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Some kinds oî the unicoherence

Abstract. It is proved that a continuum X  is strongly unicoherent (for the 
definition see below) if and only if every subcontinuum of X  with a non-empty inte­
rior is unicoherent. This result gives a positive answer to a problem asked in [2].

In this paper a continuum is a compact connected metric space. 
A continuum X  is said to be unicoherent provided that the intersection 
of any two subcontinua, whose union is X , is connected. The continuum 
X  is called hereditarily unicoherent if every subcontinuum of X  is uni­
coherent, or, what is equivalent, if the intersection of any two subcon­
tinua of X  is connected.

The concept of strongly unicoherent continua was introduced in [1]. 
We say tha t a unicoherent continuum X  is strongly unicoherent provided 
that for any pair of proper subcontinua К  and L  such that X  = K u L ,  
each of К  and L  is unicoherent. D. E. Bennett asked the following problem 
in [2], p. 3: is every subcontinuum of a strongly unicoherent continuum 
X  with a non-empty interior a unicoherent continuum? The answer is 
given by the following

T h eo r em . A continuum X  is strongly unicoherent i f  and only if every 
subcontinuum of X  with a non-empty interior is unicoherent.

P roof. A sufficient condition is obvious. Assume now tha t X  is 
strongly unicoherent. Let Q be a proper subcontinuum of X  with a non­
empty interior.

(1 ) If there is a non-empty open set У contained in Q, which does 
not separate X , then Q is unicoherent.

Indeed, let У be a non-empty open set contained in Q, which does 
not separate X . Then X \ V  and Q are proper subcontinua of X  and 
X  = ( X W ) ' j Q .  Thus X \ V  and Q are unicoherent by the strong uni­
coherence of X.

(2) If У is a non-empty open set contained in Q and Q is not uni­
coherent, then there are a t least two components A'  and B'  of X \ У, 
each of which is not contained in Q.
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In fact, since 0  Ф X \ Q  cz X \ V ,  we conclnde that there is a com­
ponent A ' of X \ V  which is not contained in Q. If any component of 
X \ V  other than A ' is contained in Q, then X  = A 'uQ . Thns Q is uni- 
coherent by the strong unicoherence of X.

Suppose, on the contrary, tha t Q is not unicoherent. Then there 
are continua QX,QZ and closed non-empty disjoint sets P  and R  such 
that Q =  QyuQz and Qx^Qz =  P u R . Since Q has a non-empty interior, 
we infer that either Qx or Qz has a non-empty interior.

Assume that IntQj Ф 0 . Consider two cases.
(a) {IntQx) \ Q z Ф 0 . Then there is a non-empty open set V such that 

V cz QX\ Q 2. I t  follows from (1) and (2) (cf. also [3], §46, IY, p. 142) 
that there are closed non-empty disjoint sets A  and В  such that

(3) X \ V  = A u B , A \Q  Ф 0  and B \Q  Ф 0 .
Since Q2 c z X \Y  and Q2 is connected, we can assume that Q2 с= B. 

Obviously
(4) A n Q 2 = 0 .
Moreover,
(5) sets A uQ  and A u Q x are proper subcontinua of X.
Indeed, since any component of A  intersects V (see [3], § 47, II I , 

Theorem 1, p. 172) and since V c  Qx c  Q, we infer that the sets A u Q  
and A u Q x are continua. Suppose tha t A'uQ = X . Then (A u Q J)uQ2 = X.  
Hence the set (A u Qt) c\Q2 is connected by the unicoherence of X . But 
(AuQx)n^ 2 ~  Q1nQ2 — P u R  by (4), a contradiction.

(6) The set BuQ  is a proper subcontinuum of X .
Indeed, since any component of В  intersects V and since V cz Q, 

we conclude tha t the set BuQ  is a continuum. Suppose tha t BuQ = X . 
Then A cz Q, because A r\B  =  0 . But А \'ф  Ф 0  by (3), a contradiction.

We have X  = ( J \ 7 ) u 7  =  (AuB)uQ  =  (AuQ)u(BuQ).  Thus, 
according to the strong unicoherence of X,  we infer that the continuum 
A u Q  is unicoherent by (5) and (6). But A u Q  =  (AuQx)uQ2. Therefore 
(AuQ1)nQ2 is connected by (5), a contradiction, because (AuQl)nQ2 
= Qxn Qz — P u R  by (4). This completes the proof of case (a).

