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On solutions of some linear difference equations

In my paper(*) (Theorem 2) we have considered asymptotic proper­
ties (for oc->oo) of integrals of the differential equation

ft —1
y{n)~  Gv(x)y{v) =  °*v==0

In this paper we shall prove an analogous theorem (Theorem 2) con­
cerning asymptotic properties of solutions of the difference equation

71— 1
(1) Any ( x - n ) ~  У  av{x)Avy { x - v )  =  0,

v=o

where Avy(x — v) =  У ( — l ) s у {x — s). The v-th difference Avy(x)

of the function y(x) is an analogue of the derivative у^(х). The asympto­
tic relation^ (11) in Theorem 2 and the relations occurring in Theorem 2 
in my paper(x) are similar if we notice that we have APk{ x ~ l ) j P k{x)

X

=  ska]jn(x) and <p'(x)/<p(x) — ekc]jn{x), where p(x) =  expefc j  clln(t)dt. The
*0

methods of the proofs for both theorems are similar. We write here Ay(x) 
=  A'yix).

From Theorem 2 some oscillation theorem follows (Theorem 3). 
We obtain Theorem 2 from the

T h e o r e m  1. Let us suppose that the functions bmj(x ) , m ,j  =  1 , n 
(n >  2) are complex valued and locally bounded for x >  a?0; moreover, suppose 
bmm(x) Ф O forx^  x0, m =  1, . . . ,  n, .

oo
(2) \bn (Ç +  s) — l\ <  oo uniformly for xQ <  £<a?0 +  l ,

s=o

and for every m (1 <  m <  n) one of the two following hypotheses is satisfied: * 12

d) Z. P o ln iak o w sk i, On some linear differential equations, Comm. Math. 
19 (1976), p. 349-367.
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OO oo
(3a) The series £  (l&mwi(£ +  s)l— l) and JC Klj{ i  +  s) are convergent abso-

S = 0  S = 0

lutely and uniformly for x0 <  £ ^  x0 -j- 1, j  =  1, . . . ,n  and j  Ф m, or

(3b)
OO

Z  |l&mm(̂  +  s) l - 1| =  oo uniformly for x0^  £ ^ x 0 +  l, \bmm(x)\ >  1
S =0
for x ^  x0 or \bmm(x)\ <  1 for these x and lim bmj(x)l{\bmm(x)\ —l)

X-+OQ

=  0, j  — 1, n and j  Ф m.

Then the system of equations
П

(4) um( x - l )  =  ^ Ъ т̂ х)щ(х), m — 1, n,
}•= i

has for x ^  х0ф1 a solution йх(х) , . . . ,й п(х) such that lim йх{х) =  1 and
# —►00

lim йт(х) --- 0 for m = 2 , n.
# - > 0O

T h e o r e m  2. Suppose the functions av(x), v =  0 , . . . ,  n —  1 ,  are defined 
for x ^ n  and real valued. Furthermore, let us suppose that

(5) a0(x) Ф 0 and a0{x) has constant sign for x >  n,
(6) a0(x — l)la0(x) tends monotonically to 1 as a?->oo,
(7) a0(x) tends monotonically to a as x^oo, where 0 <  \a\ <  oo,

OO

(8) J^(zla0(£-f-s))2a^2-(£ +  «) <  oo uniformly for n <  £ <  n -f-1,
s=n

(9) \imav{x)aff+l~n)ln{x) =  0 for v =  1 , n — 1,
#-*oo

0 0

(10) V|<,<>(f  +  g)e(l»-»)/»(f + s )| <  oo uniformly for n ф £ ^  n + 1
8 = П

and for v =  1, . .. ,  w — 1.

Then the difference equation (1) has for x >  n solutions yk(x), h =  1 , . . .  

. . . ,  n — 1, such that we have for x-> oo

(11)
ÿ*(®) ~ ^ - п,,2” (*)Р4(ж), 

à myk{x — m) ~ e%(Cln(x)yh(x), m =
M - n

where ek =  e2knt/n and P k{x) = 1 /  [ ]  (l — eka)jn {x — s)) for x ^ n .
/  s = 0

If, in addition, 12

(12) a0(a;) # 1  for x ^ n  and lim a0(x) Ф 1,
#—►00

then the difference equation (1) has for x >  n a solution yn(x) satisfying 
relations (11) for Tc =  n.
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The functions yx (x), . . . ,  yn (x) are linearly independent. If \a\ <  oo 
and cos(2&-f-0)7r/% >  %\alln\, then \Amyk(x)\->oo as ж-^оо; if cos(2&4-0)nln 
<  •||a1/n|, then Amyk(x)-^0 as x->oo, m =  0, . .. ,  n — 1. (We set here 
в =  0 if a0{x) >  0 and в =  1 if a0(x) <  0 for x >  n.)

If lim \a0(x )\ =  oo, then Amyk(x)->0 as x->oo  for h =  l , . . . , n
#-*oo

and m =  0 ,1 , . . . ,%  — 1.
Let us notice that the functions av(x) =  ± x Pv, where p0 >  0 and 

pv <  min((% — v — l )p 0jn, (n — v)pQln — l) for v =  1, . . . ,  n — 1, satisfy the 
hypotheses of Theorem 2.

Theorem 3. Let us suppose that assumptions (5)-(10) and (12) 
of Theorem 2 are satisfied. Moreover, suppose that a0(x) is continuous for 
x >  n and a0(n) = 0 .  I f  imeka]jn{x) Ф 0 for x >  n, then the difference 
equation (1) has two real solutions yk{x) and yt*{x) such that for x >  n

Amy*k{x -rn )  =  [ъоъ(Вк{х) +  Хкт) +  0кт{х))-\а{£т+1- п)12п{х)Рк{х)\, 
Amy*k {x -rn )  =  (sin (Вк(х) +  Лкт) +  г]кт(х))-\а^т+1--п)!2п{х)Рк(х)\, 

where Xkm =  (2& +  б)ттс/% +  0(1 — %)tc/2% and lim ôkm{x) =  lim rjkm{oc)
#-*oo #-*oo

=  0 for m = 0 ,1 , . . . ,%  — 1. The function Bk(x) is real valued and contin­
uous for n, has a constant sign for sufficiently large x and lim \Bk(x)\

#~>oo
=  oo. The functions Amyl(x) and Amyk*{x) change the sign as a?->oo infi­
nitely many times.

