
ANNALES SOCIETATIS MATHEMATICAE POLONAE 
Series I: GOMMENTATIONES MATHEMATICAE X X  (1978) 

ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Séria I: PRACE MATEMATYCZNE XX (1978)

A n d r z e j  S o lty sia x  (Poznan)

On Banach algebras with closed set of algebraic elements

Abstract. A necessary and sufficient conditions are given for the set of algebraic 
elements of a semisimplo commutative Banach algebra to be closed.

In  this paper we are concerned with commutative Banach algebras 
over the field of complex numbers. For such an algebra A, 501(A) stands 
for the maximal ideal space with the Gelfand topology. If x e A, then 
x* denotes its Gelfand transform, a{x) = a{x]A)  its spectrum in the 
algebra A  and ||i»i|e its spectral radius.

An element x  e A  is called algebraic if there exists a monic poly­
nomial p with complex coefficients such tha t p{x) = 0  (monic means that 
the leading coefficient is equal to one).

An element x e A  is algebraic of degree n if p (x) = 0  for some monic 
polynomial p  of degree n and q(x) Ф 0 for'every monic polynomial q 
of degree less than n.

The set of all algebraic elements of an algebra A  will be denoted 
by algA.

An element x e A  is quasi-algebraic if there exists a sequence of monic 
polynomials {pn}, with degree of pn equal to d(n) such that \\pn(x)\\lld(n) ->0 
as n-> oo or equivalently x is quasi-algebraic if capo? — Cap o'(a?) =  0 
(see [2], Theorem 2 and Theorem 3).

A set of all quasi-algebraic elements of an algebra A  will be denoted 
by qalgA.

We start with the following lemma.
L em m a . An element x of a semisimple commutative Banach algebra A  

is algebraic i f  and only i f  its spectrum consists of finite number of elements.
Proof.  Let x  be an algebraic element. Thus there exists a poly­

nomial p (z) =  (z — ),x) ... (z — An), Ax, .. . ,  l n e C, such that p (x) = 0. On the 
other hand p (<r(x)) = a(p(x)) =  {0}. So we have a{x) <=. {A1? .. . ,  An}.

Conversely, let us suppose tha t c(x) =  {Ax, . . . ,  An}. This implies tha t 
for the polynomial p(z) = {z — ).x) ... (z — Xn) we have p(c(x)) =  {0}. I t  
means o(p{x)) =  {0}. So we have ||p(a>)||s =  0. Since the algebra A  is 
semisimple we have p{x) =  0.
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Now we are going to prove the following fact.
Th eo r em . Let A  be a commutative semisimple Banach algebra with 

unit. Then the following conditions are equivalent:
(1 ) the set of algebraic elements of the algebra A is closed ;
(2 ) algA  == qalg A  ;
(3 ) there exists a positive integer n such that every algebraic element is 

algebraic of degree not greater than n\
(4) has a finite number of components',
(5) for every x e A  there exists a positive integer n such that o(x) has 

n components ;
(6) there exists a positive integer n such that, for every x e A, o(x) 

has at most n components.
Proof.  We will carry ont the proof according to the following plan:

( l )

Let ns start with the proof of (3) => (6). Let ns snppose th a t con­
dition (6) does not hold. I t  means tha t for every positive integer n there 
exists an element xn e A  snch tha t a(xn) has more than n components. 
Let us take an arbitrary positive integer n. There exists the following 
decomposition:

o{xn) = E l и  ... u E n,

where are pairwise disjoint and closed. Then there exist pairwise 
disjoint and open sets Z7f snch tha t TJ{ о  Et for i =  1 , . . . ,  n. So we have 
o(xn) ci U = TJXи ... и Un. Now we define functions analytic on U by 
the formulas:

/*(*)
1

0

for z e Uk, 
for z e U \  Uk,

for к =  1 , . . . ,  n.
Now, by the functional calculus (see [3], 16.2 Theorem) we get 

elements yk e A  for к = 1, . . . ,  n such that for every M  e90t(A) the follow­
ing equalities hold

у и д а  = / * К д а ) -
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This implies that
1  f o T ^ ( M ) e E k, 

yk (Ж) = л —
О for хп (М) е а(хп) \ Е к.

