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On some two functional equations in the theory 
of geometric objects

In the present paper all solutions of the functional equation

(0.1) g{oc-y) = F(x)-g{y) + g{x)

are given, where x, y are non-singnlar 2 x 2  real matrices, i.e., x, y e 
e GL(2, R )mg is an unknown function whose vaines are 3 x 1  real matrices, 
and F  is a given function of the form

( 0 .2 )

or

(0.3)

1 ax(A) a2(A)

F{x) = 0

0

1

0

0

1

1 ax{A) a2(d)

F{x) =  (sgn A ) 0 1 

0 0

0

1
>

where A =  det#, ax and a2 are arbitrary lineary independent solutions 
of the functional equation

(0.4) a(£y) — «(l) +  ct(^) (f°r a,H # 0 ) .
We do not make any assumptions concerning the regularity of the 

function g.
Equation (0.1) appears in the theory of geometric objects when we 

want to find the solutions of the system of functional equations

F(ac-y) =  F(x)-F(y), g(x-y) =  F(œ)-g(y) +g(oc)
([2], p. 152) in order to determine the geometric objects of type [3],
[2], [l] with linear non-homogeheous transformation rule.

The main results of the paper are Theorem 0.1 and Theorem 0.2. 
Th eo rem  0.1. Any solution of (0.1) defined on GL(2, R) in the case 

when the function F(x) is defined by formula (0.2), -where the functions
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ax, a2 are linear y independent solutions of equation (0.4), is of the form 

~a0{A )+ \ex a\{A) + \e 2 (%{A) + ex ax{A)a2(A) 

ex ах(А) + й\ a2{A) 
ex ax(J)-be2 a2(d)

(0.6) g(x) =

In formula (0.5) ex, sx, e2 are some real constants, A =  deta?, a0 
denotes a function satisfying equation (0.4).

Theorem 0.2. Any solution of (0.1) defined on G L(2 , B) in the case 
when the function F(oc) is defined by formula (0.3), where the functions 
ax, a2 are lineary independent solutions of equation (0.4), is of the form

(0.6) g(a>) = [F (x)-E ]-q .

In formula (0.6) E  denotes the unit 3 x 3  matrix, i.e., [<5j] =  E  
( i , j  —1 ,2 ,3 )  and q is a 3 x l  matrix whose entries are real parameters, 
F  is defined by (0.3).

Equation (0.4) as well as its solutions are well known (cf. [1]). From 
(0.4) we have

(0.7) a*(l) =  ak( —1) =  0 for ft =  0,1, 2, 3,

(0.8) ал(£) =  ак( — £) for all |  Ф 0 and h =  0, 1, 2, 3.

Let us observe tha t from the above-mentioned properties of the 
solution of (0.4) follows in particular that, if the functions ах, a2 are lineary 
independent on jR -  {0}, then they are also lineary independent if we 
confine ourselves to R + only. Thus, in the sequel of the present paper 
we shall use the condition, that

(0.9) the functions ax and a2 in formulae (0.2) and (0.3) are lineary 
independent on R +.

E e m a rk  0.1. The case when the functions ax and a2 occurring in 
formulae (0.2) and (0.3) are lineary dependent on R  — {0} but ax Ф 0 
or а2 ф 0, can easily be reduced to such a case when equation (0.1) contains 
F(x) defined by the formulae:

(0 .10) F{x)

"1 a{A) O' 

0 1 0  

0 0 1
or

(0 .11) F(x) =  T-(sgnd)

1 a{A) 0

0 1 0

0 0 1

T -i



Theory of geometric objects 367

according to the form of the function F  ((0.2) or (0.3)), where Q, T  are 
some constant matrices e GL(3, В), A =  detæ and

a
a — or

a2.

The general solution of (0.1) for all x, y e GL(2, B) in this case has 
been determined and given in my paper [4].

Now

( 0 .12 )

a Q(Z1) +  c o a 2( z l )

0(0) =  Q 2o)a(A)

a3( d )

when F(x) is defined by (0.10) and

(0.13) g{x) = [F {x)-F ]: q,

when F(x) is of the form (0.11).
a0, a3 in formula (0.12) are arbitrary solutions of equation (0.4).

