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Spectral dynamical systems*

Abstract. Given a dynamical system (G,A,A) ,  where G is a topological group and A 
a continuous action of G on the topological algebra A, we examine under which conditions 
A induces a continuous action 5 of G on the spectrum (Gel’fand space) SJJ?(A) of A (and 
vice versa), as well as on the generalized spectrum ft)i(A,B) of A, with respect to a given 
topological algebra В and on the generalized positive spectrum SJJÎP(/1,B), when A and В 
are preordered.

As an application, among others, we show that the Gel’fand map of A is a morphism 
of dynamical systems.

Introduction. The present paper deals with dynamical systems (G, A, A), 
the phase space of which is a topological algebra A, and it aims, given 
the importance of the spectrum of an algebra, at giving in an abstract frame 
some conditions permitting the “transfer” of the action A of the topological 
group G to the spectrum of the algebra.

This is motivated by the concrete case in the research [1], where the 
dynamical system (R , U) is considered, with phase space being the (Banach) 
algebra of all bounded, uniformly continuous complex-valued functions of 
a real variable and phase group being the additive group R of the real 
numbers, acting on U by “translation of functions”; from this dynamical 
system it is then defined another one with phase space the maximal ideal 
space of U and phase group the same group R.

Thus, for dynamical systems with phase space a topological algebra, 
it is essential and natural as well to require the transition group of the 
system to consist of algebra automorphisms and it is, in fact, this hypothesis 
that permits the “transfer” of the action to the spectrum of the algebra. 
So, after establishing the existence of an action of G on the spectrum SJR(A) 
of the topological algebra A, we prove e.g. that a very important property
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of the spectrum, namely local equicontinuity, is adequate to ensure continuity 
of the induced action on 9Л(Л) (Theorem 2.1) and then we show, by extend
ing some previous results of [11] and [17] that the above considerations 
hold true for the generalized spectrum too, calling respectively the resulting 
dynamical systems the spectral and the generalized spectral dynamical 
system of A,

We also examine the inverse of the above problem, that is, the “transfer” 
of an action of G on 9Я(/1) to A and, by using the Gel’fand map and an 
appropriate ([11]) “functional representation” of A, we are essentially 
led to the well-known case ([7]), where A is a function algebra (cf. 
Theorem 2.3).

Dealing with topological algebras, we widely use the terminology and 
the results of [9 ]-[1 3 ] on this subject and, since a particular parallel 
study on preordered topological algebras appears in [16], we also 
examine the “preordered analogon” of the problem discussed here, that is, 
the “transfer” of the action to the positive spectrum of a preordered topo
logical algebra A, which specializes to C*-algebras (cf. Example, after 
Theorem 3.2).

Section 4 of the present paper is dealt with applications: Thus, given 
a dynamical system (G , A , A ), we prove that the GeFfand map of A is 
a morphism of dynamical systems leading to the embeding of Corollary 4.1 
and having thus a particular application of functional analysis to topological 
dynamics. We also examine the role of the transposition, as far as this 
concerns morphisms of spectral dynamical systems (cf. Proposition 4.2). 
Furthermore, we study how algebraic properties of the phase space A are 
related to dynamical properties of the spectral dynamical system (cf. Propo
sitions 4.3, 4.4), while the next application is of a pure topological dynam
ical nature: we show how several of the classical dynamical properties of 
(■G , A , A ) can be reflected to the spectral dynamical system (G,®?^)) and 
vice versa (cf. Propositions 4.5, 4.6).

In the last section of this paper, we refer to projective tensor product
dynamical systems and we only sketch their connection with the spectral
dynamical systems, discussed in the previous sections, intending to be more
specific thereon in a future publication.* 1

1. Definitions and notations. A topological algebra A is an algebra 
(=  associative, complex, linear algebra) and a Hausdorff topological linear 
space such that ring multiplication is separately continuous.

The spectrum of a (unital) topological algebra A is the set of all non-zero 
continuous, scalar-valued (identity preserving) morphisms (=  characters) of A, 
denoted (if it is not empty) by 9К(Л) and the generalized spectrum of a topo
logical algebra A with respect to a given topological algebra B, is the set of 
all vector-valued characters of A to B, denoted by SDÎ(A, В) and carrying the
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relative topology from TPs(A, В) (cf. [9], p. 78), where s denotes the topology 
of simple convergence.

An m-cone К  of a given algebra A is a cone К  which is also an 
idempotent subset of A (cf. [16], p. 120).

A preordered algebra A is an algebra A endowed with an m-cone K, 
called the positive m-cone of A (cf. [16]).

The generalized positive spectrum of a preordered topological algebra A 
with respect to a given preordered topological algebra В is the subspace 
9JÎP(/1,B) of Ш(А,В)  consisting of all positive elements of it (cf. [16]).