Now taking an element у =  Я ^  + . . .  -f Я„уя, where Àx, . . . ,  l n are pairwise 
different complex numbers, we have

у л {M) = лк if х~ {М) е Е к (h = 1,
Thus а (у) = {Ях, . . . ,  Яп}. By the previous lemma the element у is alge­
braic. I t  is algebraic of degree n since the numbers Яг- are pairwise differ­
ent. So we have proved tha t for every positive integer n there exists 
an algebraic element of degree n, which means that condition (3) does 
not hold.

(6)=>(6) is obvious.
(5) =>(4). Let us assume condition (4) is not satisfied. So the set lift (-4) 

has infinitely many components. We shall construct by induction a se­
quence of non-empty closed and open sets {F{} such that Fi+l ÿ  Ft c  sIft(-4) 
for'г =  1, 2, ... and every Ft has infinitely many components. Moreover, 
its corresponding sequence of idempotents {/J is such that / г+1/ г- =  f i+1 
for i = 1 , 2 , . . .

Let F x =  and f x = e — the unit of the algebra A. Since 9Я(М)
is disconnected and has infinitely many components then by Silov idem- 
potent theorem (see [3], 20.2 Theorem), there exist an open and closed 
subset F 2 ^ F X1 having infinitely many components, and the correspond­
ing idernpotent f 2 such that f 2 is the characteristic function of the set 
F 2. Proceeding by an induction wre obtain a sequence {PJ of closed- 
open subsets of 9(ft(-A) such that

' 1  ф  Л  2 ф  • • • ф  *  n  ф

and corresponding sequence {f{} of idempotents such that

fi+lfi —fi+1
for i = 1 , 2 , . . .  (fi being the characteristic function of F{).

Now, we take a new sequence of idempotents f n = f n —/n+1 for 
n — 1,2, ... The elements f n are pairwise orthogonal, i.e., f nf m = 0 if 
n Ф m. Indeed for n > m we have

fnfm (fn fn+l)(fm fm+1)
=  fnfm fn+lfm fnfm+1 4" fn+lfm+1 
=  fn —fn+l —fn + / » + l  =

Since f n are idempotents we have \\fn\\ >  1  for n = 1 , 2 , . . .  Now, we 
choose a sequence of numbers {Яг-} such that

1 >  141 >  l4+il >  0 and 141 (2 " ||/J )-1 for n =  1, 2 , . . .
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OO

Then f  — 2! K U  belongs to the algebra A. Let ns denote
71= 1

Fn = {M  eStU(J.): f*  (31) = 1 } for n = 1 , 2 , . . .

If n Ф m, then Fnn F m = 0  because f n axe orthogonal to each other. 
Thus we have

f { M )
К  for 31 e F n,

OO

0 for 31 6 S K \ U l #.
w=l

This implies a(f) = {0}u {Дя}~=1. So the spectrum a(f)  has infinitely 
many components, i.e., condition (5) is not satisfied.

Lot us note tha t we have simultaneously proved the implications:
(1) => (4) (since /  is not algebraic but is a limit of the sequence of the al- 

»
gebraic elements an^ (2)=>(4) (since the capacity of any eoun-

<—i
table set is zero, the element /  is quasi-algebraic but it is not algebraic).

(4)=>(3). Let us suppose 9K(A) =  F xu  ... и Fn, where F{ are closed 
and pairwise disjoint. We also assume that each F i is connected. By 
Silov Theorem (see[3], 20.4 Corollary) there exist closed ideals I x, . . . ,  I n 
such that