1. The auxiliary lemmas. In  the sequel of the present paper we 
shall apply the following lemmas:

L e m m a  1 . 1  ( c f .  [ 6 ] ) .  The general solution of the functional equation

(1.1) yifO’V) =  у{у)<р{Д)Л-у{®)
for all x, y e GL(2, B), where y is an arbitrary not vanishing identically 
solution of the equation

(1.1*) <p(Sy) =  <?(£)<p(y) for all iy  # 0 ,
is given by the formulae:

(1.2) y(x) =  X{y{A) — 1] i f  у ф 1 
and
(1.3) y(x) =Ы \Ф 0(А)\ i f y e s l .

A — d e t a ? ,  Ф0 is an arbitrary multiplicative function non-identically 
zero for £ Ф 0, /  is a real parameter.

L e m m a  1 . 2 .  I f  a function q satisfies for all x, y e  G L ( 2 ,  B) the func- ' 

tional equation
(1.4) g(x-y) = (sgnA)g(y)-\-q {x )

and

(1.5) Q(j) =  Q
0 1 
1 0

=  0,
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where A — det#, then

(1.6) q (x ) = 0  for every x e GL(2, B).

In fact, if we put (p{A) — sgnd in equation (1.1) of Lemma 1.1 and 
if we consider (1.2), then we obtain the general solution of equation (1.4) 
defined by the formula
(1.7) q (x ) = A [sgnd-1].

In particular, substituting in (1.7) x =  j
0 1 
1 0

we get Q(j) =. -21.

From (1.5) follows that X — 0.
Thus, taking into account (1.7) we obtain o(x) = 0  for every 

x e G L (2 ,R ) .
Lemma 1.3 (cf. [5], p. 64, 65). The general solution of the system of 

equations
(1.8) о}г{х'у) =  ft>i (y) +  a( Ax)oj2(y) А-ю^х),

(1.9) o)2(x-y) = (oz(x) + o)2(y)

for all x , y e GL(2, R), where a is an arbitrary not vanishing solution of 
equation (0.4), is given by the formulae:

(1.10) w1(x) = In IФ ( Zl ) J +ft>a2(J ) ,

(1.11) o)%(x) — 2(oa{A),

where a> is an arbitrary constant, Ф is an arbitrary non-zero multiplicative 
function, A =  det x = Ax.

L emma 1.4 ([5], p. 65, 66). The general solution of the system of the 
equations
(1.12) (o^x-y) =  (sgnZla!)co1(2/) +  (sgnZla.)a(zJa.)w2(2/) +  ft>1(a?),

(1.13) oiz{x-y) = (sgnAx)a>z{y) + a)z{x)

for all x, y e GL(2, R), where a is an arbitrary not vanishing solution of 
equation (0.4), is given by the formulae:

(1.14) £ох(ж) =  wa(Zl)sgnZl — <5(sgnZl — 1),

(1.15) co2{x) =  co(sgnzl — 1),

where det ж =  A, a>, <5 are arbitrary constants {6 =  |ft)1(j)).

2. Proof of Theorem 0.1. A straightforward verification shows that 
the function defined by (0.2) satisfies the equation F(x-y) = F(x)-F(y) 
(cf. [3]) and any function of the form (0.5) satisfies (0.1). Thus, it 
remains to prove that the function g satisfying equation (0.1) for all 
x, y e GL(2, R) must be of the form (0.5).



Theory of geometric objects 369

Let

(2.1) g{®) =

y 1(0»)
У2И
y z ( x ) _

= [у*И ], Tc = 1 ,2 ,3 ,

be an arbitrary solution of equation (0.1), where F(x) is defined by (0.2). 
Let us notice that the matrix equation (0.1) is equivalent to system of 
three equations : '

(2.2) Ух(®'У) =  У1 {У) + а\(Д)уЛУ) + аАД)уЛУ) + У\{х),
(2.3) у Л®’У) =  УаМ +  п И *
(2.4) уа(®*У) =  у М  + уА®),
where d =  detæ and the functions ax, a2 are arbitrary solutions of the 
functional equation (0.4) fulfilling condition (0.9).