(A, B) (resp. (A, В)) is locally equicontinuous if each element of it 
has an equicontinuous neighbourhood.

Given a topological algebra B, the generalized Gelfand map Ф of the 
topological algebra A is defined by:

Ф: А ^ С6С(Ш{А,В),В): х\^Ф(х)  : = x: Ш ( А , В ) ^ В :  h ^ x ( h)  := h(x),

where c denotes the topology of compact convergence on the algebra of all 
continuous В-valued mappings on )Ш(,4,В) (cf. [9], p. 78).

A topological algebra A is full (resp. semi-simple) (l ) if, for scalars B, the 
Gel’fand map Ф is 1-1 and onto (resp. 1-1 and into)

A topological algebra A is called spectrally barrelled if 9Ji(A) has the 
following property: A subset of 9Jl(A) is (simply) bounded if and only if it is 
equicontinuous (cf. [10], Definition 2.1).

By the term locally convex, or semi-Montel, or Ptâk (topological) algebra 
we mean that the underlying topological vector space is locally convex, or 
semi-Montel, or Ptâk, respectively. For general notions on topological al
gebras we refer to [9 ]-[1 3 ], [16], [17].

By a dynamical system on a topological algebra A we mean a triad 
(G,A,A)  (or a pair (G, A) if A is understood), where G is a topological 
group, A is a continuous action of G on A and where the transition group 
of the system consists of automorphisms of A. If A is preordered, we 
moreover suppose that the elements of the transition group are positive. 
For general notions on topological dynamics we refer to [7] and [4].

2. The spectral dynamical system. We start with the following
T heorem  2.1. Let ( G,A,A)  be a dynamical system. Then A induces an 

action Ô of G on the spectrum SJR(/1) of A, which is continuous if Ш1(Л) 
is locally equicontinuous. (*)

(*) Following e.g. [9]-[13] we use the term “semi-simple” synonymously with the term 
“strongly semi-simple” of [15]. Thus, if a topological algebra with non-void spectrum 9Л(Л) 
is semi-simple, then it is commutative and, under suitable restrictions on A,  semi-simplicity 
is equivalent to the property the intersection of (closed) maximal ideals be {0}, i.e. to a (more) 
familiar notion of semi-simplicity.
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Proof. Let Ag, g e G ,  be the elements of the transition group of the 
system (G,A,A).  We define

(2.1) S: G x W l ( A ) ^ m ( A) :  0 ( g , f ) : = f o A g- 1.

Straightforward computations show that Ô is, indeed, an action.
To prove the continuity of <5 let gi -^g  and f - + f  be convergent nets 

in G and SR (A), respectively. Since the topology of 9Ji(T) is that of simple 
convergence, we prove-that

(x) - > /o d 9_ 1 (x) for every x e A
or that

f i O'.) -+/(У), where yt =  АвГ i _ ! (x), у = Ag- 1 (x).

Since, for every x g A, the x-motion is continuous and since G is a topological 
group, we have that yt -> y. By local equicontinuity of ÎR(A), one concludes 
that the mapping

M l(T )xA U C : ( / ,x ) U / ( x )

is continuous as continuous (cf. [2], Corollary 4, p. 25) on a neighbourhood 
of every point. The assertion is proved.

The resulting dynamical system (G, sJ0?(T), <5) is called the spectral dy
namical system of A.

Corollary 2.1. Let (G, A, A) be a dynamical system, where A is a topo
logical algebra with continuous Gelfand map and locally compact spectrum 
SJR(A). Then the spectral dynamical system (G,9JÎ(T), <5) of A exists.

Proof. The assertion is an immediate consequence of [11], Theorem 3.3, 
and of Theorem 2.1 above.

Examples, (i) From the dynamical system (R , It) mentioned in the intro
duction, by Theorem 2.1 one obtains the spectral dynamical system (R , 9JÎ(U)), 
since 9JÎ (It) is equicontinuous, hence locally equicontinuous, It being a Banach 
algebra (with the sup-norm), hence a Q-algebra (cf. e.g. [10], p. 80). But (the 
GeFfand space) 9JÎ (Tt) is the maximal ideal space P of It (within a homeo- 
morphism).

(ii) Let X  be a locally compact space and ( ( / ,^ ( 2 0 ,  A) a dynamical 
system. Since X  =  Ш(^С(Х)) (within a homeomorphism), by Corollary 2.1 
one obtains the spectral dynamical system (G, X , <5). This is the first part 
of [5], Theorem 3.

(iii) The conclusion of Corollary 2.1 is valid for every spectrally barrelled 
algebra with locally compact spectrum, since the Gel’fand map of such an 
algebra is continuous (cf. [11], Lemma 2.1).

