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On solutions of some linear difference equations

In my paper(?) (Theorem 2) we have considered asymptotic proper-
ties (for #—o0) of integrals of the differential equation

n—1

¥ — 3 o, (x)y® = 0.
r=0 ’
In this paper we shall prove an analogous theorem (Theorem 2) con-
cerning asymptotic properties of solutions of the difference equation
7n-—1
(1) Ay (@—n)— ¥ a,(@) A"y (@ —v) = 0,
v=0
v
where A’y (z—v) = Y (—1)° (Z) y(x—s). The o-th difference A%y(x)
8§=0
of the funapion y(z) is an analogue of the derivative ¥®(x). The asympto-
tic relations (11) in Theorem 2 and the relations occurring in Theorem 2

in my paper(!) are similar if we notice that we have APk(w 1)/ Py(z)
= g™ () and ¢’ (z))p(x) = &0 (x), where ¢(x) = expe, fc})’"(t ydt. The

methods of the proofs for both theorems are similar. We erte here 4y(x)
= A'y().

From Theorem 2 some oscillation theorem follows (Theorem 3).
‘We obtain Theorem 2 from the

THEOREM 1. Let us suppose that the functions b, (x), m,j =1,...,n
(n = 2) are complex valued and locally bounded for x > x,; moreover, suppose
bpm(2) £0forzzo,m =1,...,n,

(2) D bu(E+8)—1) < oo uniformly for z, < &< m+1,
§=0
and for every m (1 < m < n) one of the two following hypotheses is satisfied:

(! Z. Polniakowski, On some linear differential equations, Comm. Math.
19 (1976), p. 349-367.
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178 Z. Polniakowski

(3a)  The series D (|by(E+3)—1) and Y b, (E+s) are convergent abso-
8§=0 §=0

lutely and uniformly for vy, < E< 2y+1,§j =1,...,nandj # m, or

(3b) Y “bmm(£+s)i —1| = oo uniformly for xy < & < @y+1, by, (@) >'1
8§=0
Jor @ = @, or |by,, (#)] <1 for these x and 1im b,;(#)/(1bym (@) —1)
T~>00
=0,7=1,...,n and j £ m.

Then the system of equations

n

Al
(4) U (@—1) = Mby@u@, m=1,..,m,
j=1
has for x = xy+1 a solution %, (x), ..., u,(x) such that lim %, (x) =1 and
xT—>»0Q
lim %,(x) = 0 for m = 2,...,n.
T~>00

THEOREM 2. Suppose the functions a,(z), v = 0, ..., n—1, are defined
for @ = n and real valued. Furthermore, let us suppose that

(8)  ag(2) # 0 and ay(x) has constant szgn for x> n,
(6) ag(w—1)/ay(x) tends monotonically to 1 as x->co,
(7} ay(x) tends monotonically to a as x—oco, where 0 < |a| < oo,

(8) Z(Aa0(§+s)}2a;2(§+s) < oo uniformly for n < E<n+1,

(9) lima,(x)a =" (&) =0 for v =1,...,m—1,
(10) Nlay(E+s)alm(E+5)| < 0o uniformly for n < E<n+1
8=n

and for v =1,...,n—1.

Then the difference equation (1) has for z > n solutions y,(x), k = 1,...
...y n—1, such that we have for x—oo

Yr(2) ~ a&“”’”"(w)Pk(x),

(11) m m ,min
A"y (@ —m) ~ e ag'™ (@)Y, (%), m=1,...,n—1,

. [z]~n
where &, = ¥ and P, (2) = 1/” (1—epa)™(x—s)) for = n.
§=0
If, in addition,

(12) ay(z) #1 for e >n and lim a,(z) #1,

T>00

then the difference equation (1) has for # > n a solution y,(x) satisfying
relations (11) for & = n.
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The functions ¥,(z), ..., y,(x) are linearly independent. If |a] < =
and cos(2k + 6)w/n > % |a'|, then [A™y, (¥)|—>oco a8 z—o0; if cos(2k+0)w/n
< 1la'"|, then A™y,(x)—>0 as x—o0, m =0,...,n—1. (We set here
f = 0if a,(z) > 0 and 0 =1 if a,(x) < 0 for > n.)