Applying Lemma 1.1 we obtain
(2.5) y2(*) =  1п|Ф2(Л)|,

(2.6) у,(») =1п|Ф,(Л)|.
Ф2 and Ф3 in formulae (2.6), (2.6) are multiplicative functions non- 

identically zero on JK\{0}.
From condition (0.9) follows in particular that ax Ф 0 and a2 ф 0 

on R +. Since ax 0 on R +, then there exists a number /? >  0 such that
аЛР) Ф 0.

Writing

(2.7) oo0 = ~Vp 0 
0

we have
=  a?-a?0 and yi(av^) = уАя'Я  о)

for every matrix a? e GL(2, R). From (2.2) we obtain 

Ух (®o) +  «1 ( A ) У 2 (®0 ) +  «2 ( 4 ) Уз Ы  + Ух(я)
= Г1 И  +  (£)у*(®) +  а2(0)УзИ +  П(^о),

i.e.,
“i (£)Уа(®) =  «1(^)У2(^о) +  «2(^)Уз(^о) - « 2(Д)УзИ* 

Consequently, from %(/?) ^ 0  we obtain

(2.8) Уг(^) =  2<»l a1(d)+2ft>2aa(d )—2Дув(®),
where

(2.9) У2М Уз( о̂)
<*x(P)

Л = detæ, deta?0 =  /?.

2сог = ----7777"» 2co2 =  , 2/.
«i(/?) ’
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Analogously taking into account the condition a2 Ф 0 on R + it 
follows that there exists r  >  0 such that а2(т) Ф 0.

Writing

(2 .10 )
Vr 0xx
0 Vr.

we have
xx'X — x -x x and У\{®\'Х) = yi(®-xx)

for every matrix x  e GL(2, B). In  the present case from (2.2) we obtain

yi{Xi) +  ax{A)y2{xx) +  a2{A)y3{xx) + yx{x)

=  Ух И  +  «1 (*) Уz И  +  «2 (г) Уз 0*0 +  ух (00х),
1. 6 . ,

а*(*)Уа(®) =  а1 (А)у2(х1) + а2(А)у3(х1) - а 1 (т)у2(х).
Finally
(2.11)

where

(2.12)

уа(х) = 2œxax(A) ф 2~со2а2(А) —2Лу2(х),

Уг(^1
а2(т)

2а). Уз foi) 2д _  «ifo) 
а2(т) ’ а2(т) ’

J  =  detæ, detaq =  т.

From (2.8) and (2.11) follows tha t the functions y2 and y3 are the solu­
tions of the system of equations:

у2(х )+ 2Лу3{х) =  2a)xax(A )+ 2co2az(A), 
(J .l o) _

2Лу2(х) + у3(х) = 2œxax{A) + 2m2a2{A).

The determinant of system (2.13)

(2.14) W(x) = 1 - Ш  =  1 «1 (7)
а2(т) «i(^) ‘

Now we have two possibilities: either

(2.15) 1 — 4ЛЛ Ф 0,

i.e., the case when there exist the numbers /? >  0 and r >  0 such that 
ax{ft) 7̂  0, а2(т) Ф 0 and

1-4ЛА X - — —  
a2(r) a x ( P )

Ф 0 *

or the opposite case to (2.16), i.e., when do not exist the numbers /5 >  0 
and r  >  0 such that а3(/9) Ф 0, а2(т) Ф 0 and (2.15) is satisfied, it means
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that for all numbers £ >  0, y  >  0 if ax(S) Ф 0, a2(rj) Ф 0, then

( 2 . 1 6 ) 1  — 4ЛЛ =  1
<*M a2(£) 0.
a2M  «i(£)

In particular substituting rj =  т into (2.16) we obtain for every £ >  0

1 «î(^) aa(£) =  0
a2(*) «i(£)

i.e.,
( 2 . 1 7 )  u 2 ( r ) a i ( £ )  — cti ( 'r ) ct2( £ )  — 0 ,

where a2(r) Ф 0.
From (2.17) follows that the functions ax and a2 are lineary dependent 

on R + which contradicts condition (0.9).
Thus, in the sequel it remains to consider only case (2.15), i.e., when 

W (x ) =  1 — 4AI Ф 0. Taking into account the system of the functional 
equations (2.13) and case (2.15) we obtain

(2.18)

(2.19)
where

( 2 .20 )

yz(æ) =  exax(A) + e2a2(A), 

y3(x) = exax(A) + s2a2(A),

2 (о){ — 2A(o{)
4  ~  i - m

for i = 1 ,2 ,

2(7ûi — 2Aoii) 
1 — 4ÂI

for i =  1, 2.