P roo f o f Theorem  1. We shall apply the theorem of Cauchy (differ­
ence analogue of de l’Hôspital rule) in the following formulation: Suppose 
we have for x >  x0 :

\x~x0]
(i) lim|gr(a?)| =  oo and £  \Ag{x-v)\<  K\g{x)\

X-+OQ IJJ—; J
or

oo
(ii) g{x) Ф0, lim g{x) = 0  and j Ag{x +  v) ]<  K\g{x)\.

X ~ * o o  v = 0

In case (i) we assume that there exists a sequence {#n} tending to oo 
such that the function f(x)  is bounded in every interval (x n, xn-f 1), 
n — 1, 2 , . . .  In case (ii) we assume that lim f(x) =  0. If Af(x) =  s (x )x

#-*oo
x Ag(x), then lim|/(æ)/ (̂a?)| <  К  lim |s(a?)|.

#->co #-*oo
OO [ # — Xq]

We set, for x ^ x 0, gt (x) = 1 /  f7 ôu (a? +  г?), =  П  Km(æ~ s)
[ж—æ0] V=1 s=0

=  /7 bmm(Ç +  v), where £ =  x — [a> —a?0], for m = 2 , . . . , n .
V =  0

By (2) and the inequality |ln(l +  «)| true for \z\ <  1/2, we get
OO

lln#i(# +  s)|<2 £  !Ьц(ж-1-г?)—11 for a?0-f 1 and sufficiently larges.
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We obtain from this that gq(æ-f s)-> 1 as s->oo uniformly for xQ <  x <  #0 +  
+  1 and consequently limg^x) = 1 .

x~>oo
By (3a) and (3b) we have the following three cases for 2 <  m <  n:

OO

(13) In case (3a) we have lim \gm{£-\-s)\ =
s->- oo v= 0

uniformly for <r0 <  £ <  a?0-f-l, where 0 <  ax <  6rm(f) <  a2 with 
some constants ax and a2.

(14) In case (3b) and \Ъттх)\ (>  1 we have i#m( f +  s)lt°° ass -^oo, uniform­
ly -•*()]

ly in (xQ, x0 +  l }  (by’ the inequality \gm{x)\ >  £  (\bmm{£+v)\-1 ) )
V =  0

and lim }gm(x)) =  oo.
x-+oo

(15) In case (3b) and \Ътт(х)\ <  1 we have |ym(£-f-s)|jO as s->oo, 
uniformly in <0гв,жо +  1> (by the inequality lnæ<Æ — 1 (æ >  0)) 
and lim gm{x) — 0.

X-±oo

Let us notice that in case (13), i.e., (3a), the function gm{x) is bounded
00

for x ^ x 0. Namely, there exists an N  >  0 such that 5} jln|&mm( f +  v)l|
v̂ N + l

<  1 for x0 <  f  <  x0 -f 1. Then

oo N

N&»(aoi|< y | in iu f + ® ) i| <  y|iniftmm(f+ ® )i| + i.
V = 0 t>«=0

Moreover, we obtain that Ьт|1п|</да(ж)|| =  sup |lnGm(£)| <  oo.
*->-oo ( X Q , x 0 + i y

In the m-th equation in (4) we represent the function um(x), 1 <  m <  n, 
in the form um(x) =  cm(x)/gm(x), where the function cm(x)‘ may be eva­
luated. We obtain from (4) for x ^  x0 -f 1

П
cm{oo-l)lgm( x - l )  =  Ътт{х)ст{х)1дт{х) +  JT Ът,(х)и{ (х),

j=i зФт
n

Ст(Я -1)-Ст (х) =  gm(x ~  1) £ Ъ т̂ Х)и,(х).
3 =  1 ЗФт

In the formal way we obtain from this in cases m — 1, (13) and (15)

oo n /

У д т(х +  8) y b n jix  +  s +  ̂ Ujix +  s +  l)  ( x ^ x 0)
s = 0 j “ =lЗфт
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and in case (14)
[x -X 0]

Cm{x) =  Ут(®)- £  9m(x - S
5 = 1

П
2
3=1

] ф т

b mj ( x  — 8 +  1 )  Uj (X — S +  1 ) (x^  х0-\-1),

where ym{x) is some periodic function with the period w =  1. (We have 
ym(x) =  — limcm(a? +  s) in cases m =  1, (13) and (15), and ym{x) =  cm

s —>oo

(x—[x—x0]) in case (14).) The obtained result may be written in the 
following form:

П
(16) um{x) =  ym(oo)lgm{ x ) + £  jWjiuj), m =  1, x ^ x 0 +  l ,

3 = 1
where
(17)

0 if m — j ,
00

(1 lgm{x)) ^ g m{x-\~s)bmj{x +  s +  l)u {x  +  s +  l)
s = 0

if m Ф j ,  in cases m =  1, (13) and (15),
[x -X q\

- ( l l g m(x)) £  gm( x - s ) b mj( x - s  +  l ) u ( x - s  +  l)
s — l

if m Ф-f,  in case (14).
It is easy to show that in cases m =  1, (13) and (15) the series

00

2  0m(£ +  S)&m/(£ +  S +  1) are uniformly convergent for x0 <  £ < ® 0 +  l,
s= 0
j  =  1, . .. ,  n and j  ф m. For m =  1 and in case (13) this follows from 
hypothesis (3a). In case (15) there follows, for a given e >  0, the existence 
of the point % >  &0 + 1 such that we have \gm{x)\ <  e and, by (3b), \bmj{x)\ 
<  1 — \bmm(x)\ for We obtain for x >  xl

oo oo

£  \9m{x +  s)bmj{®Jr s +  1)\ <  £  ^mix +  S)\ (l -  \Ъ m m  (a? +  s +  l)|) 
e=o *=o

OO

=  -  A lfl,m(® +  *)l =  \9m№\ <  в.
*=o

Now, we shall prove that
(18) lim Jj£}(l) =  0 for m, j  =  1 , . . . ,  n.

x~> co

This is easy to see in cases m — 1 and (13). In cases (14) and (15), 
applying theorem of Cauchy (for g(x) =  \gm(x)\ and К  =  1), we get

lim \J$j(l)\ =  \irn\gm{ x - l ) b mj{x)\l(\gm{x - l )\ -\ g m(x)\)
X-+CO X-+oo

=  lim\bmj{x)\l(l-\bmm(x)\) = 0 ,
X-+OQ

by hypothesis (3b).
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There exists a?2^a?0- f l  such that |</х(а?)| >  1/2 and \J[̂ {Hgx{x)) 
<  1/2w for m, j  =  1, . . . ,  n and x >  a?2, by (18).