Now, we have another approach to the conclusion of Theorem 2.1 and 
Corollary 2.1, by imposing conditions on G, A and 9Ji(A), that is, we have 
the following
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T heorem 2.2. Let (G , A , A ) be a dynamical system, where G is a first 
countable group and A a topological algebra with continuous Gelfand map 
and first countable spectrum 9Л(А). Then the spectral dynamical system 
(G, 9Я(А), <5) of A exists.

Proof. To prove the continuity of the action Ô defined by (2.1) we can 
restrict ourselves to convergent sequences of elements of G and 9Л(А) (cf. e.g. 
[3], p. 218, 6.3). But the set H whose the elements are the terms of a simply 
convergent sequence of characters of A and its limit, is a compact subset 
of 9W(A) (cf. e.g. [6], p. 88, Proposition 4). Since the Gel’fand map of A 
is continuous, by hypothesis, H is equicontinuous (cf. [12], Theorem 3.1). 
The assertion then follows from the continuity of the map H x Ay* C : 
( /, x) -> f (x)  (cf. proof of Theorem 2.1).

Thus, local equicontinuity of 9W(,4) is not a necessary condition. 
Example. Let G be a first countable group, X  a completely regular 

first countable 7] — space, and ( G , ^C{X), A) a dynamical system. Since 
X  =  9W (féc (X)), by the above theorem one obtains the spectral dynamical 
system (G , X , 5 ). This is the remark that follows the proof of Theorem 3 
in [5].

Along the lines of “Silov’s Program” we now examine the inverse of the 
above problem, that is, we try to construct, under suitable conditions, 
a “Klein Geometry” of A from a given “Klein Geometry” of its spectrum 
SJR(A). More precisely, we have the following

Theorem 2.3. Let be a full, Ptâk, spectrally barrelled, locally convex 
algebra with spectrum 9Л(А). Given a dynamical system (G, 931(A), <5), where 
G is locally compact, the topological algebra A becomes the phase space of 
a dynamical system (called the initial of (G, StR {A), <5)) with phase group the 
topological group G.

Proof. Consider the topological algebra ^ С(Ш{А)). It is well known 
that the map

(2.2) С х ^ с( Ш( А) ) ^^с(Ш(А)): ( g , ( p ) ^ (p o ô g- 1

is a continuous action of G on ^ С(Ш(А)) (cf. [7], 1.68), whose ^-transition 
is ^(ôg-i ),  where

(Ôe) : (€ c (aw (A)) h > ^  (aw (Л)) : V (ôg) (<p) : =  q> о ôg.

Therefore, (̂<5ÿ- i) , geG , is an automorphism of %С(Ш(А)). Now, if we define 

G x A k A: (g,x)\~* Ф~1( ходд- 1).

The assertion follows from the fact the Gel’fand map Ф of A is also 
a topological isomorphism of A onto <#С(ЩА)) (cf. [11], Theorem 2.2).
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3. Generalized spectral dynamical systems. We now proceed to show that 
the assertion of Theorem 2.1 is also valid for the generalized spectrum of 
a topological algebra with respect to a given one.

Let A and В be topological algebras, G a topological group, and 
(G , A , A ) a dynamical system. For every g e G,  consider the generalized 
transpose mapping rAg of the ^-transition Ag, that is, the mapping

1 Ag: (A , B) i f  (A , B): TAg(u) := uoAg

(cf. [13], p. 50). Let Ш(А,В)  be the generalized spectrum of A with respect 
to B. We define the mapping

(3.1) <5: С х Ш ( А , В ) ^ Ш ( А , В ) :  ô(g, f )  := 4 _ i ( / ) -

We have the following theorem, the proof of which follows verbatim 
that of Theorem 2.1 and is therefore omitted.

T heorem 3.1. Let (G , A , A ) be a dynamical system. Then G acts (by 
transposition) on the generalized spectrum 901 (Л,Б) of A with respect to В 
and the induced action (3.1), ô, is continuous г/5Ш(Л,Б) is locally equi- 
continuous.

The resulting dynamical system (G, 9Л(Л, В), <5) is called the generalized 
spectral dynamical system of A with respect to B.

Example. Let A be a locally m-convex algebra and Q the set of quasi- 
invertible elements of A. Then Q is a group with operation the “circle 
operation” x o y  — x +  y — xy which is continuous, since ring multiplication 
in A is jointly continuous (cf. [14], p. 10). The quasi-inversion is also 
continuous in Q (cf. [14], Proposition 2.8). Thus, Q is a topological group.

