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On a multistage optimization problem (I)

1. Introduction and formulation of the problem. Symbols:

J» m, mj, n, r — natural numbers;

A, B — mxr, mx1 (resp.) block matrices;

Aj, B — m,-xr, m;x 1 (resp.) given numerical matrices, j =1, 2,...,n;
V — rx1 matrix of the unknowns;

04 (0p,0,) — rank of the matrix 4 (B, V, resp);

Ay B,
A= 42 , B= B."’
4, B,
We assume that
(Zy) I1<m<r, 1<n<m, QAzm——-i‘mj,
i=
which gives
(1) 0<gy=m<r forj=1,2,..,n

Let V = V, be the solution of the equation system

@ AV = B
realizing
3) min VT V.

This solution is unique (given e.g. by the method of Lagrange’s factors)
and has the form

) Vo = AT(AAT)" !B,

where the m xm matrix AA” is symmetric and non-singular (see (Z,)).
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The purpose of this paper is to solve problem (2), (3) using a multistage
method in a general case, ie. for n > 2. The two-stage case (n = 2) was
solved in connection with some problems of the compensating computation
([1], [4], cf. also Section 2 of this paper).

Thus we consider, instead of system (2), the system of subsystem of (2),
namely the system

(5) AV =B; forj=1,2,..,n n>=2.

First, we find the solution V; = V) of the problem P;, ie. problem (3), (5)
with j =1 (1-st stage); then such a matrix V*® is found as the sum
V, = VW1 V@ be the solution of the problem P,: (3), (5) with j = 1,2
(2-nd stage); then the next matrix V© is found so as the sum V3 = V4
+ V2 4V 1o be the solution of the problem Pj: (3), (5) with j =1,2,3
(3-rd stage), etc. An attempt will be made of finding the rx 1 matrices VY,
j=2,3,...,n, as the solutions of specially for this purpose transformed
equations (5); thus

(5 A; V=B, j=23,..,n

If VY are required to fulfil still condition (3) (which is not necessary) all
the VY will be of the same structure.
Finally, for an arbitrary k-th stage the following problem is formulated:

ProsLEM. We are looking for non-zero matrices 4;, B;, j=2,3,...,k
such that the sum

k
(6) Vo= Y VY, 1<k<n,
j=1

be the solution of the problem P, (ie. (3), (5) with j=1,2,...,k), where
VO (j=1,2,..., k) satisfy the extremum (3) under the condition A, V = B,
for VM and under conditions (5') for j = 2,3, ..., k.

After finding matrices A;, B;, we get (see formula (4))

(7) VO = AT(A,AN'B;  for j=2,3,...,k.
V™M will be of an analogous form, ie.
(8) VY = A{(A; A])" ' By.

2. Genesis of the problem. 1° In the compensating computation the
so-called compensation of the direct conditioned observations leads to looking
for corrections V fulfilling conditions (3), (2) (possibly after the preceding
linearization of the conditions if they were non-linear) ([1]). It happens,
however, that system (2) is not at once fully known and the particular
conditions (5) are obtained successively as investigations develop, often with
new unknowns (then the previous matrices must be completed with a suitable
number of zero columns what, of course, does not change the matrix rank).



Multistage optimization problem (I) 165

In this way new equation systems with new unknowns can be practically
added endlessly and solved in stages. The above-presented idea of the mul-
tistage procedure gives the advantage that when considering further (of
higher j) systems (5) everything need not be computed from the beginning
and the previously obtained results can only be corrected by suitably chosen
matrices.

2° The equation system (2) may be known, but out of practical reasons:
it is sometimes more convenient to divide it into subsystems of the form (5).
It is possible e.g. to join into group j = 1 all the homogenous equations.
Then, of course, V! =0, V® = A} (A4, A5)"! B, and only 4;,B; (j =3, ...
..., n) matrices are modified, moreover, all the B; matrices (j = 2, 3,...,n)
do not contain any zero elements.

k-1
3. THEOREM 1. Let assumption (Z,) be fulfilled and let Vi_y = Y, VY
=1

(k constant = 2,3, ...,n) be a solution of the problem P,_,. If the sum

) V= Ve + V%

is also a solution of the problem Py, then V = V% fulfils the relations
AV =0 forj=1,2,..., k-1,

(10)
AV = Bi— A V-4,

and conversely. Among the solutions of system (10) there exists a V = V®
such that V, of the form (9) is a solution of the problem P,.