I lim |a4(2)] = oo, then A™y,(x)>0 as x—>oc0 for k=1,...,n

T—>00
and m =0,1,...,n—1.

Let us notice that the functions a,(z) = +2P» where p, > 0 and
P, <min((n—v—1)pen, (n—v)py/n—1) for v =1,...,n—1, satisty the
hypotheses of Theorem 2.

THEOREM 3. Lel us suppose that assumptions (5)—~(10) and (12)
of Theorem 2 are satisfied. Moreover, suppose that a,(x) is continuous for
w>=n and ay(n) = 0. If imeal™(@) #0 for x> n, then the difference
equation (1) has two real solutions yy(x) and y;" (x) such that for > n

A™yi(@—m) = (co8 (By(@) + An) -+ Opn (@) - 017" (@) Py (2)
A"yt (@ —m) = Sin(Bk(%)+lkm)+’7km(w))'Ia%m“‘")’z"(w)l’k(w)b
where Ay, = (2k+0mr/n+0(1—n)x2n and lHm 6,,(r) = Lm n, (@)

T—00 T—>0Q
=0 for m =0,1,...,n—1. The function B (x) is real valued and contin-
wous for x> n, has a constant sign for sufficiently large x and lim [B,(x)|

00
= oo, The functions A™yx(x) and A™y;* (x) change the sign as x—>oc infi-
nitely many times.

Proof of Theorem 1. We shall apply the theorem of Cauchy (differ-
ence analogue of de "Héspital rule) in the following formulation: Suppose
we have for x > x,:

fx—~z0}

(i) imlg(@)] = oo and D' |4g(z—v)| < Klg(®)

X—>00

or

(i) g(w) #0, lim g(w) =0 and Y |Ag(z+0) < K|g(@)].

£->00 P=0
In case (i) we assume that there exists a sequence {z,} tending to oo
such that the function f(x) is bounded in every interval (w,, z,+1),
7 =1,2,...In case (ii) we assume that lim f(x) = 0. If Af(x) = s(x) X

ZT—>00

X Ag(w), then TLim|f(®)/g(z)| < K lim |s()].

T—>00 —>oo
[x—xp]
K We set, for x>z, ¢,(®) =1/ Hbu T+ )y, gu(® nbmm (—8)
T~ a: v=1

” bmm §+v), where & = z—[r—uz,], for m = 2, ,n
By (2) and the inequality {In(14-2)| < 2{z|, true for 2| <1/2, we get
Ing,(@+s)|<2 3 by (®+v)—1| for z, < # < 4+ 1 and sufficiently large s.

p=8+1
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We obtain from this that g,(x + s)->1 as $— oo uniformly for z, < z < z,+
+1 and consequently limg,(x) = 1.

I—00

By (3a) and (3b) we have the following three cases for 2 < m < n:

(13) In case (3a) we have lim |g,(&+s)] = ]o} Omm (& -FP)] = G (&)
=0

8>

uniformly for a,< &<<@,+1, where 0 <a, <G, (5 <a, with
some constants a, and a,.

(14) In case (3b)and |b,,,.x)| (> 1 we have |g,.(£+s)] Too ass»oo uniform-

ly in (@, #,+1) (by the inequality |g,, (x)] > Z‘ (Ibmm £+v)|—1))

and lim |g,, (#)] = oo.

T— 00

(15) In case (3b) and |b,,(x) <1 we have |g,(&+s)0 as §—>oo,
uniformly in <, 2,+1> (by the inequality lne <x—1 (x> 0))
and lim g, (x) = 0.

