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7. KARENSKA (Krakow)

On some two functional equations in the theory
of geometric objects

In the present paper all solutions of the functional equation

(0.1) gl@y) = F(z)g(y)+g(®)

are given, where x,y are non-singular 2 X2 real matrices, i.e., @,y €
e GL(2, R)+g is an unknown function whose values are 3 X1 real matrices,
and F is a given function of the form

1 a,(4) ay(4)
(0.2) Fzy=|0 1 0

o0 0 1
or

1 a;(4) ayx(4)
(0.3) F(x) = (sgnA)|0 1 0
0 0 1

?

where 4 = detw, a; and a, are arbitrary lineary independent solutions
of the functional equation

(0.4) a(&y) = a(é)+a(y) (for all &y # 0).
We do not make any assumptions concerning the regularity of the
function g¢.

Equation (0.1) appears in the theory of geometric objects when we
want to find the solutions of the system of functional equations

F(zy) = F(»)-Fly), glay)=F@)g(y)+g) _

([2], p. 152) in order to determine the geometric objects of type [3],
{2], [1] with linear non-homogeneous transformation rule.

The main results of the paper are Thecorem 0.1 and Theorem 0.2.

THEOREM 0.1. Any solution of (0.1) defined on GL(2, R) in the case

when the function F(x) is defined by formula (0.2), where the functions
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@y, 0y are lineary independent solutions of equation (0.4), is of the form
ay(4)+1es af(A)+3E @ (4)+E& a(d)ax(4)
(0.5) g(x) = &y 0,(4) & ay(A) .
&, a (A) &, a,(A)

In formula (0.5) &, 8,,& are some real constants, 4 = detw, a,
denotes a function satisfying equation (0.4).

THEOREM 0.2. Any solution of (0.1) defined on GL(2, R) in the case
when the function F(x) is defined by formula (0.3), where the functions -
ay, ay are lineary independent solutions of equation (0.4), is of the form

(0.6) g9(@) = [F(x)—E]-q.

In formula (0.6) E denotes the unit 3 x3 matrix, ie., [§]=F
(7, =1,2,3) and ¢ is a 3 X1 matrix whose enfries are real parameters,
F is defined by (0.3).

Equation (0.4) as well as its solutions are well known (cf. [1]). From
(0.4) we have

(0.7) (1) = ax(—1) =0 for £ =0,1,2,3,
(0.8) ap(&) = ap(—&) for all £ 0 and ¥ =0,1,2,3.

Let us observe that from the above-mentioned properties of the
solution of (0.4) follows in particular that, if the functions a,, a, are lineary
independent on R — {0}, then they are also lineary independent if we
confine ourselves to R, only. Thus, in the sequel of the present paper
we shall use the condition, that

(0.9) the functions «, and a, in formulae (0.2) and (0.3) are lineary
independent on R .

Remark 0.1. The case when the functions «; and a, occurring in
formulae (0.2) and (0.3) are lineary dependent on R — {0} but a, = 0
or a, % 0, can easily be reduced to such a case when equation (0.1) contains
F(x) defined by the formulae:

1a(d)0
{0.10) Fe) =@-}]0 1 o0}-Q!
0 0 1
or
1 a(4)0
(0.11) F(g) =T-(sgn4)jo0 1 o}-71

0 0 1
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according to the form of the funetion F ((0.2) or (0.3)), where @, T are
some constant matrices € GL(3, R), 4 = detx and

®y,
o =31 0r
Uy

The general solution of (0.1) for all », ¥y € GL{(2, R) in this case has
been determined and given in my paper [4]

Now
ay(4) + wa?(4)
(0.12) , g(@) =@Q 2wa(4) ’
ag(4)

when F(z) is defined by (0.10) and
(0.13) g(w) = [F(0)—E]q,

when F(z) is of the form (0.11). '
dg, a3 in formula (0.12) are arbitrary solutions of equation (0.4).
1. The auxiliary lemmas. In the sequel of the present paper we
shall apply the following lemmas:
LeMmaA 1.1 (¢f. [6]). The general solution of the funclional equation

(1.1) y(zy) =y e(d)+y(2)

for all x,y € GL(2, R), where ¢ is an arbitrary not vanishing identically
solution of the equation

(1.1%) plén) = @(E)o(n)  for all &n +# 0,
is given by the formulae:

(1.2) viw) =A[p(4)—-1] f ¢ #1
and

(1.3) y(@) = In|@y(4)]  if ¢ =1.

4 = detw, @, is an arbitrary multiplicative function non-identically
zero for £ £ 0, A is a real parameter.

LeMMA 1.2. If a function o satisfies for all x,y € GL(2, R) the func--
lional equation
(1.4) e(@y) = (sgnd)e(y)+el®)
and

01
(1.5) o(j) = 9([
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where A = detx, then
(1.6) o(w) =0 for every x € GL(2, R).