П
We set f°r  ̂ = 1 , 2 , . . .  and a?>a?0- f l .

8 =  1
It is easy to prove by induction that j j (1 jgx(a?))| <  2~k for m =  1, n, 
к =  1 ,2 , . . . ,  and x ^  x2. Setting for x >  x2

00

®x(®) =  l/^i (®)+
k=l

oo
\ (® ) =  for m =  2

fe= 0

we obtain that \йг{х)\ <  3 and |wm(a?)| < 2  for m =  2, . . . ,  w and a?> a?2. 
The functions wm(a?) =  (x) satisfy for x ^  x2 the system of equations (16)
for yx{x) =  1 and ym(x) =  0, m =  2, . .. ,  n. Namely we have for m — 1

n  n oo

1 l9i И  +  ^  K-) Iffi И  +  ^  J[$  (1 lgxИ ))
j  = 2  J = = 2  /c=0

* oo n
=  i f c w +

/с —О y = 2  
oo

=  1 /0 1 И  +  y ,*/K+1](1/flriH ) =  %(«o
fc= 0

and similarly for m =  2, n.
By (18) we obtain limJ^J(û3-) = 0  for m ,j =  l , . . . ,w ,  since the

#->00
functions ûj{x) are bounded for a?>a?2. From (16) for ух(х) = 1  and 
Уm{x) = 0  (m = 2 ,  n) we get lim йг{х) =  1 and lim йт(х) =  0 for

#->oo #—>00

m = 2 By (4) the functions üm(x), m = 1  may be ex­
tended to the point x0.

L e m m a  1. I f  the function a0(x) satisfies assumptions (5)—(7) of Theorem 2 t 
then the equation

(19) y)(x)ip{x — 1) ... y)(x — n -f 1) =  a0(x) { n ^ 2 a n d x > n )

has n solutions yj(x) =  ук(х), к = 1  , . . . , n ,  such that грк{х) ~ e ka}jn(x) 
as x->oo (ek =  е к̂т1п). Moreover, we have yik(x) 1грк(х — 1) >  1 for x > 2  
or jpk (x) /грк (x — 1 ) <  1 for these x.

P roof. From (19) we obtain ip(x) Ф 0 for x >  1 and

y)(x)/y>(x — n) =  a0(x)la0(x — 1) for x > n  + 1.

If or (a?) =  y (x )l f{x  — 1) for x >  2, then

(20) a(x)a(x — l) ... a(x — n f - l )  =  a0(x)la0(x — l) for x >  n -j-1.



Linear difference equations 183

Setting In o' (x) =  t(x) for x >  2 and ln(a0(æ)/a0(æ — 1)) = f ( x )  for 
# >  w +  1, we obtain from (20) the equation

(21) т{х) +  т(х —1 )+  ... - f r ( x ~  n +  1) = f { x )  fo ræ > w  +  l ,

where by assumption the function f(x) tends monotonically to 0 as x~> oo. 
Then r(x — n) — r(x) =  f (x  — 1) — f(x)  for x > n - { - 2, and

OO

r(x) =  r0(x) =  ^ { r 0(æ +  (s —l)w) —r0(® +  ew))
S — 1 

OO

=  ^  {/(Х +  8П — 1) — f (x  +  sn)} for a? > 2 .
,9 =  1

We obtain from this

(22) t0(æ) =  Л(#)/(# + w — 1) for a? > 2 ,

where 0 <  Я (ж) <  1. It follows that lim t0{x) =  0 and sgnr0(a?) =  sgn/(æ)
#-*00

for x >  2.
For x >  2 we set <t0(æ) =  expr0(a?) and

Э Д - з

(23) у>0(а?) =  y(x) f j  o’o (x -s )  for a?>3,
s = 0

where у (ж) is some periodic function with the period w =  1, which will 
be defined below. From (23) and (20) we obtain for x >  n +  2

у>0(х)щ(х — 1)...у>0(х —п +  1)
[x]—3 " [x]—4 [a;]—n—2

=  yn(x) j~[ a0( x - s )  f ]  a0{x — s — l)  ... f j  (T0( x - s ~ n  + 1)
8 =  0 S =  0 S =  0и + l [a;]—w—2

=  yn(x) f j  cr%-s+2( x - [ x ]  +  s) f j  a0{x - s ) ja 0{ x ~ s - 1)
S = 3  s=o
n+l

=  y” (æ) a%'s+2(x — [x] +  s)a0(x)la0(x—[x]-{-n-t-1).
8 =  3

/П +  1
Setting yn(x) =  а0(ж — [я?] +  ̂  +  1) /  / /  o'o_s+2(a?—[ж] +  «)? we obtain

that the function у0(ж) satisfies for ж >  я +  2 equation (19). We get from 
(23) щ(х)1у>о(х — 1) =  <r0(a?) =  expr0(a?)->l as æ->oo and by (19)

a0{x) =  V o H V o ^ -1) ... у>0(я —Я- +  1) =  Wo(x){Wo(x-^)l4>o(x)} •••
... {^0(æ — n +  l)lip0(x)} ~Уо{х)  as a?->oo.