00

Let us notice that in case (13), i.e., (3a), the function g,, () is bounded

for x> w,. Namely, there exists an N > 0 such that > [In|b,,,(£+2)]]
v=N+1

< 1 for oy < £ << 2,4+ 1. Then

=5 N
10]g,0 @) < 3 I[By (£ 4+2)| < D) [I0] By (§+0)]| + 1
v=0

Um0

Moreover, we obtain that frﬁ[ln]g,,,(w)]] = sup [InG, (&) < oo.
T—>00 {ZgsTg-+1>
In the m-th equation in (4) we represent the furfction Uy (), 1 < m <
in the form wu,,(x) = ¢, (2)/9,,(x), where the function ¢, (x)’ may be eva-

luated. We obtain from (4) for > zy+1

cm(w_l)/gm(x*l) = bmm(w)om(w)/gm(w)+ Z bmj(w)uj(w)7
i

J§

O (@ —1) = 0n (@) = gn(2—1) D bm;(2)1;(2).

m

e,
-

In the formal way we obtain from this in cases m = 1, (13) and (15)

cm(w)zym(w)—{—z w—{—s)Zb,(w—{—s—l—l) He+s+1) (2= x)

j#m
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and in case (14)
[Z~£E0]

On(@) = V(@) = D gu(@—3)

g=1 K

2

3

bpij(w—s+1uj(x—s+1) (2=2,-+1),

.
+
3L

where y,, (z) is some periodic function with the period w = 1. (We have
ym(@) = —lim e, (z+s) in cases m =1, (13) and (15), and y,(x) = ¢,

8§—>0C

(x—[@—m]) in case (14).) The obtained result may be written in the
following form:

(16) U (®) = P (@) /g (@ +ZJ“” m=1,..,n ¢>z+1,
where
(7)

0 if m=j,

(1 (@) D @+ 8) by (@ +5+ Dz +5+1)
8§=0
Jo(u) = if m #j, in cases m =1, (13) and (15),

[z — 2]

~(1/gn(®@) Y gul@—8)byy(@—s+1)u(@—s+1)

S=1

if m £ 4, in case (14).

It is easy to show that in cases m = 1, (13) and (15) the series
00
D 9 (E+8)by(E--s+1) are uniformly convergent for a, < &< x,+1,
8=0

j=1,...,n and j # m. For m =1 and in case (13) this follows from
hypothesis (3a). In case (15) there follows, for a given ¢ > 0, the existence
of the point x, > 2,41 such that we have |g,(2)| < & and, by (3b), |b,,;(®)|
<1— b, (2)| for # > x,. We obtain for x > x,

19 @+ 8) by (@4 5+ DS D 1@+ 9)] (L= By (@ +5+1)))

8=0 8=0

= — D Alg,(@+ )| = lgn(2) <e.

&=0
Now, we shall prove that

(18) ImJi(1) =0 for m,j =1,...,n.
00
This is easy to see in cases m =1 and (13). In cases (14) and (15),
applying theorem of Cauchy (for g(x) = |g,,(#)| and K = 1), we get
lim [JJ}(1)] = lim g, (@ — 1) b (@) /(19 (2 = 1)| — g, ()})

>0 XL—00

ZT~~>»00

by hypothesis (3b).
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There exists z, > w0+1 such that |g,(«)|>1/2 and |JU)1/g,(x))
<1/2n for m,j =1, ,n and x> x,, by (18).

We set JI(u) ZJ[‘”(J[’J‘-‘”(u)) for  =1,2,... and o > z,+1.
It is easy to prove by mductlon that [JE (1/g,(@))| <2 *form =1, ..., n,
k=1,2,..., and 2 > x,. Setting for z > x,

Uy (2) = 1/gs(a)+ Y TH (1/g:(2)),

k=1
Un(@) = D I (Lg(@) form =2,...,n,
=0
we obtain that |%,(x)| < 3 and |%,(2)| <2 for m =2,...,n and 2> 2,.
The functions u,,(z) = %, («) satisfy for # > =, the system of equations (16)
for y,(z) =1 and y, () =0, m = 2,...,n. Namely we have for m =1

1/gy (@) + 2 I (%) = 1/g:(a) + 2 I ZJ"‘J (1lg: (@)

Zn’ T (5 (1 /g, ()

j=2

Msg

= 1/g,(x +
£

[
-3

JE(1/g1 () = Ty (@)

Mz

= 1/g,(®) +

&
I
=3

and similarly form = 2, ..., n.
By (18) we obtain lim JI0(%;) =0 for m,j =1,...,n, since the

