such that g(g—h,)—0 as n-oo. We have
e(Tf=Tp) < lim o(Tf—Thy)+ lim ¢(Th,—Ty) < max (Ky, Ko),

(b) Since ¢ is a continuous norm, T can be extended from I?(u)n
AL (u)n L® (u) to L¢(u) uniquely, because I!(u) L® () is dense in L#(u).

Remarks. (1) If S = (0,0), | < o0 and L®(m) < 1¢(m) = L' (m) is maxi-
mal or | = co and I¢(m) is minimal, then Theorem 1 is the Lorentz-
Shimogaki theorem (see [5] and [6]). :

(2) Lorentz and. Shimogaki gave the exact value of K,. There is

K, < K, sup{ 0(0.f) : 0 ;éfeLQ}, where a = Ry
¢ o (f) 1
and
(0. )(1) = f(at) xro, usy (at)
(see [6]).

(3) In Theorem 1 we can assume that TeLip (L' (n); K;)n B(L* (u); K.,)
instead of TeLip (L!(n); Ky) Lip (L°(n); K).

ProsLEM. Is Theorem 1 true for a non-atomic measure such that
‘i(S) = oo and the space L!(u)+L*(u), i.e. does there exist an extension
TeLip (L' (w)+ L (n); K)?

The space I!'(u)+I°(n) is identical with Gould space I[¢ (see [8])
for which I! c IS < I¢ = [} + .
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4. Sequential case. If u is a discrete measure and fec,, then f* is
a step function constant on [n,n+1), n =0,1,2,...; thus we shall some-
times regard f* as the sequence (f,*)X,, where (f,*)2, is a non-increas-
ing sequence obtained from (|f,|)22, by a suitable permutation of indices.
In the case 0 <t < 1 we have

(j;f*(S)dS = gf*(O)ds = "

moreover, if t > 1, then

[ -1 n+1

é‘f*(s)ds = jf*(s)ds+j f*(s)ds = Z j f*(s)ds+jf*([t])ds

[n-1 -1
= L /140D U = ¥ L=l fi
Hence
t tfo* fog<et<1,
* — -1
17 s ARG O VI S

k k
Lemma 5. If Y bl < ) lay for 0< k< N and ay > ay > ...
n=0 n=0

\

N
N N

>0, then Y o,lb,| < Y a,la,l.

n=0 n=
k . k ’
Proof. If Ay = ) |a,] and B, = ) |b,| (4-, = B_, = 0), then, using
n=0 n=0

Abel’s transformation, we have

N N—-1 N-1 . N
ZO ™ Ianl = oy AN+ Z An(an—an-'» 1) = oy BN+ Z() Bn(an_an+ 1) = ZO oy Ibn|
n= n=0 n= n=

Lemma 6. If TeLip (I'; 1) B(co; 1), then Tf < f for fel'.
Proof. Let f* = (f*, /% ..) = (fols 1 fowl, --.) and

(TF)* = (TN (TNHE ) = (Tl KT s --)s

where o, © are permutations of non-negative indices. Let o« = f* for k > 0
Then we have

' K K . k
;0 (THr = Z’o (T )emy) < ; (T gy — (T @)l + Z (TS )

lfn(n) f;l(n)l+ Z SUP 'f(fn)ﬂ

||M3 nMg

Ifn(n) —f8 +(k+ 1) sup | figl = A
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Let 4, = {n > 0: | fo,)] = fi*}. Evidently, u(4,) > k+1, Then

A= 3 | fum=Siin) +(k+ 1) sup | L3
< ZA: | faomy— 2 sgN ﬁc(n)|+(k+1)ﬁ¢*
= Z (| faml =)+ (k+ 1) fi*
u(A )
= Z | froml = (1 (A)—k—1) Z | foml =S¥ (1 (A)—k—1)
ri{Ag)

= Z Iﬁr(n)l+ Z | ool —f* (1(A)—k—1)

=

< Z f:z(n)|+|ﬂr(k+1)|(ﬂ(Ak) k— l) |.f.7(k)|(ﬂ(Ak)—k—1)

n=0

Eol

< Z fﬂ(n)l ;0 fn*'

If0<t<1, then (IN& = 1T lle, < IIfleo = f&* If t > 1 is arbitrarily fixed,
then

S (THr< S fF for 0< k<[],
n=0 n=0

Let a, =1 if n <[t]—1 and «, = t—[¢] if n = [t]; then by Lemma 5
m-1 1 1 -1

=Z0 (T + @=L (T = Zoa..(Tf).T< Y S = ;oﬁ.*v“(t—[t])f(if-

Hence Tf < f.

