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On a certain generalization of the Orlicz theorem

1. In monography [2], p. 85, G. Lorentz has proved the theorem being
the special case of the Orlicz theorem ([3]).

THEOREM 1. Suppose that the kernel K, (»,t) is measurable in the
square a <& < b, a <<t<b and that

b b
[ 1B (@, )idi< M, [ |Ep(,)|ds< M,

with a constant M, for all n = 1, 2, ... and almost all x or t, respectively
then for fe LP, the singular integral

b
Fo@)= [ E,(@,0f(t)dt

éxists for almost all © and is a function of the class L®. If, in addition, F,—f
strongly for all elemenis fe H of & set H < LP, which is everywhere dense
in L*, then this is also true for any fe L”:

b
1Zu =1l = { [ 1F0(@) —fla) P da} 0.

In the present paper we shall give the generalization of this theorem
for n-dimensional space E™ and for family of functions K, (», ), y € D < E™.
Let @ = (@1, gy ooy @)y ¢ = (b, tay eny bp)y ®—F = (B — by, By — 1y, ...
vy By —ty)y P = 0G4, Y = Y1y Y2y ey Ym) We are going to
prove the following
THEOREM 2. Let the functions K, (%,t), y € D, be measurable in the
set E" X E" and let there ewist a positive constant M such that

(1) [ 1K, (@, 0@t < M,
Eﬂ
(2) “ [1E, (2, ) do < M

ol
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for all y e D and for almost all & or t, respectively. If fe LP(E™), p > 1,
then the inmtegral

(3 . I (f, o) = [K,(x,0f(dt, yeD,
En

exists for almost all x € B and i3 & function of the class LP(E™). Movreover,
if J,~f in the norm L as y-—>y, € D for every fe H of a set H = L”(E"),
which is everywhere dense in LP(E"), then

Wy —fll—~0 as y—>y,
for any fe L?(E"™).
Proof. By (2) we have
J{ [ 1B, @, 01 if e de)de < MIfIP
E" EM
and consequently there exists a double integral ([4], P. 349)
[ 1B (@, 0)1f @) dedt
E"x g"
and the integral
[ 1B (@, D)if @) de
Bn

for almost all # € E* and for arbitrary y e D. Hence, the first part of
Theorem 2 is proved for p = 1.
If p > 1, then by Holder’s inequality and by (1) we obtain

[ 1B, @, 011 @)1dt = [ (1, (@, 1) 1f)] (K, (@, ])"de
E™ ~ Em
<{ [1E, @, 10N a ™ { [ 1K, (o, 1@
< [IK, (@, o)\f ()",
E"

where 1/p+1/¢ = 1. This implies the existence of integral (3) and
(5) W< e [( [1E, (@, )If@)rdt)dal™ < Mify.
EM EW

Thus integral (3) belongs to the class LP(E") for p > 1.

Now, we are going to prove the second part of the theorem. Let ¢
be an arbitrary positive number, let f be an arbitrary function of the
L?(E*) and let he€ H be the function for which ||f—h| < ¢/2(M +1).
By assumption [|J (k) —hl|<&/2 as {y—yl < 6, yeD, 8 being suffi-
ciently small positive number. By (5) we get

Iy (f) =S < Wy (F) =y ()1 31 (R) — Bl +- [l — f]
S (M A+D)f =R+ Ty () — bl < &



Orlicz theorem 257

2. Now we shall give conditions, concerning the funections K, (», t),
sufficient for (4) to hold for every function fe L?(E™) (p>=1). For p =1
and for one dimensional bounded interval the necessary and sufficient
conditions were given by Dziadyk ([1]).

We shall prove the following

THEOREM 3. Let the functions K, (z,t) be measurable in E" X E" and
let they sotisfy conditions (1), (2) for almost all x or &, respectively, and

(6) [E,(z,0)dt = 1+r,(#), yeD,
Er

where |r,||l>0 as y—>y,. Let there evist non-negative and measurable func-
tions L, (1) such that for arbitrary number & > O there exists a K > 0 that

) lim [ L,(t)dt =0, [ L@mdt<K, yeD,
Y=Y (11>6 I8 <s

and

8) K, (@, 2 —1)] < L,(t) for every x e E" and y e D.

If fe LP(E™)(p =2 1), then |J,(f)—fll->0 as y—>y,.
Proof.. We obtain from (6)

If [ &y, at=1| = Wfiiryl-

Henece, by virtue of the inequality

I, = U< [T =F [ Ky, o)|di+]f [ K@, vd—j|
4 n
it sufficies to prove that
lim HJ,,(f)—f [, (@, ] =o.
E‘n

Y=Yy

Indeed, let ¢ € L%, 1/p +1/q = 1, be an arbitrary function. We obtain
from (8)

| [{ [ &yle, 05y dt—f(a) [ Ky (@, t)dt)g(2)dal
E"  E® En
< [{ [1f@—s) =f@)Ly(s)ds) lg (@) do
En En

= [( [1f@—s)—f(@)llg(x) dn) L, (s)ds.

E" E"

By Holder’s inequality we get
[ 1f(@—s)—f(@)l1g(x)l do < eoy(s) gl
ER
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w(s) being the p-modulus of continuity of the function f. From the
inequality we obtain

| [(74f o) —f(@) [, (@, t)at)g(@)da| < lgl [ ws(s)L,(s)ds.
ER E" En

The integral _
f(J (fy @) =f(@) [ K,(@,t)d)g(z)de

En

is & linear functional in the L? space and it follows from the Hahn-Banach
Theorem that there exists a function g, € L? such that |lg,| = 1 and

[0 —f@) [E, (@, 0dt)g@do = |7, - [ K, vd.
En En En

Consequently, we get

o) =f [ B, (@, 08| < [ w(s)L,(s)ds
ER En

Let ¢ be an arbitrary positive number. Then there exists a 6 > 0
such that w,(s) < e/2K for |s] < 6, K being the same number as in (7).
Consequently, we get

f wy(8) L, (s)ds = f w,(5) L (s)ds + f ()L, (s) ds

E" E" Em

5= [ L@dst2ufl [ L,as

ls|<6 {s| =26
and by (7) we obtain
o, —f [ Ey@, | < e
En

for [y —y,| < 8;, where ¢, is a sufficiently small positive number.
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