Then |y0(æ)| ~  \alln(x)\ as a?->oo. Instead of a0(x) the function |y»0(a?)| 
satisfies (19) for |a0(#)|.
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We set в =  0 if a0(x) >  0 and в =  1 if a0(x) <  0 for x >  n. Then the 
functions щ{х) — е{2к+в)пг,п\ip0{x)\, Je =  1, n, satisfy (19) and they 
have the desired asymptotic properties. From (22) there follows that 
r0 (ж) >  0 for x >  2 or r0(x) <  0 for x >  2, and cr0(x) =  ip0(x) [гр0(х — 1) >  1 
or у)0(х)/гр0(х — 1) <  1 for these x . The same equalities satisfy the functions 
yk(x), T c = l , . . . ,n .

Leivima 2. Suppose the functions Fv(x) are defined and different from 0
oo

for x >  x0, JJ\AFv(£-\-s)IFv(Ç-\-s)\2 <  со for v — 1 , . . . , p ,  uniformly
s =  0 oo

for +  Furthermore, suppose the series JJ |_F(f-fs)| is uni-
S = 0

formly convergent in (x0, æ0-f 1>. J / the function p(x) satisfies for x ^  x0 
the equality

p
(24) A<p{x)l<p(x) =  £  rvAFv(x)IFv(x) +  F{x)

V — 1

and is defined and different from 0 in the interval (x0, x0-\-1), then we have 
p

cp{x) ^ y ^ x )  Jj F rvv(x) as x->oo. Here уг{х) is some periodic function with
V = l  "

the period w =  1, defined and different from 0 in the interval <0,1).
P roof. Let us notice that from the inequality |ln(l-}-2 ) — *1 <I*IS

oo
true for Iz\ <  1/2, there follows that the convergence of the series JJ |aj2

00 % s=0
implies the convergence of the series J  |ln(l +  as) — as\.

S =  0 
00

By hypothesis we obtain that J  |6q,(£-M)| <  °° for v =  1, p,
S =  0

uniformly in (x0, a?0-f 1), where
(25) Gv{x) =  \n{l + A F v(x)IFv(x))~ AFv{x)IFv(x).

On the other hand,
a —1 a—1

Ы(1 + AFV{£ + 8)IFV{Ç + 8)) =  JT ]n(Fv(Ç +  s +  l)IFv{Ç +  *))
8=0 * 8 = 0

=  ^ F v(x )-\nF v{£),
where £ =  x — a and a =  [x — #0]. By (25) we obtain that

a—1 a—1

(26) £  ^ ( f  +  *)/J?»(î +  ») e„(f +  «).
8 = 0  S =  0

By (24), the inequality \ab\ <  |(a2-f&2), and by hypothesis we get
OO

JJ \Acp{Ç +  s)[(p{Ç +  s)I2 <  o o  uniformly in <a?0,a?0 +  l>, and, as above,
=  0

a —1 a—1 27

(27) lnî.(æ)-lnï.(f) =  £  4pU +  s)M f +  s)+ F, 0 (f +  s>.
S = 0  s = 0



Linear difference equations 185-

the series -fff |Ф(| +  «)| being uniformly convergent in fx0, x0 + 1). By (27),.
s = o

(24) and (26) we get
a — 1 p  a — 1

In 9? (ж) — ki9?(£) = У  r̂rAFv(t + s)IF,(S + a)+ У  (J(f + «) + <P(f + 4
s = 0  г>=1 s = 0

p  p  a — 1 a  — X

= V r„(lnJ„(œ)-lnJ„(f)) -  У Ч  У  в,0 + *)+ У  (J(f + *) + (P(f+ *))•■
г?= 1 г>=1 s  =  0 s = 0

We complete the proof of Lemma 2 putting

7i(*) = K ( S M D  J j K r° (0 ,
V = 1

where
p  00 oo

K{£) =  exp {-У'.У® v( i + s ) +  ^ ( ^ ( £ + « )  +  ф (|+$5)}.
V = 1  S =  0 s  =  0

Lemma 3. Suppose that the function a0(x) satisfies assumptions (5)-(8) 
of Theorem 2 and ipk{x) is defined as in Lemma 1. We put for x >  n + 1

П
A(x) =  (1 In) £ l l y k( x - 8  +  l)

S =  1

and
[x]—n— 1

1/?>хИ =  П  n ( æ - s ) A ( x - s ) .
S =  0

Then q>x{x) ~  y2{x)a^~n)l2n{x) as x->oo, where y2{x) is some periodic- 
function with the period w =  1, defined and different from 0 in the interval 
<0,1).

V

P roof. Let us notice that if rjv — £  As for v =  1 , . . . ,  n — 1, and
s—lП

V — о, then for every sequence { c j  we have the identity
S =  1

n n— 1

=  Vvî v »̂ + l) }
V = 1  V = 1

which may be obtained by the transformation of Abel.
From the definitions we get for x >  n -f-1

A<Pi(x) l<Pi(x) =  lh>k(æ +  l)A{æ +  l ) - l
П

=  (llnA(x +  l))[nly>k{x +  l ) -  JTl/v>*(®-i> +  2)|
V ~ X

П
=  (l/wA(a? +  l)) l cly>k{ x - v  +  2),

V =  1
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where Аг =  n — 1 and Av =  — 1 for v =  2, тг. Applying (28) we get
ra — X

Ay^x)/(p^x) =  (11пА(ос +  1)) У  (n -v ){lly )k[jp-v +  2) — l/y>k( x - v  +  l))
Г=1

П—1

=  ( -11пА {х  +  1)) У  ( n - v ) f v(x)/y>k( x - v  +  2),
v= l

where f v(x) =  Ayk(x — v +  l)/yfk(x — v +  l). Setting A* =  ljn  for s =  1 , . . .  
, . . , n  and 8 Ф v, A* — 1 jn — 1, we get for x >  n + 1

n—l

<29) А<рг(х)/(рфх) =  -  £  ( (n -v )[n )fv{x) +  F(x),

where
n—X w

^(®) =  (l /nA(x +1)) £ ( n - v ) f v{x)(-lly>k{x -v + 2 )+ ( l ln )  ̂ l /y > ft(a?-e+2))
V=1 S=1
Tl— 1 n

=  (1/яА(а?+1)) ( n - v ) f v(x)^A*ly>k( x - 8  +  2)
r = l 3=1
n—1 n—1

=  (1/wA(®+1)) ( n - v ) f v{x)£  r£{llipk{ x - 8  +  2)-lly>k{ x - 8  +  l))
v=l 3=1

n—l n—l

=  - ] £ ] £  (n -v)r)*fv(x)fs(x)lnA{x +  l)y>k{ x - s  +  2),
« = l s = l

where rj*= £  Ч- 
1 = 1

By Lemma 1 and (19) we get for v =  1, . . . ,  n 
\Ayjk(x — v + 1)| <  \Ащ(х) +  Aipk{x —1 )+  ... +  ^%(a> — w +  l)|

=  IVfc(® +  l) -V '* (a7- w +  l)l =  Iv»fc(® +  l)^ a 0(®-)/ae(®+  !)!• ’
By (6) there exists a constant M  >  0 snch that for large x and v =  1, ... 