TueoreM 2. If TeLip (I'; K)nLip (co; K), I < ¢ and 1 is maximal
or minimal, then T € Lip (I¢; K,), where K, < max (K, K,).

Proof. We have ¢(Tf—Th) < max (K, K,) ¢(f—h) for fel' and hel,
by the proof of Theorem 1.

If 1 is maximal and if f, (k) = f(k) x0,1,...m (k), then f,, T f, [ femy— 9w
< |f-4l, fme!' and T(f,)—>T(f) in co-norm, since T € Lip(cy; K,) and
Il fy—flle, =0 as n— co. We have

O(T (fun) = T (gow) < max (K, K.)@ U — gon) < max (K, Ko)e(f—9).

Hence, by virtue of the Fatou property, we obtain T eLip (I; K,), where
K, < max (K, K,). In case of [* minimal, the proof is performed similarly
as in Theorem 1.

5. Alternative proofs. Applying the theory of Bennett and Peetre, we
give here alternative proofs of Theorems 1 and 2 for maximal rearrangement
invariant spaces.



336 L. Maligranda

Let (X,, X,) be a Banach couple, ie. there is a Hausdorfl topological
vector space X and continuous embedings X; < X, X, < X. The K-func-
tional of Peetre is defined on X,+ X, for each ¢t > 0 by

K@t f) = Kt; f; Xy, Xp) = inf” (fila+elf2llz),  feXi+Xo.

Since K(t; f) is a continuous concave function of ¢t > 0, we have
t
K(t;f) = KO*; )+ [kis; f)ds, feX +X,,
0

where k(s; f) is non-negative, right-continuous and non-increasing for

s > 0. We shall restrict our attention to these feX;+X, for which

K@©*;f)= lim K(t;f) = 0, which is equivalent to the fact that fe
+

t=0

eX,nX, '+X, (see [2], p. 8).
If (X,,X,) is a Banach couple and ¢ is a rearrangement invariant
norm on (0, u(S)), we denote by (X, Xy),x the space of elements fe

eleX2X1+X2 for which g(k(s;f)) is finite. The space (X, Xy),u is
Banach space with norm | f|,. = ¢(k(t;f)) and
XA X, (X, Xo)ow € X100 X; '+ X5 © X, +X,

(see [1], p. 420).

THEOREM 3. Let (X, X,) and (Y;, Y,) be two Banach couples, and E, E,
subsets of X,+X,, and let g be a rearrangement invariant norm such that
EeSMP. If T: X,+X,-Y,+Y, is such that

(@) K(t; Tf—Tg) < C,K(C,t;f—g) for all feE,,geE,,te(0, ),

(b) ITf—Thily, < Kyl f=hllx, if f—heX,, feE, |Th—Tgly, <
K, lh—glix, if h—ge X,, geE,,
then there holds

”Tf_ Tg”e;k < K ”f—g”g,k l:ffeEla QEE2’f_ge(X1, X2)Q;k7

where K < max (C,, C; C,) or K < max (K, K,), respectively.

Proof. (a) We note first that if f—geleX2x1+X2, then Tf—Tge
eY;n Y2Y1+ Y,. Hence we have

t
K(t; Tf—-Tg) = [ k(s; Tf—Tg)ds for any f—ge(X; X2)pu-
0
In this case, the inequality K(t; Tf—Tg) < C; K(C,t; f—g) reduces to

t t
[ k(s; Tf—Tg)ds < C, C, [ k(C; 55 f—g)ds, 0 <1< oo.
0 0
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Hence ¢(k(s; Tf—Tg)) < ¢(C, C, k(C;, s; f—g)), and so
ITf~Tgllgx < e(Cy C2 k(Cy 55 f—9))