In fact, if we put p(4) = sgn4 in equation (1.1) of Lemma 1.1 and
if we consider (1.2), then we obtain the general solution of equation (1.4)
defined by the formula

(1.7) o(#) = A[sgnA—1].

0 1]
In particular, substituting in (1.7) 2 = j = L Ol we get o(j) = —24.

From (1.5) follows that 2 = 0.

Thus, taking into account (1.7) we obtain p{(x) =0 for every
» € GL(2, R).

LemmA 1.3 (ef. [B8], p. 64, 65). The general solution of the system of
equations B

(1.8) 0@ Y) = o (¥) + a(dy) 0:(¥) + oy (2),

(1.9) 02(2-Y) = wy(@) + w,(Y)

Jor all ,y € GL(2, R), where « is an arbitrary not veanishing solution of
equation (0.4), i given by the formulae:

(1.10) o (@) = In|@ ()] + wa?(4),

(1.11) 0y (3) = 2wa(d),

where w is an arbitrary constant, @ is an arbitrary non-zero multiplicative
function, 4 = detx = A4,.

LeEMMA 1.4 ([B], p. 65, 66). The general solution of the system of the
equations

(1.12) o, (%) = (sgn 4,) 01(y) + (sgn A a(4,) 0, (y) - 05 (w),
(1.13) 0y (%) = (sgn 4,) w0y (y) + w, (@)
for all z,y € GL(2, R), where a is an arbitrary not vanishing solution of
equation (0.4), is given by the formulae:
(1.14) w1 (2) = wa{d)sgn A — §(sgn 4 —1),
(1.15) wy(2) = w(sgnd-—1),
where detx = 4, w, 6 are arbitrary constants (6 = tw,(j)).

2. Proof of Theorem 0.1. A straightforward verification shows that
the function defined by (0.2) satisfies the equation F(x-y) = F(x) - F(y)
(¢f. [3]) and any function of the form (0.5) satisfies (0.1). Thus, it

remains to prove that the function ¢ satisfying equation (0.1) for all
@, ¥y € GL(2, B) must be of the form (0.5). '
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Let
y1(®)
(2.1) g@) =|ys(@) | = nl®)], *¥=12,3,
ys(@)

be an arbitrary solution of equation (0.1), where F(x) is defined by (0.2).
Let us notice that the matrix equation (0.1) is equivalent to system of

three equations: ’

(2.2) yil@ y) = p1(¥) + oy (A) v (y) + as(A) ys(¥) + 1 (@),
(2.3) va(#Y) = y2(y) +ya(@),

(2.4) vs(®-y) = vs(¥) +ys(®),

where 4 = detx and the functions a,, a, are arbitrary solutions of the
funetional equation (0.4) fulfilling condition (0.9).

Applying Lemma 1.1 we obtain
(2.5) 7a(®) = In|D,(4)],
(2.6) va(®) = In|Py(4)].

@, and @, in formulae (2.5), (2.6) are multiplicative functions non-
identically zero on R\ {0}.

From coundition (0.9) follows in particular that oy 2 0 and a; # 0
on R,_. Since a;, # 0 on R_, then there exists a number § > 0 such that

a (8) # 0.
Writing

(2.7) By = ['/‘3 O_J
0 Vg
we have
Ty = 5%, and 11{@-2) = yy(2-2,)

for every matrix # € GL(2, R). From (2.2) we obtain

Y1(@4) + ay (4) Y2 (®o) + as (4) v (@) + 1 ()

_ = Y1(@) + a1(B) y2 (@) + 25 (B) ya (@) +y1 (o),
ie., .

ay(B)7e(®) = ay(A)ps(®o) + ax(A) ya(@o) — aa(8) va(w).
Consequently, from a, (B) # 0 we obtain

(2.8) V2(@) = 2,0, () + 20y a5 (A) — iy, (),
where
2(%) y3 (@) n aa(f)
(2.9 20y = 220 9, = . 25— :
) =B T anm T aw

4 = detw, detw, = g.
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Analogously taking into aecount the condition a, 20 on R, it
follows that there exists = > 0 such that ay(r) £ 0.

Writing
(2.10) i, = ['/’ O_J
0 Ve
we have

Byw =x% and  py(@-0) = yi(2-2)
for every matrix # € GL(2, K). In the present case from (2.2) we obtain

Y1(81) + a3 (A) po(@1) + a2 (4) p3(@,) +y1(2)
= 93(®) + a1 (7) Y2 (@) + (1) y3(@) + y1(31),

ie.,
as(7) ya (@) = ar(A)ys (@) + ax(A) ya(,) — ay(7) ya(2).
Finally
(2.11) v3(®) = 2@ a,(4) + 26, a,(A) — 27y, (®),
where
o 7al®y) __ vs(®) = 0y(7)
(2.12) 2%, = ()’ 2w, = ~—a2(1) y 2= )

4 = detw, detr, = 7.