Evidently, the functions y2 and y3 are the solutions of equation (0.4). 
Applying (2.18) and (2.19) in formula (2.2) we have for all x, y e 

eGL (2, R)

(2.21) уг(оо-у) = yl (Ay) + yl {Aa) +
+ «1 (A x ) l £ a i (A y )  + £sa2( A y ) ]  + a2(A x ) [ e x a x (A y ) + £2a2( A y ) ] .

V t 0 
0 ]/T

t is a positive number such that а2(т) Ф 0, then g(x'Xx) = g(xx’x). From 
this follows in particular that

Since for every x e GL(2 , R) we have x-xx =  xx -x, where хг =

уг(х*хг) =  yx(xx'X).

In the sequel putting in formula (2.21) у — хл and taking into account
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the above relation we obtain

Yiix ) + yx{æx) +  <*i(dx) [sxax{r) +  s2a2(r)] фа2(Ах) [ёхах(т) +  ёааа(т)]
=  Y iM  +  У1 О») +  <*i(T) Oi ax{Ax) +  e2a2{Ax)] +

+  a 8 ( r )  [ f x a x ( J * )  +  £ 2 « 2  ( 4 e ) ]  •

Introducing Zl: = Ax we have for every x e GL(2, F)

(2.22) (e2 — ei)[ax(Zl)a2( r )— «х (т) = 0 .

Taking into account condition (0.9) and considering that a2{x) ф 0 or 
<*?(*) + «2 (т) >  0 it follows that a2(x)ax{A)— ax(r)a2(A) does not vanish 
identically on R +. From (2.22) we obtain e2 — i x =  0. Thus, we have

(2.23) s2 — èj.

Applying (2.23) to (2.18), (2.19) and (2.21) we obtain

(2.24) y2(cc) = ехах{А) + £ха2{А), ✓

(2.25) y8(®) =  ë1aJ(A) +  ëaaa(Zl),

(2.26) уг{Х‘У) = Уг(2/) +  У1И  +
+  «i ( 4e) [e1 oq ( Ay) +  exa2 ( Aw)] +  aa( Ax) [ëx ax ( Ay) +  Ц a2 ( /!„)].

Now let us introduce the function y0 defined by the formula

(2.27) y0(®) :=  n(®) —i e1a?(^) —l* 2 ^ (^ )“ ël a1(J )a a(Zl).

I t follows from (2.26) that the function y0 evidently satisfies the equation

(2.28) Уо(Х‘У) =  Уо(®) +  Уо(30.
Consequently, by Lemma 1.1 and formula (2.28) we have

y0{x) =  1 п |Ф 0( Л ) | ,

where Ф0 is a multiplicative function not vanishing indentically on K \  {0}. 
From Ф0 =é 0 and from properties of equation (1.1*) follows that Ф0(£) Ф 0 
for every £ Ф 0.

Let us notice tha t In |Ф0| is a solution of equation (0.4), and let aQ 
denote the function In | Ф0}.

Now for every æ eG L (2 ,iî)

(2.29) y0{oo) = a0{A), 

where а0 is a solution of (0.4).

Applying (2.29) to formula (2.27) we obtain

(2.30) yx{x) =  a(j{A)Jr \e xa\{A) + \e 2a\{A)A-sxax{A)a2(A).
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Thus, applying the results of the above consideration to g{ot>) we have 
in the present case

а0{А) + \е хс?х(А) + 1 ча\{А) + ехах{А)а2{А) 
e1 a1 {A)Jr ê1 a2{A) 
exax{A) +  ё2а2{А)

(2.31) g(x) =

We have considered all the possible cases and so the proof of Theorem 0.1 
has been completed.

3. Proof of Theorem 0.2. A straightforward verification shows that 
the function defined by (0.3) satisfies the equation F(x-y) =  F(x)-F(y) 
(cf. [3]) and any function of form (0.6) satisfies (0.1). In fact, g{x-y) 
= [F(X’y )—F]'q  =  [F (x)-F (y)-F (x)-{-F (x)—E]'q = {F{x)‘[F(y)—E ]Jr 
+ \F {x)-F ]}-q  = F{x)-g{y)+g{x).