0(k(Cy 55 /—9))
\C1 . s f—
< CiCc sup o(k(s;f—9)) efks:/=g)

< max (Cy, Cy Co) e (k(s; f—9)) = max (Cy, Cy C2) | f=glloi-

(b) If f—~g = fi+/, is any decomposition, we have a decomposition
Tf—Tg = g,+g, if we set

fi=f-h, fop=h—g, g,=Tf~Th, g,=Th-Tg.
Using (b), we obtain
K(t; Tf=Tg) < llg1lli +tlga2ll = I Tf=Thil +t||Th—Tyg|l,
< Kyl f=hlli+ Ky th—gll, = Kl fill1 + K2/K s t] f212)s

which clearly implies K(t; Tf—Tg) < K, K(K,/K,, t; f—g). Hence and by
(a), we complete the proof.

Remark. In the case of a linear operator T and E; = X+ X,,
E, = {0}, (a) is Bennett’s interpolation theorem (see [1], Theorem 5.3), and
(b) is Peetre’s theorem (see [14], Theorem 2.1).

We say that a Banach function space Y has tke (*) property in relation to
a subspace X and some classes of operators 7 if

(*) for any f,geY there exist (f,),(g,)eX such that f, 1 f, g9, 1 g
ae., |f,—ga <|f—gl and there is a subsequence (n;) for which
T(f,) - Tf, T(g,) — Tg ae. for TeT .

For example: (a) I¢ such that [* < I¢ = I! has the () property in
relation to I and T eLip (I'; K,);

(b) I such that ¢ = ¢, has the (x) property in relation to [' and
T eLip (co; Ky).

THEOREM 4. Let (X, X,) be a Banach function couple, I2€ SMP and let
T: X,+X,—> X,+X, be such that TeLip (X,; K,)nLip(X,, K;). If I? is
maximal and (X, X,), has the (*) property in relation to X, "X, and to
the above T or if 1¢ is minimal, then T or TeLip((Xy, X2)uu; K, or K,),
where K, or 129 < max (K, K,).

Proof. Let fobe X, nX, and Sf = T(f+fo)—Tfo,fe X, X,. Then
ISflly < Kyl flly  for fe Xy,
ISf—Sgll. < Kz f—gl. for f,geX,.
Hence, by Theorem 3 (b) with E; = {0} and E, = X,, we have

1T = Thollpu = IS(f—folllex < max (Ky, Ka) | f=follo
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for fe(X,, X,),snX;nX, and foeX; N X,. Hence the theorem follows,
by the same argument as in the proof of Theorem 1.

CoroLLARY 1. Let (X,;,X,) be a Banach function couple, | f|x, <
C - fllx, for fe X, and let I? be maximal. If TeLip (X,; K;)n Lip (X;; K3)
and (X, X,),,x has the (*) property in relation to X, then

TeLip (X1, X,)pu; K), where K < max (Ky, K;).

We consider the Lebesgue spaces L!'(u) and I*(y) over a o-finite
adequate measure space (S, X, pn). If I2(u) is a maximal rearrangement
invariant space, then there is a maximal rearrangement invariant norm o
on (0, u(S)) such that go(f) = @(f*) (see [7], Theorem 12.2). Since

K(6£5 L0, L2 () = [/*6)ds, 0 <t < o0

(see [17], p. 240), k(s; f) is just f*(s). Therefore, the norm on (L, L*),, is
Il = e(k(s; £)) = e(f*) = 2o (/).

Hence
(L (), L° (1) = L ().

CoroLLArY 2. If TeLip(L'(0, !); K;)n Lip(L*(0, )); K), where | < oo,
or TeLip (I'; K,)nLip (co; K,,), then TeLip (1£(0, 1); K) or TeLip (I*; K),
respectively, where K < max (K, K).

The proof is a consequence of Corollary 1 and the fact that (L'(u);
L2 (W) = I (). |
Remark. If a = (a,)%,€co, then K(t; a; ', co) = ta* = tlal,., if
0<t<1, and
(1]
K(t,a; ' co) = Y, af+(—[tDaty, ift>1.
n=1
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