. . . , n  there is

\fv(x)\ =  \Ay>k(x -v A - l ) l y k{ x - v  +  l)\^  M\Aa0{x)la0(x)\, 

since щ{х A-l)Jipk(x — v +  ! ) -> !  as x->oo. We have also lim A(x)y)k(x— s+1)
X -+ C O

oo oo
=  1. By (8) we obtain the series \fl(œ +  s)\ and £  |jP(a? +  «)| are uni-

s = 0 s= 0
formly convergent for w +  l<a?<w -|-2 .

We have Ф 0 for n +  1. By (29) and Lemma 2 for F v(x) 
=  ук(х — хф1)  and rv =  (v — n)/n (v =  1, . . . ,  n — 1) we obtain

П —1
<Pi(œ) ~ Yl{ x ) [ J  f {k~n)ln( x - v A l )  ~ Yl{x)y%-n)l3(x) ~  y2(x)a$-n)l2n(x)

V=1
US #->oo.
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L e m m a  4. Suppose a0(x) satisfies assumptions (5)-(8) and (12) 
of Theorem 2, and A (x ) is defined as in Lemma 3. We set

[x]—n—1

P(X) =  1 /  П (1 — 11A (x — $)) for x >  n + 1

and
[x\—n

P k(x) = l /  / 7  (1 -е*а ;/я( « “ «)) for x ^ n ,

cf. (11). Then Pk{x) ~ y s(x)P(x) as x^oo, where y3(x) is some periodic 
function with the period w — 1, defined and different from 0 in the interval
<o,i).

P roof. Since A {x) ~ lltpk(x) ~  ек1а^11п(х) as x-+oo and Иш a0(x) #  1
X-+CO

we may assume that A(x) Ф 1 for x >  n +  l.

We set for x ^ n  +  l
[x]—n—l

Pk{x)/P(x) =  f ]  (l +  R ( x - v ) ) l ( l - e kal,n( x - [ x ]  +  n))
v=0
[x]

=  f ]  (l +  R {oc-[x ]  +  s ) ) l { l - e kalln( x - [ x ]A n ) ) .
s = n + 1

Then
B(x) =  ( l~ - l lA (x ) ) ! ( l - e kal/n( x ) ) - l

=  (ekalln(x) - I I A  (x)) / (l -  екаЦп(ж))
=  {A (x ) - e k1aôlln{x))IA(x){sk1a^lln{ x ) - l ) .

We shall prove that the series 2  |Р(ж +  §)| is uniformly conver­
s e

gent in the interval <» +  l , »  +  2>. We consider the functions f x(xx, . . . ,  xn)
П

=  Z  °°vln a n d  • • • ,®n) = » ! • • •  Xn• W e  b a v e
г'=1

n а\ 1 a
fi(^4~hif ... f a +  hn) =  f i(a } .•• > л) -f- hv f 1 (a, . . . ,  a) -f-

»=i v
to to

f = l  S =  1
dxvdxs

fi{ct-\- 6hl} a-\r Qhn)

n n

=  a" +  an_1 * „ + ( ( » - 1)/2) 2 1  K(a+0K)n~\

where 0 <  в <  1, and similarly
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П
faia +  h ,  a +  lin) =  an +  an ^ K +  £ ( a + M i )  ••• {a+ O ^ J  x

V=1
n 71

x J?  S h K ' l i a + e M i a + O M ,
V=1 S —1ŝ v

where 0 <  вг <  1. Then

(30) /i(a  +  üi, a +  h J - M a  +  hi, a +  hn)
П

=  { ( n - l ) l 2 ) ] ? h l { a + e h X - 2-
V =  1

n n

~ i ( a ~̂  W  ••• (a +  @ihn ) z z  h K I (a + 0 A ) (a+ 0 A ) -
V = 1  S = 1 *s^v

Setting a =  \y>klln(x)\ and hv =  \fk lln(x — ® +  l)| — \ykl,n{x)\ for 
v =  1 , . . . ,  n, by (19) we get

\ A (x )-sk1a^1/n(x) I = f 1(a-\-hl , . . . , a  +  7in) - f 2{a-\-7i1, . . . , a  +  hn).

We have |a+ 6hv\ <  !уУ1/я(®)|, « == 1 in the case |yA(a?)| 
<  |у»л(я? —1)|, and |а+0Л„|< |у*1/я(®-® +  1)1 <  |y+1/n(æ-7i)| in the case 
1̂ л(ж)1 >  Iщ {х — \)\, cf. Lemma 1. Moreover, |hv\ <  |̂ T1/w(æ - ti) - ^ 1/и(ж)| 
for 7? =  1, . . . ,  n and x >  7i +  l. By (30) we get

\A (x) -  e* -4 -,,” (*)| <  » ( »  - 1)| ^ ‘'” {*)|2
in the case |y>fc(a>)| <  \грк(х — 1)\ and

1A (X) — £* 1 ay ̂  (#) К  71 (71 -  1)1 -yi2~n)/n (Ж -  71) j • )^Г1/,г ( x - n ) -  y)£lln (x) |2

in the case \щ{х)\^ \у>к(х — 1)\7 
We obtain

Щ11п( х - П ) - У ь 11п(х) =  ( ^ 1(ж -7 1 )-^ у1(ж))/(^1- п)/и(а7-71) +
+  Й2- ^ ( Ж- Т 1 ) ^ - ^ И + . . .  + 4 1~И)МИ

- У л 1^ ) ) / ^ 1-* ^ ® )  ~  (v>k(æ)--V>k(æ-n))lnv№ +1),n(æ)m

as х->оо. By (19) we get
v M  — Vk№-n) =  y>k{x)Aa0( x - l ) l a 0(x)

and
IV,*(®)-V,* (® -W)I ~  iа(0г-n)/w (æ) zla0 (ж — 1 ) I as я? —>■ со.