I t remains to prove that the function g(x) satisfying equation (0.1) 
for all x, y e GL(2, B) must have form (0.6).

Let
(3.1) 0 (® )= Ы ® )] '(ft = 1 ,2 ,3 )
satisfy equation (0.1), where F(x) is of form (0.3). JSTow, equation (0.1) 
is equivalent to the system of three equations:

(3.2) Yi(x-y) = (sgnA)yx(y) + (sgnA)ax(A)y2(y) +
+ (sgnA)a2(A)y3(y)+ yx(x),

(3.3) уЛ я’У) = (sg n d  )y2(y) + yz{oe),
(3.4) уЛя-У) =  (sgnzj)ys(y) +  y8(a>),

where A =  detx and the functions ax, a2 are arbitrary solutions of the 
functional equation (0.4) fulfilling condition (0.9).

Since the function sgn |  is not identically 1 on It — {0} the solution 
of equation (1.1*) thus, according to Lemma 1.1, the general solution 
of the functional equation (3.3) and (3.4) is given by the corresponding 
formula
(3.5) y2(x) = y (sgn A -1 ) ,
(3.6) y3(x) =  ÿ ( s g n d - l) ,  
where y, ÿ are some constants.

Applying (3.5) and (3.6) in equation (3.2) we obtain for all x, y e 
e GL(2, B)
(3.7) yx{x-y) =  (sgn4c)y1(y) +  y1(a?) +

+  (sgn Ax) y [sgn Ay - 1 ]  [yax ( Ax) +  ya2{ Ax)] 
or
(3.8) yx{<»-y) =  (sgndx)y1(y) +  y1(a?) +  a*(Zla;)(sgndx)(sgnd1, - l ) ,
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where
(3.9) a*{5) = yax{Ç) + ÿa 2(£)

from (0.9) is not vanishing identically solution of equation (0.4). Taking 
into account Lemma 1.4, from (3.5), (3.6) [cf. (3.3), (3.4)] we obtain

(3.10) yx(a?) =  a*(J)sgnzl +  <5(sgnzl — 1) 
or
(3.11) yx{a>) =  [ya1(d) +  ÿa2(J)]sgnzl +  ô (sg n z l-l) ,

where y, ÿ, <5 =  — \ y x{j) are some constants, 
ÿfow let us put

(3.12) e(æ) =  Ух{®) — a*(d)sgnzl — <5(sgnZl — 1).

The function q evidently satisfies the equation

(3.13) Q(<x>-y) =  ( s g n J J p ^  +  eta?).

We notice, that g(j) =  0. Substituting in formula (3.10) x =  j  and 
applying (3.12), (0.7) from <5 =  ~ J y 1(j) we obtain

QÜ) =  YiU) — {—%)à =  Yi ( j ) -y iÜ)  =  0.

Thus, ç(j) = 0 and g is the solution of equation (3.13) (i.e., (1.4)). So 
in the present case according to Lemma 1.2 g (x ) — 0 for every x e GL (2, B). 
I t  follows from (3.12) that

Yi (®) =  Ê»(a?) +  a*(zl)sgnzJ +  <5(sgnd —1),
(3.14) Ух(®) =  (sgnd)a*(Zl) +<5(sgnzl —1)

=  (sgnzl) [уах(/4) +  ÿa2 (/!)] +  <5(sgnzl —1),

where ô, y , ÿ are some constants.
Thus, in the present case from (3.14), (3.5) and (3.6) we obtain

(3.15)

(sgnzl)a*(zl) -f ô (sgnzl — 1)

g(x) = y ( S g n z l - l )

y ( S g n d - l )

(sgnJ)[ya1(ZlH-ÿa2(J )]+ d (sg n Z l-l)  

y ( s g n d - l)  

ÿ (sgn Л 1)
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which can be writen in the form

sgnd —1 ax(zl)sgnzl a2(d )sgnA <5

g{x) = 0 sgn A —1 0 • У
0 0 sgn A —1 y_

=  [F (x )-E ]-q ,

Ô

where q = У •

У
So the proof of Theorem 0.2 is accomplished.
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