Proof. Let us suppose that the sum (9) is a solution of the problem P,.
On the other hand, this solutions is of the form (see formula (4))

AT Aac [ A\ By

(1) A R Il B
Ay A || Ak B,
A ]
This and (9) give an equality which mulglplled left-hand sided by :2
implies the equality A
k
B, B, A, Vo
B2 32 A2 V(k)
: =|: +|: .
By, By, A V®
B, Ax Vi-1 A VE

Hence V® fulfils equations (10).
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Conversely, suppose that V = V® fulfils equations (10). This and the
fact that A;V,_, = B; (j =1,2,...,k—1) imply that V, of the form (9)
satisfies the system (5) for j = 1,2,..., k. But system (10) has an infinite
number of solutions (because m;+m,+ ... +m < r), among them also
V = Vi—V,_,, where V, is of the form (11). Taking just as this solution
V®  we obtain the solution of the problem P, in the form (9) (which is the
same as the form (6)). This completes. the proof.

4. Additional conditions on A;. Theorem 1 and formula (7) show that
the matrices A4,, B, should be looked for among non-zero iy xr, i x 1
(resp.), M, > 1, matrices such that

Aj Z;{(Zk/"il)_lgk =0 for ] = 1,2,...,k—1,

12 ~ - ~
(12 AkA{(‘ZkA{)_lBk = Bk_Ak Vi-1.

Then in the system of m;+m,+ ... +my linearly independent equations (12)
(see (Z;) and (1)) there are y(r+ 1) unknowns, where m;+m,+ ... +my
< r < fy(r+1). Hence A4, B, can fulfil some additional conditions, e.g. the
following ones:

AjAf =0 for]—12 k=1,
(13) ~

Ak= sz! i

where F,; denote non-zero, and at the moment unknown, my x m; matrices.
Then the following conclusions result

(14) » Ay = my,

(i) conditions (12) concerning j = 1, 2,...,k—1 are fulfilled,
k-1

(i) A, = A+ z Fi; 4; (by (13)).

This together with the last of relations (12) and with the first k—1 relations
(13) give
(15) B, = By— A V-1

It is clear that the .class of matrices A, fulfilling (13) is a subclass
of matrices fulfilling (12).

5. On some matrices and their properties. Two following properties
result from (Z,) and from the Cauchy-Binet theorem ([S5]) on the deter-
minant of the matrix product:

(W) The m;xm; matrices 4; AT (j = 1,2,...,n) are symmetric and non-
singular.

(W)  The rxr matrices AT (4;AT)"1 A4; (j = 1,2, ..., n) are symmetric and
singular.
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Define the matrix

1 for j =0,

16) 4, = v
(16) 4, {AJ--I[I—A}(AJAJ._IAJ-T)‘IAJ-AJ-_IJ for j=1,2,..,n

(I — the identity rxr matrix). We shall prove that:

(W3)  there exist matrices 4; (j = 1, 2,...,n) given by formula (16); they
are rxr, symmetric, singular, gs; = r—m;; moreover,

A Ta A '\ 1[4,
(16) == )
4,1\ 4, || 4 4
and A% = 4, for any arbitrary natural number p and for j =1,2,...,n

Indeed, if the matrices 4; (j = 1, 2, ..., n) exist, they are rxr and sym-
metric. Singularity and the rank of A4; result from the fact that A4;4; = 0,
so (see (1)) every matrix 4; (j = 1,2, ...,n) has r—m; < r lineary independent
rows only.

The proof of formula (16) is by induction. The existence of the matrix
4, results from property (W;) for j = 1. In turn, the rank of the matrix

ella] - Lafal)

is equal to its dimension, ie. m; +m, (see (Z,)). Hence its determinant # 0,
which implies (by the theorem on block calculation of determinants) that
|4, AT||4,4, A%} £ 0 and Quya 4l = My Assuming that the ranks of the

matrices
A A T
e
Ak+1 Ak+1

and A d,_, A are equal to my+m,,.,, my, respectively, we get in an
analogous manner that |A,A4,_; Af||Ax+. 4xAT+1] + 0 which proves the
existence of all matrices 4; (j = 1,2,...,n).

The proof that 4% = 4; for a natural number p and for j=1,2,...,n
is simple. First it is proved that 47 = A4; (induction with respect to j) and
from it the above property follows evidently.

We obtained here also the property

(W,)  the matrices A;4;_, A] for j = 1,2,...,n are m; xm;, symmetric and
non-singular.

If we write

(17) D;=1-4;_1AT(A;4;_, A1) ' 4; for j=1,2,...,n,
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then (16) and (17) imply 4; = 4,_, D] = 4,D{ D} ... D/ which gives (by
(18) A;=D;Dj_y...D, Dy for j=1,2,..,n
6. Calculation of the matrices F,; and 4,. Having eliminated the matrix