We deduce from this that

Wklln( ^ - ^ ) - W k lln{oo)\ ~  \ai1- n)ln(x)Aa0(x -l)lny )^+1̂ n(x)\
~  {lln)\aâ1~lln2(x)Aa0{x-l)\ 3iS 00 —̂ oo.
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There exists e >  0 such that we have \ekla f l!n(x) —1| >  e for suffi­
ciently large x. (In the case к =  n this follows from (12).) We obtain for 
large x

\R{x)\ <  \A(x) — ekl а^1,п (x)\js\A{x)\ <  [n(n — l)/s)M(x),
where

M(x) =
~ n~2\af~niln2{x)jA(x)\ • \â 2~2,n2 (x)\-\Aa0(x — l)\2 
~ п~2ай2(х — 1 )[Ла^х — l))2 as ж-»оо,

in the case \yk(x)\ <  \ipk(x —1)|, and similarly in the case \щ{х)\ >  \fk(x —1)|.
OO oo

By (8) the series £  M(x +  s) and £  l-R( -̂r-s)| are miiformly con­
fié s — 0

vergent in the interval <w +  l ,  w +  2>. We complete the proof of Lemma 4 
setting

[x]—n— 1
y3(aj)=lim f ]  (l +  R ( x - v ) ) l ( l - e kal,n( x - [ x ]  +  n))

X - + 0 0  V =  Q

oo
=  f ]  (l +  B ( x - [ x ]  +  S) ) l ( l - e ha'0”4 x - M  +  n)),

s = n + 1
since

oo oo
J7  (l -f R (x — [&] +  $)) =  (l +  .R (a?+  $))->• 1 as x-+oo.

s=[æ] + l s — 1

P roo f  of Theorem 2. We write the difference equation (1) in the 
form of the following system of equations

Azv(x — 1) =  2 „+1(ж) for v =  1, n — 1,
(31) П —1

A zn (x - l )  =  £  aj{x)zj+1(x),
3 = 0

where zv(x) — Av~1y(x — v-f  1) for v =  1 , n.
For a given index к (1 <  к <  n) we define the function f k(x) as 

Lemma 1. Moreover, for x >  n + 1  we put (cf. Lemmas 3 and 4) :
in

A{x) =  (1 fn) £ l l y > k{æ -8  +  l ) f
»=i

[x]- n —1

1 M W  =  / 7  yk( x - s ) A ( x - s ) ,
S —  0

[ x ] — П — 1

i i p (x) =  / 7  (1 - 1 Ж * - * » ,
S = 0

V - 2

<pv (x) =  <px(x) f j w k ( x - s )  for V =  2, w.
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We substitute into (31)
zv{x) — <pv(x)P(x)wv(x) for v =  1 , n and æ >  w +  1 , 

and we obtain the system
<pv{x)P {x)wv(x) — <pv(x — l )P(x  — l)wv{x— 1) =  <pv+1(x)P (x)wv+1(x)

(v =  1,
<Pn {x)P {x) wn (x) — <pn(x — l ) P ( X - l )  wn (x - 1 )

(32)

-p и  y  ttj {x) (Pj+a (x) Wj+1 (x) .
j=0

Dividing the -у-th equation in (32) by <pv+1(x)P(x) (v =  1, — 1)
and the n-th equation by a0(x)(p1(x)P(x) we get

<pv(x — l )P(x  — l) 
(33) 99v+1(x)P(x)

<Pn(X — l ) P { x ~ l )

wv(x — 1)
y>k(x — v +  l)

wv( x ) - w v+1(x)

(v =  1, n - 1 ) ,

ao(x)<Pi(x)P(x)
Wn( x - 1 )

y>k{x — n + 1)

n — 1
V I  aj{$)(pj+1(x)

"  И
Since cpv{x — l)/q>v+1(x) =  (pn(x — 1 )la0(x)q)1(x) =  A(x)  for v = 1 , . . ,  
— 1, we obtain from (33)
(A(x) — l)wv(x — l)  =  (1 /у»* (я? —17 + 1  )) (л?) — (я?)

(34) ( « = 1 ,  1),
(A(x) — l)wn{x — l) =  —wx{x) +  (Hy)k{x — n p l ) ) w n{x) —

П — 1 11— 1
-  £  (%(®) / / 7  VA(®-S))wi+1(®).

J=1  s = j

For a given index m (1 <  m <  w) we multiply the v-th equation 
in (34) by for v =  1, . .. ,  n — 1, and the last equation in (34) by s '̂Jl .

П
Adding the obtained n equations and setting ê ~J1wv(x) =  num(x) we get

V=*l

n  n ~  1

n ( A { x ) - l ) u m{ x - l )  =  ^(e^T-i/У* ( » - « + ! )}wv( x ) -  JJ C X + i ( ® ) “
i?=l v=0

n — 1 n — 1

C - 1! £  ( а ® И / / 7  V> ( ® - s))wv+iix)
v —l  s = v

n П — 1 /1 — 1
=  ^ (C -\ /y » * ( ® - 0  +  l ) - C - 2i)w1,(a?)*-C-1i £  {av(x)/П  y)k('æ~ ^ ) Wv+1̂

S1- 8 i
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Since wv(x) — £  e”_i+lUj(oc) we get
j = iП П

Si =  2  (С -1! !Ук{х - ъ ф 1 ) -  C-M У  e^zi+1Uj(x)
v=i l

n w
=  2 4  м  2 ’ ( 4 - 1. / л ( * - * + 1 ) - « ; - д ) в й +1

J =  1 V = 1

n w
=  2  »i(*) 2  ^ г г' ( 1 / л ( * - * + 1 ) - с - . )