T—>00
functions %;(x) are bounded for #> »,. From (16) for y,(r) =1 and

Ym(@) =0 (m =2, ...,n) we get lim ul(a;) =1 and lim %, (x) = 0 for

XT—>00 T—o0
m = 2,...,n. By (4) the functions #%,(x), m =1,...,n, may be ex-
tended to the point x,.
LeMMA 1. Ifthe function a,(x) satisfies assumptions (5)—(7) of Theorem 2,
then the equation

(19) p@)p@—1)...p(@—n+1) =a(x) ®=2 and x> n)

has n solutions y(x) = y,(x), bk = 1,...,m, such that y,(s) ~ e.al™(x)
as x— oo (g, = e*™™) Moreover, we have vy, (x)/y,(x—1)>1 for x> 2
or yi (@) i ( —1) < 1 for these x.

Proof. From (19) we obtain y{z) == 0 for # > 1 and

(@) |p@—n) = ay(x)/ag(®—1) for 2 > n+1.
If o(2) = p(2)/p(®—1) for x > 2, then
(20) g@)o(x—1)...0(@—n+1) = ay(x)[a,(x—1) for > ni1.
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Setting Ino(z) = 7(z) for ©>2 and In(ay(2)/ay(x—1)) = f(x) for
x> n+1, we obtain from (20) the equation

(21) @)+ r(@—1)+ ... +r(z—n+1) =f(x) for x> n+1,

where by assumption the funection f(x) tends monotonically to 0 ag x> oo.
Then z(z—n)—v(x) = f(x—1)—f(x) for > n+2, and

[o.0]

r(®) = 7o) = Z{ro(w+(s—1)n)—ro(w+sn)}

1

®
i

De

{fet+sm—1)—f(x+sn)} for x> 2.

il
-

s

We obtain from this
(22) (@) = Az)f(w+n—1) for o> 2,

where 0 < A(#) < 1. It follows that limry(z) = 0 and sgnz,(x) = sgnf(z)
T 00

for x> 2.
For 2> 2 we set ag,(2) = expr,(x) and

[z} -3
(23) po(@) = y@) [ oo(@—s) for 2>3,

s=0

where y(x) is some periodfc function with the period w = 1, which will
be defined below. From (23) and (20) we obtainforzx > n+2

V(@) o2 —1) ... yo(z—n+1)

[x)—3 . [x]—-4 [:z;]-—h—z

= y"(x) ” oo(m—s)” op(x—s8—1) ... ” op{r—8—n—+1)
- T g

=@ [] ot @—[01+9) [] ale—s)/a@—s—1)
8=3 §=0
n-4-1

= y"(@) [ ] o872 (@— [@1+ 5) 8y (@) [y (@ — [&] + 0+ 1).

ntl
Setting 9" (@) = ag(@—[x]+n+1) / [] o ***(®—[#]+s), we obtain
8§=3

that the funetion y,(z) satisties for 2 > n+2 equation (19). We get from
(23) o (@) /po(2—1) = 04(®) = exp7e(2)—>1 as @—o0 and by (19)

(%) = po(@)pe(@—1) ... po(@—n+1) = vy (@) {wo(@ —1)[/pe ()} ...
v {wo(@—n+ 1) po(®)} ~yr(x) a8 —oo.

Then |y, (z)| ~ |al™(2)| as #—o0. Instead of a,(») the function |y,(z)|
satisfies (19) for |ay(x)|.
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We set ¢ = 0 if ay(x) > 0 and 6 = 1 if a4(x) < 0 for # > n. Then the
functions v, (x) = €2 1y ()], B =1,...,n, satisfy (19) and they
have the desired asymptotic properties. From (22) there follows that
7o(2) = 0 for @ > 2 or 7,(x) < 0 for 2 > 2, and o,(x) = y,(2) [y(x—1) = 1
or y, (@) [ye(x —1) < 1 for these . The same equalities satisfy the functions
we(w), k=1,...,n