From (2.8) and (2.11) follows that the functions y, and y; are the solu-
tions of the system of equations:

Y2 (@) -+ 24y3(®) = 2w,0,(4) +2w50a,(4),
2172(99) +y3(®) = 2@, 0,(4) + 2w, a,(4).
The determinant of system (2.13)

(2.13)

i a(®) a@)
2.14 Wiw) = 1— 447 =1 -2, 4B)
(214) (@) = 1= = 1= )

Now we have two possibilities: either

(2.15) 1—437 #0,

i.e., the case when there exist the numbers § > 0 and 7 > 0 such that
a(B) # 0, as(z) # 0 and
a(7) . az{B) £0 -

ax(7)  ay(B)
or the opposite case to (2.15), i.e., when do not exist the numbers § > 0
and 7 > 0 such that o,(8) = 0, «,(r) 5 0 and (2.15) is satisfied, it means

1—442 =1~
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that for all numbers £> 0, > 0 if o,(&) # 0, a,(n) # 0, then

(2.16) 1—4l=1——— =0,

ie.,
(2.17) ay (1) 0, (8) — 0, () ay(§) = 0,
where «,(7) # 0.
From (2.17) follows that the functions «, and a, are lineary dependent
on B, which contradicts condition (0.9).
Thus, in the sequel it remains to consider only case (2.15), i.e., when

W(x) = 1—442 # 0. Taking into account the system of the functional
equations (2.13) and case (2.15) we obtain

(2.18) v2(8) = gya(A)+ g, a,(A),
(2.19) vs(®) = & ay(4)+ & a(4),
where
2 (w; —24w;) .

£i:—1———_4ﬁ— for ‘l=1,2,
(2.20) 2 (@ — 23

g — 2B 2ed 1) a.

1—427

Evidently, the functions y, and v, are the solutions of equation (0.4).
Applying (2.18) and (2.19) in formula (2.2) we have for all »,y e
e GL(2, R)

(2.21)  yi(@-y) = () Fyi(dy) +
Fay(A,) [eay (4,) + £205(4,)]+ ag(4,) [8 a4 (4,) + £,a5(4,)].-
Since for every x e GL(2, k) we have ¢ -, = &, %, where £, = {VT ?/_],
T
7 is a positive number such that a,(r) 0, then g(x+#,) = g(x,°x). From
this follows in particular that

y1(®2y) = p1(2,°®).

In the sequel putting in formula (2.21) ¥ = », and taking into account
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the above relation we obtain
Y1(®) 4y (@) - ay (A4y) [31q1(1)+32a2(t)]+a2(Ax) [8y04(T) + Ez05(7)]
= ya(@) + y1(@) + ay (7) (51 01 (Ay) + e aa (4) ]+
+ ay(7) [§1a1(41)+é2‘12(41x)]-
Introducing A: = 4, we have for every » e GL(2, R)
(2.22) (62— &) [ay(A)ax{T) —ay(t)as(4)] = 0.

Taking into account condition (0.9) and considering that a,(z) # 0 or
ai(7)+a2(r) > 0 it follows that ay(r)ay(4)— ay(z)ay(4) does not vanish
identically on R,. From (2.22) we obtain & —é&, = 0. Thus, we have

(2.23) £y = &;.
Applying (2.23) to (2.18), (2.19) and (2.21) we obtain
(2.24)  7:(®) = g0,(4) + & ay(4), ,

(2.28)  y3(®) = & a,(4)+Eya,(A4),
(2.26)  yi(@-y) = yi(y) + (@) +
+ oy (dg) [eyan (4)) + &105(4)) ]+ aa(4y) [1an(4,) + & a5(4))].
Now let us introduce the function p, defined by the formula
(2.27) Vo(®) 1= y1(®) — §e i (4) — $&05(4) — & ay () az(4).
It follows from (2.26) that the function y, evidently satisfies the equation
(2.28) 7o(@Y) = pol(®) +o(¥).
Consequently, by Lemma 1.1 and formula (2.28) we have
vo(®) = In|Py(4)1,

where @, is a multiplicative function not vanishing indentically on R\ {0}.
From @, # 0 and from properties of equation (1.1*) follows that @,(&) = 0

for every & # 0.
Let us notice that In|®,| is a solution of equation (0.4), and let «a,
denote the function In|®,l.