We define A: Q x A h > A:  (q, x) A (q, x) := qoxoq' ,  where q' denotes 
the quasi-inverse of q. Then, A is a continuous action of Q on A, as one 
easily checks and each ^-transition is an automorphism of A (о-inner auto
morphism). Let В a non-commutative topological algebra and let 9Л (A, B) 
be locally equicontinuous. Then, from the dynamical system (Q,A,A)  one 
obtains, by Theorem 3.1, the generalized spectral dynamical system 
(Q,yR(A, B), Ô), which is effective. (For В commutative, say for B =  C , ô  
is not effective.)

To give, now, the analogon of Corollary 2.1, in the present case, we 
prove some lemmata, which generalize respective results of [11] and [16], 
[17]. Thus we have the following.

Lemma 3.1. Let A be a topological algebra with locally equicontinuous 
generalized spectrum 931( 4̂,15), with respect to a topological algebra B. Then 
the generalized Geljand map of A is continuous.

Proof. Use the same arguments as in [11], Theorem 3.2.
Lemma 3.2. Let A be a locally convex algebra with locally equicontinuous
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generalized spectrum $R(/4, B), with respect to a semi-Montel topological al
gebra B. Then $Ш(Т, В) is a locally compact (Hausdorff) space.

Proof. The proof is similar to the one of [11], Lemma 3.1. In the 
present case, the (weak) compactness of an open equicontinuous neigh
bourhood °U of / е Ш( А, В ) follows respectively from the generalization of 
the Alaoglu-Bourbaki theorem (cf. [17], Theorem 3.1).

Lemma 3.3. Let A be a locally convex algebra with generalized spectrum 
ÎU(y4,fî), with respect to a semi-Montel topological algebra B. Then the 
following assertions are equivalent:

(i) 9Я(у1,В) is locally equicontinuous;
(ii) Ш(А,В) is locally compact and the respective generalized Gelfand 

map of A is continuous.
Proof. Clearly (i) implies (ii) by Lemmata 3.1 and 3.2. (ii) implies (i): 

The proof is similar to the one of [11], Theorem 3.1, (2) => (1). In the 
present case, the fact that every compact subset of Ш(А, B) is also equi
continuous follows from the generalization (cf. [17], Theorem 4.1) of Theorem 
3.1 in [12].

Now, we are in a position to state the following:
Corollary 3.1. Let (G , A , A ) be a dynamical system, where A is a lo

cally convex algebra with continuous generalized Gelfand map and locally 
compact generalized spectrum Ш{А,В),  with respect to a semi-Montel al
gebra B. Then the generalized spectral dynamical system of A exists.

Proof. Taking into consideration Lemma 3.3 ((ii)=>(i)), we apply Theo
rem 3.1.

Remark. Let G be a group with the discrete topology and A: G x A - * A  
an action of G on the topological algebra A. Moreover, let each ^-transition 
be continuous. Clearly, each x-motion is also continuous. But a separately 
continuous action A: G x d k d  induces a separately continuous action Ô 
of G on 9Jl(A,B) (in the present case it is sufficient to verify only that 
each Ôg is continuous). Thus, if УЯ(А, B) is locally compact Ô is (jointly) 
continuous (cf. [3], p. 261, Theorem 3.1 (2)). More generally, it follows from 
the proof of Theorem 3.1 that a separately continuous action of any topo
logical group G on a topological algebra A, induces a continuous action 
of G on $0î(A,B) (for a given topological algebra B) if SJR(A,B) is locally 
equicontinuous.

Now, let A and В be preordered topological algebras, G a topological 
group and (G,A,A)  a dynamical system. Let sHlp(A,B) be the generalized 
positive spectrum of A, with respect to B. Since each element of the transi
tion group of the system (G , A , A ) is, by hypothesis, positive, we obtain, by 
restricting the map (3.1) to 5ШР(А,В), an action of G on |!Шр (у4,В). The 
following theorem is the “preordered analogon” of Theorem 3.1 and its 
proof is omitted, being the same as that of the said theorem.
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T heo rem  3.2. Let {G, A, Л) be a dynamical system, where A is a preor
dered topological algebra. Then G acts (by transposition) on the generalized 
positive spectrum sJJÎp(/4, B) of A with respect to a preordered topological 
algebra В and the induced, by A, action Ô is continuous if 5ШР(/4,В) is 
locally equicontinuous.

The resulting dynamical system (G, 9ИР(Л, B), Ô) is called the generalized 
positive spectral dynamical system of A with respect to B.

Example. Let (G , A , A) be a dynamical system with phase space being 
the unital commutative C*-algebra A. Then G acts continuously on the 
set P of pure states of A. In fact, G acts continuously on 9KP(A) =  P.