■3 I x © .. • ®In

and, moreover, Ш(1() = F{ for i *= 1 , . . . ,  n.
Let oo e A  be an arbitrary algebraic element. There exists a monic 

polynomial p  such tha t p(oc) =  0. Since x = (xx, . . . ,  xn)y where xt e l { for 
г — 1, . . . , n  and p(x) = (:p(xx), . ..,р(#„)) =  0 we obtain p(x{) =  0 for 
every i. So every element x{ is algebraic. Since Ш(1{) =  Ft is connected 
the set a(xi ) I i) — {x^ (31): M e F {} is also connected. Thus it must 
contain only one point; otherwise it would have to contain a continuum 
and consequently it would have positive capacity (see [1], p. 296), and 
the element x{ would not be algebraic (see [2], Theorem 2 and Theorem 3). 
We have then a(xi \ I i) = {A,} for i = 1 , . . . ,w. Since the algebra I { is 
semisimple, we have xt — A{e{ (e4 denotes the unit of the algebra I {). 
Consider the polynomial q(z) = (z — Xx) ... (z — Kn). Then q(x) =  (q(xx), . . .  
. . . ,  Фп))  =  0. Therefore x  is algebraic of degree n a t most.

(4)=>(2). Let us suppose tha t the algebra A  has a decomposition 
as above

3  — I i ®  ... © fn)

where Ш(Ц) =  F{ and Ft is connected for i =  1 , . . . ,  n. I t  is sufficient 
to show that qalgAL c  algji.
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If oc e qalgA, then x  =  (xl7 . . . ,  xn) and every xt e qalgl,-. But b(x{; I {) 
is connected, so it contains only one point; otherwise the element щ 
would not be quasi-algebraic (see the proof of implication (4) => (3)). There­
fore for i  — 1 , n we have I {) = (AJ. ÎTow we proceed in the 
same way as in the proof of implication (4)=>(3).

Finally, we prove (4)=>(1). Let as above A  = I ... @Jft with 
=  F{ and F{ connected for i = 1 , . . . ,  n. We have to show that 

algA c  algA. Let x  e algA. There exists a sequence of algebraic elements 
{xk} such tha t \\x — %||->0 as Tc->o o . We have xk = (x[k\  . . . ,  x\^) and 
x[® e a lg l { for i — 1, . . . , n  and for all 7c. Moreover, x ^  ->x{ as 7s->oo. 
As above (see the proof of (4)=>(3)) there exists {A^} such that a(x f )\ I {) 
=  {A[ft)}. Since the spectrum in a commutative Banach algebra is a con­
tinuous function (see [3], 17.12 Theorem) for every e >  0 there exists 
ô >  0 such that

a(x{; I {) c  fy(4 *>; I t) -f {z: \z\ <  e}

for ||a?< — <  ô. Thus there exists an integer N  such that for all h > N  
we have

a{Xi) I {) c  A^-j- {г: \z\ <  e}.

Hence |a —A^l <  e for h >  N  and for every а е а ( х {;1{). This implies 
that each point in а{х^ I {) is the accumulation point of the sequence 
{Af̂ JfeLi {i =  1 , . . . ,  w), moreover, the sequence itself is convergent. Thus 
<y (xt ; I {) is a singleton {AJ. From now on the proof is exactly the same 
as tha t of (4)=>(3). So the proof of the theorem is completed.

E e m a rk .  Conditions (4), (5) and (6) are equivalent without the 
assumption of semisimplicity. But this assumption is essential if we want 
all these conditions to be equivalent. I t  is seen in the following example.

E xample. Let A 0 = L 1 (0,1) denote the Banach algebra of com­
plex-valued functions absolutely summable on the interval (0 , 1 ), with 
the multiplication defined as convolution. Let A  =  A0 © {Ae} be the al­
gebra obtained by adjunction of a unit to A. Then we have SOI (A) =  {A0} 
and rad A =  A0 (see [3], 12.10 Example). Spectrum of an arbitrary 
element of the algebra A contains only one point, namely <г(х + Ле) = {A}. 
So conditions (4), (5) and (6) of the theorem are satisfied. But for every 
integer n >  1  there exists a nilpotent element of degree n. I t  is sufficient 
to consider the function

(*) x(t) =
0

1

for 0 <  t <  1  jn , 
for 1  In <  t <  1 .

I t  is, obviously, the algebraic element of degree n. Moreover, such ele­
ments are dense in L x{0,1). The element x  =  x(t) =  1 for t e (0,1) is
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qnasi-nilpotent but it is not algebraic, since we have xn(t) =  tn~l j(n —1 ) !. 
What is more this element is a limit of nilpotent elements of type (*). 
Thus we see that conditions (1), (2) and (3) are not satisfied.
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