Now for every z e GL(2, R)
(2.29) 7o(®) = a,(4),
* where a, is a solution of (0.4).
Applying (2.29) to formula (2.27) we obtain
(2.30) 71(®) = ag(A) + ke, 0} (A) + 38,05 (4) + 8 a,(A) ay(4).
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Thus, applying the results of the above consideration to g(#) we have
in the present case

ao(A) + L&y (A) + §éa05(A) + 810, (A) 0, ()
(2.31) g(@) = eray(4)+ & ay(4)
10, (A) -8y a5(4)

We have considered all the possible cases and so the proof of Theorem 6.1
has been completed.

3. Proof of Theorem 0.2, A straightforward verification shows that
the function defined by (0.3) satisfies the equation F(x-y) = F(2)-I'(y)
(cf. [3]) and any function of form (0.6) satisfies (0.1). In fact, g(x-¥)
=[F(z-y)—E]-q=[F(2)- Fly)—F (@) +F(2) —E]-q = {F(») [F(y) -E]+
+[F(#)—ET}-q = F(w)-g(y) +9g(@).

It remains to prove that the function g¢(x) satisfying equation (0.1)
for all #, y € GL(2, R) must have form (0.6).
Let

(3.1) 9@ = nl®)] (k=1,2,3)

satisfy equation (0.1), where ¥ (») is of form (0.3). Now, equation (0.1)
is equivalent to the system of three equations:

(3.2) yi(®y) = (sgn )y (y) +(sgn d) e, (4)ya(y) +
+(sgn A)ax(4) ys(y) + 1 (),

(3.3) va(®¥y) = (sgn )y, (y) +7:(»),

(3.4) ys(@-y) = (sgn 4)ys(y) + ys(2),

where 4 = detr and the functions a,, a, are arbitrary solutions of the
functional equation (0.4) fulfilling condition (0.9).

Since the function sgn¢ is not identically 1 on R — {0} the solution
of equation (1.1*) thus, according to Lemma 1.1, the general solution
of the funectional equation (3.3) and (3.4) is given by the corresponding
formula
(3.5) y2(@) = y(sgn4-1),

(3.6) 7s(@) = p(sgnd—1),
where y, ¥ are some constants. .

Applyving (3.5) and (3.6) in equation (3.2) we obtain for all &,y €

e GL(2, R)

(B.7) yilmy) = (sgndy) yi(y) +v1(@) +

+ (sgn 4,)y [sgn 4y, —1][ya, (4,) + pas(4,)]
or

(3.8)  ni@-y) = (sgndy)yi(y) +y1(@) +a*(4,) (sgn 4,) (sgn 4, —1),
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where
(3.9) a*(§) = yay (&) + yaa(£)

from (0.9) is not vanishing identically solution of equation (0.4). Taking
into account Lemma 1.4, from (3.5), (3.6) [cf. (3.3), (3.4)] we obtain

(3.10) (@) = a*(A)sgn A4 d(sgn 4 —1)

or

(3.11) 71(#) = [ya;(4) + ya,(4))sgn 4 + d(sgn 4 —1),
where y,y, 6 = —%y.(j) are some constants.

Now let us put
(3.12) 0(x) = y,(x) —a*(4)sgnd — S(sgn 4 —1).
The function ¢ evidently satisfies the equation

(3.13) e(@y) = (sgndy)o(y)+e(@).

We notice, that ¢(j) = 0. Substituting in formula (3.10) # = j and
applying (3.12), (0.7) from 6 = —iy,(j) we obtain
e(J) = 1) —(=2)é = y.(j) — () = 0.

Thus, ¢(j) = 0 and ¢ is the solution of equation (3.13) (i.e., (1.4)). So
in the present case according to Lemima 1.2 o(#) = 0 for every » € GL(2, E).
It follows from (3.12) that

o(#)+a*(d)sgnd-+ d(sgnd —1),
= (sgn A)a*(A)+ d(sgn A —1)
= (sgnd)[ya,(4) + yas(4)]+ d(sgn 4 —1),

y1(®)
(3.14) 71(®)

where o, y, 7 are some constants.
Thus, in the present case from (3.14), (3.5) and (3.6) we obtain

(sgnd)a*(A)+ 6 (sgn A —1)
(3.15) g(®) = y(sgnd—1)
y(sgn a4 —1)

(sgn A)[ya,(4)+ Fa,(4)]+ d(sgn 4 —1)
= y(sgn A1) ’

7(sgnd—1)
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whieh can be writen in the form

{11
{2]
{3]
[4]
{s]
(6]

sgnd—1 a,(A)sgnd a,(4)sgn A ]
g(@) = 0 sgnd—1 0 ol
0 0 sgnd—-1 | | %

d

= [F(»)—F]'q, where g =]v]1.

Y
So the proof of Theoremx 0.2 is accomplished.
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