A, in relations (13), we obtain the system of k—1 equations

k-1

(19) A Y ATFL = 4,47 (= 1,2, k=1).
i=1

Let us apply the method of a successive elimination of the unknowns.
First of equations (19) is multiplied left-hand sided successively by the
coefficients yr;; = — A; A} (A; A])™! and added to the j-th (j = 2,3,...,k—1)
equation. In these equations at F[; a zero matrix will appear, whereas at
Fi; (i=2,3,...,k—1) the matrix 4;4, A/, respectively. The right-hand side
will be of the form A;4; A} (cf. notations (16)). Leaving now the first and
second equation unchanged, we multiply the second equation left-hand sided
by matrices ,; = —A;4; A} (A, 4; AD)™' (cf. property (W,)) add it to the
jth (j = 3,4,...,k—1) equation. In the equations of numbers j = 3,4, ...
...,k—1 a zero matrix will appear at F/,, whereas, at F}; the matrix
A;jA, Al (i,j = 3,4, ..., k—1), respectively. Proceeding further in an analo-
gous way the equation system

k—1-—j
z AjAj—lAf+in;j+i) = AjAj-—lAz. for j = 1,2,...,1(—’1,
i=0 .
will be obtained, and hence
k-1-j ]
,ZO Fujen Ajvidj-1 Af = Avdj- 1 A].

So the solution is

(20)
F,;, = {Aka—IDk—Z“‘Di+1Ai—lA;r(AiAAi—lA;'r)"l for i = 1523'--5](—2’
T Al AF (A A AT ) for i = k—1.

It results from (13), (17) and (20) that

k—1 k-2
A= A 'Zl FyAi = ADyy — Z Fyi 4;
i= i=1
k-3
= A4 Dy—y Dy—»— Z FyAi=...= A Dy Dy_5...D, Dy,
i=1.

and finally,
(21) ‘Zk = AkAk—l fOI‘ k = 2, 3,...,".
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7. The matrix B,. Making use of formulae (6)—(8), (16)—(18), and (21),
the matrix B, can be expressed by means of the matrices A; and B;.
First notice that from (21) and (W) we get

(22) Zk/a{ = AkAk—l A;{ = Ak/‘zil{ (k constant = 2, 3, ...,n).
Write

23) Ay =Deoy Doy Djuy Dyoy ... Dy Dy AT (A 45 A
for ’ = 132,---,k_1, k = 2, 3,..., n.

These are r xm; matrices which do not contain the factor D;. Then

k—1
(24) B, = B,— A, Y 4,;B;
i=1

je

8. THEOREM 2. If assumption (Z,) is fulfilled and the matrices A;, B;
are of the form (21) and (24), respectively, then for every k =1,2,...,n
the sum of the form (6), where VY are of the form (7), (8) is the (unique)
solution of the problem P,.

Indeed, the solution V; can be reduced to the form (11). The proof
is by induction (see also formula (16")).

Remark. In another form (see (22)) formula (16) is

AJ=AJ_1—LJ.ZJ (_]—_—’ 1,2,...,"),

where A; = A, and L; = A7(A4;A7)"". Thus we have (see (7)) V¥ = L;B;
(Bl = By).

Starting to calculate the k-th stage (k = 2,3,...,n) we have already:

Ly_y, Ay_y, By, A¢—p and VP for j = 1,2, ..., k—1. So we must calculate
k-1

1° Aoy = Au—2— Ly /~1k-1, 2 Zk = A di-ys 3 Bk = Bi— 4, Z Vm,
j=1
4 Ay Z, 5 (Ak/q{)—ly 6° Ly = 711‘(/1;(71{)"‘, 7 Ve = LkBk-

9. ExampLE. The given equations system (5) is:

2Ul+3U2+11 =0
Ul+l)7—110 = 0

stage 1

—6U2+Us+5v7—542 =0
T3+ 804 + 06+ 104 = 0
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Stage 1 (see (25)).

2 3! 10 -
A1=/Zl=li l02x4l :I, BIZBl"_‘I:
10 1

; 13 2
AIZ{= |: 2 2Ja

1

Al = I'—leal =?2—

G. Majcher and T. Styrylska

41
-3

W _
, vV 11 0. |

..................

A, = A4, = £[-32 -22 -2200 3],

Bz = B,— A4, v = [30], A4, g = % s
D=3 d —H ~H00%],
(VO = (L, B,)" = -2 -2 00 1].

Stage 3.

AZ = AI_LZA2 = H

1
15

Z3 = A;4, =

(-1

4 _[0-600105 5 [ %2
*71lo 078010 | -104/

18 =12 -3 =3 0 0 —18]
-2 8 2 200 12
-3 2 23-2200 3
-3 2-2 230 0 3]
0 0 0 0450 O
0 0 0 0045 O
—18 12 3 30 0 18]
—6 4 1 115 0 6
-1510 =510 0 15 15]?

11
110}

L 1] 2=2
(A, AN = 22 [—2 137)

(A2A£)_1 = [% >
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6

117 5 1 20 -5
T _ . -1 _
Ay A% = 3 [5 20], (A3 43) 33 [~5 7:l,

, 1[—96 9 —6 60 —15 9}

13
By = By— A3 (VP +V®) = [ ],

69| 1510 —8 13 —15 21 15
(VO = (LyB;)" =[-321010 —1 3].
Other applications and results will be given in papers [2] and [3].
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