J — 1 V =  1

n «
=  J £ ev-1 IV)k{oo~v +  l)  +  n ( A { x ) - e r̂ } l]um{x),

j = i  « = iЗФт
ft— X и — 1 »

^2-= C-\ 2  [%{%) / U  < “i + 1%(Æ)
V =  1 S =  V J =  1

ft ft.— 1 ft—1 ft

=  £m-\ 2  UAX) 2  « Г ^ Ч И  / П  V>k(x-S) =  2
3 =  1 f t = l  S — V j  =  1

ft —1 ft—1
where ç>„j{x).= C^x sv~i+1 avix )l X  Vk{x ~ s)-

15= 1 S — V

By Lemma 1 and (6) we obtain A(x)  ~ £ ^ 1а0'1/'‘ (ж) as ж-^оо. Then 
there exist x0 ^  n +  1 and s >  0 such that \A(x) —1| >  e for x ^  x0. (In 
the case h — n we apply (12).) Moreover, we have A(x)  ^  0 for x >  w +  1- 

We obtain the system of equations
П

um(x — l ) =  У  bmj (x)Uj (x), m =  1, wand ж >  x0,
3 =  1

where
(35) bmj(x)

' П
=  2  е™У ly)k(X~ V +  1)n (A (°°) -  !)  - <Pmj(x)ln (A (x ) - 1 )  if W #  j ,

V = 1

Ц  (a?) -  e”L\) / ( J. (ж) - 1 )  -  (ж) In (A {x) - 1 )  if rn =  j .
We shall prove that the functions bmj(x) defined by (35) satisfy 

hypotheses of Theorem 1. By (10) and Lemma 1 there follows that
oo

£  I<pmj(x +  s)I <  oo, uniformly for w + l < # < n + 2  and m, j  =  1, . . . ,  n.
S = 0

Then hypothesis (2) is satisfied. From (35) and (28) we obtain for 
w , j  =  1, . . . ,  n, m Ф j, cv =  1 lyik(x — v -f 1) and x ^  x0 that

f t— X

bmj {oo) =  2  Vv (1 IVk(x - V  +1) -1 /v»*(® -®)) In (A{x) -l) - <pmj{x)In (A(x) -1),
1 7 = 1

V

where tjv =  2  s™-*'
8 = 1
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By (7) we obtain that
oo

\l/y)k(x-{-s) — lly)k(x-{-8 +  l)\ <  oo uniformly for п ф 1 <  & <  n +  2.
s= о

We infer from this that second hypothesis in (3a) is satisfied for 
m , j  =  1, . . . ,n  and j  Ф m.

We have for m = l , . . . , n

№mm (x ) I
=  i (^ )+ y w m (^ )M -C 1l - 1  =  1M- (ж) \+(pm{x) — am\ — \\A (x) 1 — gjfc I 

A { x ) - 1  |М-И1 —e*|
=  (I \A {x) I +  <pm (x) — am\2 -\\A{x)\- ek |2) /В {x)
=  (2 \A(x)\ (re<pm(x) +reek- ream) +  |<pm(x)|2 - 2 re(<pm(x)/a j )IB {x) ,

where am =  e ^ e * ,  <pm(x) =  ek<pmm{x)ln and

B(x) =  \\A{x)\-ek\[\\A{x)\+<pm{x) — am\-\-\\A{x)-ek\}.

By (9) we obtain <pmj{x) — o(A{x)) and <pmj{x) =  o( 1) as &->oo 
(m, j  — 1, n), since by (7) the function A (x) remains bounded for x-> oo.
Moreover, by (7) and (12) we get lim B (x) =  c, where 0 <  c <  oo.

# -> o o

Let us suppose that for some m we have ream =£ree&. Then we 
get |bm»»(®)| —1 ~2\A(x)\ (теек-теат)1В(х) ~  Л\А(х)\ ~  А |а0-1/п(ж)| as 
x-^oo, with some constant A, and the difference \brnm(x)\ — 1 has a 
constant sign for sufficiently large x. Moreover,

limbmj {x) j (Ibmm{x)I — 1) =  lim
É  IVk{xs-v +  l ) ) В (x)

V — l

~2n(A(x) —1)1-4 (as)|(re«t — rea.„)

«=l*=  lim — j  .
а̂ оо 2п(А(х)-1)(твек- г е а т)

=  0

for j  =  1, .. n and j  Ф m, since (pmj(x) =  o{l[y)k{x)) as ж->оо and limA(sc)
yk{x — v + 1) =  1.

OO

By (7) we obtain the series £  \\bmm{x +  s)\ —1| is uniformly conver­
sât)

gent or uniformly divergent to oo for x0 <  x <  x0 -f-1. If for the index
oo

considered above m we have ^  ||&mm(#-fs)| —1| =  oo uniformly for
S =  0

a?0 <   ̂ <  ж0 +  1, then hypothesis (3b) is satisfied. (If the series
00

I bmm (x +  s) I — 11 is uniformly convergent for x0 <  x <  x0 + 1 , then
s=o
there is satisfied hypothesis (3a).)
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In the case ream =  reefc we get \bmm{x)\ — l  ~  (2 \А(х)\?Ъ(рт(х) — 2
i 00

те((рт(х)1ат)}1В{х) and we obtain £ \\bmm(cc +  s)\ —1| <  oo uniformly
S =  0 «

00

for æ0< æ< æ0 +  1j since the series \%n(x +  s)\ is uniformly convergent
S =  0

in this interval. In this case hypothesis (3a) is satisfied.
Applying Theorem 1 we obtain that the system of equations (4) 

with coefficients bmj(x) defined by (35) has for sufficiently large x a sol­
ution ux{x), . .. ,  un(x) such that limita?) = 1  and lim üm(x) = 0  for

x —> 00 x —>oo

m =  2, . .., n. The solution {üm{x)} may be extended to the point 00 -- OOq •
П

Setting wm{x) — JT ê ~®+1wy(a?), m =  1, we obtain that the
v=i

functions wm(x) satisfy for x >  x0 the system of equations (34) and lim wm(x)
x ~ > o o

=  1 for m — 1, . .., n. Then the function
yk{x) =  щ(х)(р1{х)Р{х)у3(х)1у2{х) (cf. Lemmas 3 and 4)

satisfies the difference equation (1) and by Lemmas 3 and 4 satisfies the 
asymptotic relations (11). By (1) the solution yk (x) may be extended to 
the point x =  0.