(b) IntQj c= P u R . Take a continuum I  irreducible between P  and R  
in Q2. Then I  is irreducible between every pair of points p, r, where p e P n l  
and r e R n l  (see [3], §48, IX, Theorem 2, p. 222).

If I  is an indecomposable continuum, then there exists a composant 
О of I  (for the definition of a composant see [3], § 48, YI, p. 208) such 
that (7n ((PnT)u(JSnl)) = 0 .  Since C is dense in I  (see [3], § 48, YI, 
Theorem 2, p. 209), we infer tha t In ln t^ x  = 0 ,  thus (In tQX) \ I  Ф 0 . 
Taking Qxu l  instead of Q and I  instead of Q2, one can obtain a contra­
diction as in case (a).
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If I  is decomposable, then there are continua I x and Z2 such that 
I  =  I xu l z and I xn P  — 0  and I zn B  = 0 . Since In t$ a <= P u B ,  we can 
assume that there is a non-empty open set U contained in B. Then (Int(Q1u  
u l x) ) \ l z Ф 0.  Taking Qxu l  instead of Q, Qxv l x instead of Qx and Z2 
instead of Qz, one can obtain a contradiction as in case (a). The proof 
of Theorem is complete.

I  have introduced the concept of weakly hereditarily unicoherent 
continua in [4]: a continuum X  is weakly hereditarily unicoherent in case 
the intersection of any two sub continua of X  with non-empty interiors 
is connected.

Above theorem implies that
Corollary  1 . Any strongly unicoherent continuum is weakly here­

ditarily unicoherent.
In fact, let A  and В  be continua with non-empty interiors contained 

in the strongly unicoherent continuum X . If A n B  Ф 0 , then A uB  is 
a subcontinuum of X  with a non-empty interior. Therefore 4 u 5  is uni­
coherent by Theorem. This implies tha t the set A n B  is connected.

Eecall that a dendroid is an arcwise connected hereditarily unicoherent 
continuum. From Theorem 2 of [4] and from Corollary 1 we obtain

Corollary  2. Let a continuum X  be arcwise connected. The following 
conditions are equivalent:

(i) X  is a dendroid,
(ii) X  is strongly unicoherent,

(iii) X  is weakly hereditarily unicoherent.
The converse implication of Corollary 1  is not true in general (Example 

below). But we have
P r o po sitio n . Let a continuum X  be hereditarily decomposable. I f  X  

is weakly hereditarily unicoherent, then X  is strongly unicoherent.
P roof. Let Q be a subcontinuum of X  with a non-empty interior. 

Suppose, on the contrary, that Q is not unicoherent (cf. Theorem). Then 
there are continua Qx and Qz and closed non-empty disjoint sets P  and В  
such that Q = Q 1'JQ2 and Qxc\Qz —P u B .  Since Q has a non-empty 
interior, we conclude tha t either Qx or Qz has a non-empty interior. We 
can assume that I n t^ j . Ф 0.  Take a continuum I  irreducible between P  
and В  in Qz. Since X  is hereditarily decomposable, we infer that there 
are continua I x and Z2 such that I  = I x uZ2 and I xn P  — 0  and I zn B  = 0.  
Sets Qxu l x and Qxu l z are subcontinua of X  with non-empty interiors. 
Since X  is weakly hereditarily unicoherent, we have that the set (Qxv  
uZl)n(Ç 1 uZ2) = QxKj(Ixn I z) is connected. Thus the set Qxn l xn l z is 
non-empty, but Qxn l xn l z a  P n B  =  0 , a contradiction.
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E x a m pl e . Let В  denote the Brouwer’s indecomposable continuum 
(see [3], § 48, V, Example 1, p. 204) and let p  and q be points of В  lying 
in different composants. Put B 0 =  (B x {0})u({p, g} x [0,1]) and B t 
=  В  x {1}. The continuum X  consists of the sets B 0 and B x and of two 
disjoint lines, one of which aproximates B 0, the other B 0uJ5X. I t  is easy 
to see that X  is weakly hereditarily unicoherent but it is not strongly 
unicoherent if we contract intervals {p} x[0, 1] and {q} x [0 ,1] to points.
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