4. Applications. At first place we proceed to prove that the Gel’fand 
map is a morphism of dynamical systems. We recall that given two dynam
ical systems (G,, X (, A1), i =  1 ,2 , a morphism of dynamical systems is a pair 
(h, a), where h: Gx f-> G2 is a (continuous) morphism between the (topological) 
groups Gx and G2 and o: X l H- X 2 is a (continuous) mapping between (the 
topological spaces) X x and X 2, “commuting with the actions”. This means 
that the following diagram

Gx x X x h ^ X t
hxo  ̂a

G2 X X 2 I------* X 2
Л2 ■

is commutative, i.e. о (A1 (g, x)) =  A2 (h(g), o(x)). If X f, г =  1 ,2 , are for 
example (topological) algebras, then we require о to be also a (continuous) 
morphism of algebras. If h and о are homeomorphisms, then (G;,X;,zr), 
i =  1 ,2 , are called equivalent. A subsystem of a dynamical system (G, X , A) 
is a dynamical system (G, У, A\Y), where У is a closed, invariant (Ag(Y) 
= Y, g e G ) subspace of X  and A\Y the restriction of A to G x Y .  The 
dynamical system (G1, X 1, A 1) is embeddable in the dynamical system 
(G2, X 2, A 2) if (G1, X 1, A 1) is equivalent to a dynamical subsystem of 
(G2, X 2, A2). When G =  Gx =  G2 and h =  idG we write a instead of 
(idG, o).

We note that the composition of two morphisms and the inverse of 
a bijective morphism of dynamical systems, are morphisms again.

We now have the following
P roposition 4.1. Let (G , A , A ) be a dynamical system with locally com

pact phase group and phase space being a topological algebra with locally 
equicontinuous spectrum 9JI(A). Then the Gelfand map of A is a morphism 
between the dynamical systems (G, A, A) and (G, (ё с(УЯ(А)), A w h e r e  (cf. (2.2)) 
A'(g,(p): =( poôg- x and Ô the induced, by A, action of G on Ш1(Л).

Proof. The fact that the dynamical system (G, с6 с(Ш(А)), d') exists, is



Spectral dynamical systems 17

a consequence of Theorem 2.1 and of [7], 1.68. Furthermore, we observe 
that the Gel’fand map Ф of A is a continuous (cf. Lemma 3.1 or [11], 
Theorem 3.2) morphism of the algebras A and ^ c(5ft(A)), which commutes 
with the actions: In fact, we have Ф(А(д,х)) =  A(g,x).  Then A( g ,x) ( f )  
= f (A(g,x) ) .  On the other hand, А'(д,Ф(х)) =  A'(g,x) — x o ^ r l . Thus, 
x o ô g- l {f)  =  x(S(g~l , f )) =  x ( f o A g) =  f o A g(x) and therefore Ф{А(д,х)) 
=  А'(д,Ф(х)), which proves the assertion.

Corollary 4.1. Let (G , A , A ) be a dynamical system with locally com
pact phase group and phase space being a complete semi-simple topological 
algebra A, with locally equicontinuous spectrum 5ft (A). If every equicontinuous 
subset of the dual space A' is contained in a multiple of the closed, convex 
balanced hull of some compact subset of 5ft (A), then the dynamical system 
(G , A , A ) is embeddable in the dynamical system (G, %С(Ш(А)), A’}.

Proof. This is an immediate consequence of Proposition 4.1, of [15], 
Theorem 4.2, and of [8], Proposition 4, p. 129.

Note that the conclusion of this corollary is also valid if the multiples 
of the polars of equicontinuous compact subsets of 5ft (A) form a base of
o-neighbourhoods in A (cf. [15], Corollary 4.3). Note also that, clearly, if the 
Gel’fand map is an isomorphism, then (G , A , A ) and (G ,^ c (5ft(A)), A') are 
equivalent. Thus, a class of topological algebras for which this equivalence 
is valid, is provided by Theorem 2.2 of [11], that is, we have the following 
corollary the proof of which is omitted.

Corollary 4.2. Let (G , A , A ) be a dynamical system, where the topolo
gical algebra A satisfies the hypothesis of Theorem 2.3. Suppose, moreover, 
that G and 5ft (A) are both locally compact. Then the dynamical system 
(G,A,A)  is equivalent to the dynamical system (G, &c(SD!(A)), /)'). Clearly, 
(G, A, A) is then (equal to) the initial of (G, 5ft(A), <5), where Ô is the induced, 
by A action.

Concerning morphisms of dynamical systems, we have the following
P roposition 4.2. Let о be a morphism of the dynamical system (G, A 1, A1) 

into the dynamical system (G, A2, A2), where A1, A2 are unital topological 
algebras. Suppose, moreover, that the respective spectral dynamical systems 
(G, 5ft(Ax), (51) and (G, 5ft(A2), b2) exist. Then there is a morphism of the 
last one into the first one.