How, we shall prove indirectly that the functions yk{x), h =  1 , . . . ,  n, 
are linearly independent. Suppose that there exist constants ek, Тс — 1, . .. ,  n,

П
such that Iе* I >  О and

fc=i П
(36) ^0 ckyk(x) =  0 for x >  0.

k = l

Setting
У i(x) • Уп(я)

II£ УЛх-1) • У n i x - 1)

y1(x — n Jr 1) . .. yn{ x - n  +  l)
we obtain

W(y19. . . , y n) = C

У i(x)
Ayx{ x - 1 )

Уп(Х)
Ayn(x ~ l )

An 1yl(x — n-jr 1) ... An 1yn{x — n + 1)

where G = ( —  1 )  ( 2 )  ’  a n d

W{yx, . . . ,  yn)IPAx) . . . p n{x) =  G
an (x) .. . aln{x)

anl(x) . • ann(x)

13 — Roczniki PTM — Prace Matematyczne X X
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where aik(x) =  A1 lyk(x — i-\-l)a^+l 2i)l2n(x)IPk(x). By (11) we obtain 
lim aik(x) =  for i, к — 1, n. Since the determinant |4-1I is
£->oo
different from 0 and P k{x) Ф 0 for x >  n and к =  1, n, we infer that 
W(y1, . . . , y n) Ф 0 for sufficiently large x, in contradiction with (36).

Finally, by (11) and (6) we get for #->oo, m — 0, n — 1 and 
к =  1, n:

\Amyk{x-rn)IAmyk{ x - m - 1)| ~  \yk(x)lyk{x - l )\  — 1/|1 -  skalJn {x)\-+Xk. 

If lim a0(x) =  a and 0 <  \a\ <  oo, then Xk =  1Ц1 —ak — if}k\ =  ((1 — ak)'z +
X - + 0 0

+  Pi)~112, where ek alln =  ak +  if$k.
By (11) the functiôns Amyk{x) satisfy the inequality 0 <  rj <  \Amyk{x) I 

<  M  in the interval (xx, хг -f 1) for sufficiently large xx and with some 
rj, M. Writing

[x—x x] — l

Лтук(х) =  Лтук{х - { х ~ х {\ )  f ]  Amyk{x -v ) IA myk{ x - v - l )
v—o

we obtain that if ak >  HalPPl),  then Xk >  1 and \Amyk(x)\- -̂oo as x~>oo; 
if ak < h ( al +  ftl), then Xk <  1 and Amyk(x)->0. In the case when 
lim \aü{x)\ — oo (i.e., Xk — 0) we get similarly lim Amyk(x) — 0.
X -+ O Q  £ ~ > 0 0

P roo f o f Theorem  3. By hypothesis the functions P k{x) =
[x]—n

1/ П (1 (x — s)) are continuous for x >  n, x Ф n +  2,
S — O

and right-hand side continuous at the points x =  n, ti +  1, ... For x =  v 
— пф1,  n +  2, . . . ,  we have

lim P fc(v -£ )  =  lim l /  Г7 ( l - ekalln(v- e - s))
e- > + 0  e—> + 0  7 s  =  0

v —n  — l

= y  /7
S =0

v —n

= l//7 (l-e*aj/n («-*)) =Pfc(®),
6* = 0

by hypothesis. It follows that the functions Pk(x) are continuous for 
x >  n and к =  1, . . . ,  n. We set for x >  n

cos a(x) =  ( l - r e e kalln(x))l\l-ekal0ln(x)\, 
sin a (x) =  im ek a]jn {x)/\l-ek alJn {x) |,
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where 0 <  a{x) <  2n. Then we have for x ^  n
[x]—n

P k(x) =  \Pk{x)\ f j  (cosa(x — v) +  isma(x — v))
v = 0

[asl

=  1-PfcHI JY (cos a (I -f s) +  % sin a (£ +  «))
s  =  n

=  \Pk{x)\expiBk(x),
[x]

where £ =  x — [a?] and the function Bk(x) =  J] a(Ç +  s) =  SbrgPk(x)
S =  П

is continuous for x >  n.
If lim |a0 ( )̂l =  oo, then lim sin a {x) — sin(2fc +  д)тс1п Ф 0, by hypo-

x->oo x->oo
thesis; if lim a0(x) =  a and |a| <  oo, then

#-*oo

limsina(a?) =  imekallnf\l — ekalln\ =  sin{(2& +  6)nln}\a1,n\l\l — eka1,n\ Ф 0.
x~+co

Since the function a(x) — axgPk(x) — a>YgPk(x — 1) is continuous for x ф n, 
we obtain in both cases that there exists а Ф 0 such that lim a{x) — a.

#-*oo'
It follows that lim \Bk(x)\ =  oo.

#“*00

We set yk{x) =  yk(x)-{-iyl*(x). By (11) we have for ж->оо  

(Amy*k (x -  m) +  iAmy**(x -m )) (cos {Bk +  Akm) ~  i sin (Bk +  Xkm)) T(x)-+1,

(37) (Amy*k(x -  m) cos (Bk +  Xkm) +  АтУ*к*(х ~  m) sin (Bk +  Xkm)) T (x )~  1-^0,

(38) ( - Amy*k{ x - m )  sin (Bk +  Xkm) +  Amy*k* (x -  m) cos (Bk +  Xkm)) T(x)-+ 0,

where T(x) =  \а{™~1~2т)1гп{х)1Рк{х)\. Multiplying relation (37) by cos(jBfc+  Xkm) 
and (38) by — sin(BA. +  Abrt) and adding we obtain that Amy*k{x — m)T{x) — 
-cosfB fcH  +  aJ-^O . Multiplying (37) by sin(Bfc +  4 J  and (38) by 
cos (B̂ . +  Afcm) and adding we obtain that Amyl*(x — m)T(x) — sin[Bk(x) +  
“b Xkwt̂ —>0 as x —> oo.
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