Proof. Let t<r be the transpose map of a. Since a is a morphism of 
topological algebras, f<7|5ft(A2) is a continuous map of 5)1 (A2) into 5ft(Ax) 
(we write again 'cr instead of 'o-|5ft(A2)). Thus, we have to show that fo 
commutes with the actions.

Since
(<52 {g Ji)) : = /2 О A2̂  x о о 

and
^(gf io i f i ) )  =  àx{g,f2oo)  : =  / 2o<Todg-i,

2 — Prace Matematyczne 21.1
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for every we have

= f 2 (A2(g~l>a(xi))) =  f 2(a(A1(g~i, x i))) =  / 2o<roAj_i (xt).

Therefore, l(j(ô2{g, f2)) =  S1 (g, to { f 2)) since, by hypothesis, o(A l (g,x)) 
= A2(g,a(x)) and the proof is completed.

On the other hand, by combination of previous results, we have the 
following

Corollary 4.3. Let (G, A,-, A1), i =  1 ,2 , be two dynamical systems, 
where G is locally compact and A,-, i =  1 ,2 , are topological algebras with 
locally equicontinuous spectra 9Л(А;), i =  1 ,2 , respectively. Then there is 
a morphism n of the spectral dynamical system (G, 9JÎ(A2) Ô2) into (G, ЭД^А ,̂ <5*) 
if and only if there is a morphism F of the dynamical system 
(G, zT) into (G, г6 с(Ш(А2)), d"). Moreover, if a is a morphism
of (G, A ^ A 1) into (G, A2, A1), then the following diagram

(G, A i, A1)

(G, * ,(« !(/! ,)) , A')

(G, A j, A2)

Фг

( с , « е(9Н(д2)),а")

is commutative, where <Pi, i =  1 ,2 , are the Gelfand maps of the unital 
algebras At, i = 1 ,2 , respectively.

Proof. Clearly, by Theorem 2.1, (G, 901 (Af), <5‘), i =  1 ,2 , exist. Let 
n\ 9Л(А2) H- 901 (A1) be a morphism. We consider then the map

#(я): <ё'с(УЯ(А1))ь+<ё'с(Ш(А2)): T? (я) (<р) =  (роп,

which is continuous (cf. e.g. [3], p. 259, 2.1) and also a morphism of 
algebras. By [7], 1.68, the dynamical systems (G, ^ « .^ (А ^ ), d'),
(G, # c(901(A2)), A”) exist. Thus, if we show that % (n) commutes with the 
actions, then ^  (n) will be the morphism F we need. Straightforward com
putations show, in fact, that {n) (A' (g, <p)) =  A" (g, (n) (</>)). Conversely,
if F is a morphism of (G, (ê cifiïl{Af)), d') into ( G / é c(ÿR{A2)), A"} and since 
the spectrum of (9Л ( A,)) is 901(Аг), * =  1 ,2 , within the homeomorphism
щ: fH-cOf.,  where cof . is the evaluation map: cof .((p) =  (pi{f), /e901(A (), 
<Pi e %c (9Л (A,-)), the assertion follows from Proposition 4.2, Proposition 4.1, 
and the last remark preceding it, by taking as n the map o lF o n 2, 
since щ =  (£Фг) ~ \  i =  1 ,2 .

Finally, concerning the commutativity of the above diagram, it is easy 
to see, by applying Proposition 4.2, that <é ( ta)o<Pl = Ф2о о  which completes 
the proof of the corollary.

Note that if Ф{, i =  1 ,2 , are isomorphisms, then the converse of 
Proposition 4.2 is also valid for Gf, i =  1 ,2 , locally compact.
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Given a dynamical system {G,A,A) ,  we denote by S (A) the set of 
endomorphisms of the dynamical system. By the last remark preceding 
Proposition 4.1, clearly $  (A) is a semi-group with identity (cf. also [1], 
p. 119).

We now have the following (cf. also [1], Theorem 1.1)
C orollary  4.4. Let (G, A, A) be a dynamical system, where A is a topo

logical algebra with locally equicontinuous spectrum 9Л(А). Then there is an 
antimorphism of S'(A) into S> (sJJf(/4)), which is injective if A is semi-simple 
and bijective if the Gelfand map of A is an isomorphism.

Proof. Clearly (G ,SDÎ(/1), <5) exists. Then, the map p: a U'ff is an anti
morphism of S(A)  into S' (9Л(Л)), since \o o o ')  =  V o 'u . Let now lo =  V . 
Then, for every /е9Л(Л), we have to ( f )  =  V ( / ) ,  i.e. /ост = fo o '. Thus,

f oo (x )  =  foo' (x)  for every x e A .  But f oo{x )  =  f(o{x))  =  er(x)(/) =  
o f x ) ( f ) ,  or <P(o(x))U) =  Ф (c'(x)) ( / )  for every /. Then Фоо{х) = Фo o ’(x) 
for every x e A  and therefore, if Ф is injective, one obtains a (x) = o' (x).

Now, if Ф is an isomorphism for m e S  (Ш(А)), we have 
р(Ф-1 o ré (т)оФ) =  m. In fact, 1(Ф~1 o ré {т)оФ) =  m, since, for every 
f  еШ(А)  and for every x e A ,  f o Ф ~ 1o (ê ( m ) o Ф ( x ) = f ( Ф ~ 1(xom)) =

Ф_1(х о ш )(/)  = x o m ( f )  =  m (/)(x). This completes the proof.
Semi-simplicity of the topological algebra A, is related to another 

property of the spectral dynamical system:
Let X  be a set, Y a uniform space, H я  (X, Y) a function space, 

G a topological group and (G,H) a dynamical system. We say that (G , H ) 
is of separating orbit if there is an element of H, the orbit of which 
separates the points of X. In this respect, we now have the following 
simple relevant results.

P roposition 4.3. Let A be a topological algebra and (G , A , A ) a dy
namical system. If the spectral dynamical system (G, ЭД1(Л), <5) exists and is 
of separating orbit, then A in semi-simple.

Proof. Let x Ф y. Then there is an /е9Л(Л) such that /o d ^ -^ x )  
Ф f oAg- i i y ) ,  for some g e G.  Thus, x ( f  о Ag-f) Ф y ( f o A g_!). Hence х Ф у  
and therefore the GeFfand map of A is an injection, which proves the 
assertion.

A sort of converse of the above proposition is the following
P roposition 4.4. Let A be a semi-simple topological algebra and (G, A, A) 

a dynamical system. If the spectral dynamical system (G, SJR (A), d) exists and 
is point transitive, then (G, SUI(A), <5) is. of separating orbit.

Proof. Let x Ф y. By hypothesis we have x Ф y, i.e. there is an 
feÿR(A)  such that x ( / )  Ф y ( f )  or /(x )  Ф f(y).  Since the spectral dynamical 
system is point_transitive, there is by definition an f 0 e ÎJÎ (A) with dense 
orbit G/о, i.e. G/0 =  9Я(А). Thus, there is a net of elements f e G f 0, such
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that f - ? f .  Then, f  (x) /(x )  and f ( y )  ->f(y).  Therefore, there is an index
i0 such that f  (x) #  f Q (y) and the assertion is proved.

As a consequence of the preceding, we get that: for point transitive 
spectral dynamical systems, the spectral dynamical system to be of separating 
orbit is equivalent to the semi-simplicity of A.

Next, we proceed indicatively to show that, under suitable conditions, 
the spectral dynamical system (С,9Л(Д),<5) inherits certain dynamical prop
erties from (G,A,A)  and vice versa. Semi-simplicity is again involved in 
the first property:

It is well known (cf. e.g. [5], p. 397) that if (G, X) is a dynamical 
system, where G is locally compact and X  a completely regular Tx-space, 
then the dynamical system ([7], 1.68) (G,V>C(X)) is effective if and only if 
(G, X) is effective. It is easy to see that, if (G , A , A ) is a dynamical system, 
where A is a semi-simple topological algebra and if the spectral dynamical 
system (G, 30!(Л), <5) exists, then (G, 9Л(Л), <5) is effective if and only if (G, A, A) 
is effective. More generally, the same is true for periodicity (cf. [7], 3.06, 
Definition) as the following proposition shows:

P roposition 4.5. Let A be a semi-simple topological algebra and (G, A, A) 
a dynamical system. Moreover, suppose that the spectral dynamical system 
(G, %ïl(A), 3) exists. Then, (G , A , A ) and (G, SM(A), 3) have the same period.

Proof. Let Pa be the period of (G , A , A ) and Pm that of (G, 9И(Л), <5). 
For деРл  and /е9Л(Л) we have 3{g, f )  =  f .  In fact, 3(g, f ) \  =  / o d 9_i. 
Then, for every x e A ,  / o z l r l W  =  f ( A ( g ~ 1,x)) =  f (x) ,  since Pa is a sub
group of G. Thus, Pa Ç Pm.

Conversely, let gePm.  Then, for every /е9Л(Л), we also have

à{g~l , f ) = f ,  that is, for every x e A,  f ( A ( g , x ) ) = f ( x ) ,  or A(g,x){f )

= x( f ) .  This means that A(g,x)  =  x or that Ф(А(д,х)) =  Ф(х). By semi
simplicity of A, it follows that A(g,x) = x and therefore Pm £  PA, which 
proves the assertion.

Now, let ( X, 6 )  be a uniform space and (G , X , A ) a dynamical system. 
(G, X,  A) is called (cf. [7], 4.32 (1)) right (left) almost periodic, if for aeC 
there is a right (left) syndetic subset S of G (i.e. such that G = KS 
(G =  SK), K  ç  G compact), such that x e X  implies A (g, x)Ea [x ], for 
every gES.  In this connection, we have the following

P roposition 4.6. Let (G, A,  A) be a dynamical system, where A is a top
ological algebra with identity and equicontinuous spectrum 9Л (Л). If the 
dynamical system (G, A, A) is left (right) almost periodic, then the spectral 
dynamical system (G, 9Л(Л), <5) is right (left) almost periodic.

Proof. The (unique) uniform structure (9' of 9Л(Л) is the induced one 
by the uniform structure of the topological vector space A's. Thus, if a'E&', 
we show that there is a right syndetic subset S' of G such that 3(g, f)Ea'  [ / ]
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for / e  991(d) and every geS',  where <5 is the induced, by A, action on 991(d) 
(cf. Theorem 2.1). Let К({хь ..., x„}, e) be a neighbourhood of the origin 
in d ', which defines a'. Then we show there is a left syndetic subset S' 
of G such that / e  991(d) implies, by definition of Ô,

\ f oAg- 1{xi) - f { X i)\ <  £, » =  l ,2 , . . . ,n ,

for every geS',  or

(4.1) \ f ( A ( g ~ \ х,-)-х{)| ^  £, ï = 1, 2 ,. . . ,  n .

Since 991(d) is, by hypothesis, equicontinuous, there is a neighbourhood of 
the origin in A, say Ш, such that

(4.2) |/(x )| ^  e for every x e t  and / e  991(d).

Let Ш/ be the vicinity of the uniform structure (9 of A, defined by the above 
neighbourhood JÜ. Then, by hypothesis, there is a left syndetic subset S of G 
such that A (g', xf) e a,„ [x,] for every g'eS,  or A’ (g, x,) —x* e ûl l , g e S .  Let 
S' =  S -1 . Then (cf. [7], 2.03 (3)), S' is a right syndetic subset of G. Thus 
for every g s S ’, we have ^_1gS and therefore A (g~1, xf) — xfe ^ ,  geS'.  Then, 
by (4.1) and (4.2) one concludes that, indeed, (G, 9К(Л), <5) is right almost 
periodic.

Corollary 4.5. Let (G, A,  A) be a right almost periodic dynamical system 
with phase space being a unital topological algebra A whose spectrum SIR (A) 
is equicontinuous. Then, every (pe^c(^(A))  is a (von Neumann) almost periodic 
function.

Proof. 9Л(Л) is equicontinuous and closed (cf. [14], p. 25, Lemma 6.2) 
and therefore (cf. e.g. [6], p. 201, Theorem 1) it is compact. On the other 
hand, by Proposition 4.5, the spectral dynamical system (G, 9Л(Л), <5) is left 
almost periodic. The assertion now follows by Proposition 4.15 of [4].

Corollary 4.6. Let { G,A,A)  be an almost periodic dynamical system 
with phase space being a unital topological algebra A whose spectrum (Л) 
is equicontinuous. Then the enveloping semi-group £(9Jt (d)) of 991(d) (the 
closure of the transition group Tm of (G, 991(d), Ô) in (991(d), 991(d))) is 
a compact topological group, which acts continuously on 991 (d) and the resulting 
dynamical system ( £ (991(d)), 991(d)) is (uniformly) equicontinuous (Tm is (uni
formly) equicontinuous).

Proof. This is an immediate consequence of Proposition 4.5 and of [4], 
Proposition 4.4 and Corollary 4.5.

5. Tensor product dynamical systems. Given two dynamical system 
(Gi ,Ai ,Al), i =  1 ,2 , the existing relation between the generalized spectrum 
991 (dj (x) d 2, B) (for given В) of the tensor product d 1(x)d2 of the locally

Г
convex algebras d b d 2 with a compatible topology т on d j ® d 2 and the
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generalized spectra ®î(/4b B) and Ш(Л2, В) of the factor algebras, combined 
with the above notion of the generalized spectral dynamical system, naturally 
led to the construction of the so-called projective tensor product dynamical 
system and then to the relation between the projective tensor product gen
eralized spectral dynamical system and the generalized spectral dynamical 
systems of the algebras A X, A 2 (cf. [0], Theorem 5.4, p. 58).

These, and the “infinite analogon” of the above cases, as well as some 
related questions concerning, for instance, dynamical systems (G, A) embed
dable in a shift dynamical system (a “topological algebra analogon” of the 
Bebutov-Kakutani theorem [1]), will be given in details in subsequent papers.
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