LevMma 2. Suppose the functions F,(x) are defined and different from 0

for x> m,, Z[AF (E+$8)F(E+s) < o0 for v=1,...,p, uniformly

Jor ¢, < &< wo—{—l Furthermore, suppose the series 2 |F(&+8) is uni-
8§=0

formly convergent in {x,, xy+1>. If the function ¢(x) satisfies for x> x,
the cquality

(24) Ap(@)]g(@) = D' 1,AF,(@)[F,(x)+ F ()

and 8 defined and different from O in the interval {x,, x,+ 1), then we have

P(x) ~ 9 ( ]] Fyp(x) as w—>oco. Here y,(x) is some periodic function with
=1

the period w = 1, defined and different from 0 in the interval {0, 1).
Proof. Let us notice that from the inequality (In(14-2z)—z] <|z| ,

true for |2] < 1/2, there follows that the convergence of the series 2 lag|?
S=

implies the convergence of the series Z |1n(1+ ag) — agl.
8= ()

By hypothesis we obtain that 2 |G, (§+8)| < oo for v =1,...,p,
§=0

uniformly in <{,, €, +1>, where
(25) Gy(@) = In(1+4 AF,(2)|F,y(x) — AP, (@) F,(x).
On the other hand,

a—1 a—1

é‘; In(1-+ AF,(&+8)/F,(£+5)) =s§ I (Fy(§+5+1)[F,(¢+s)

=In¥, () —InF, (&),
where £ = v —a and a = [z—x,]. By (25) we obtain that

a—1

(26) ' AF,(E+8)[Fy(E+5) = InF,(x) —InF ZG E+).

By (24), the inequality |ab| < 4(a®-+52), and by hypothems we get

Z |Ap(&+8)p(& 1+ 8)|2 < oo uniformly in {(x,, #,+1>, and, as above,

a—1 . a-1

@) g -Ing(d) = 3 dp(E+aiple+a+ Y BlE+s),
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the series -} |@(&+ s)| being uniformly convergent in {(a,, ¥,+1)>. By (27),
§=0

(24) and (26) we get

31

e

1 1

1, AF,(E+8)[F (E+8)+ > (F(&+8)+ D(E+3))

[
|

Ing(z)—Ing(&) =

8

I
=3

v

I
-
®
I
=Y

D a—1
= er(lan( z)—InF, (& er G, (E+38)+

v=1 v=1 8$=0

a
1
ot

[\4

(F(&+38)+D(E+5)).

@«
i
<

We complete the proof of Lemma 2 putting

ni(@) = K(&e&) || 778,

where
P
=

K(¢&) =exp{~ T

v=1 s

Ms

G, (E+5)+ Z(F E+5)+ B(£+5)).

]
=3

Levmva 3. Suppose that the function ay(x) satisfies assumptions (5)—(8)
of Theorem 2 and v, (x) s defined as in Lemma 1. We put for x> n-+1

A(@) = (1/n) D' [p@—s-+1)

and
[x]—n~—1

g (@) = ]_l yr(@—8)A(x—s).

Then @, (x) ~ v,(x)al =™ (@) as w—>o0, where y,(x) is some periodic
function with the period w = 1, defined and different from 0 in the interval
€0, 1).

Proof. Let us notice that if 5, = > A, for v =1,...,n—1, and
8=1

> A, = 0, then for every sequence {c,} we have the identity

n

n—1
(28) 10y = ) 1(C—Co11),

v=1 v=1
which may be obtained by the transformation of Abel.
From the definitions we get forx > n+1

dg, (@) g, (@) = 1]p(z+1)A(@+1) -1

= (tnA(@+ 1) (nlp(@+1)— Y 1jplo—v+2)

n

N\

= (1/nd (@+1)) )

v=1

N A fplz—v+-2),
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where 4, =n—1 and 1, = —1 for » = 2,...,n. Applying (28) we get
n—1

Ag, (@) gy (@) = (LA (@ +1)) Y (n—0)(1]pe(@—v+2) —1/pp(z —v+1))

v=1
n—1

= (—1/nA@+1)) Y (n—0)f,(@)/p,(2—v+2),

v=1
where f,(®) = Ay (& —v+1) [y, (@ —v+1). Setting 47 = 1/n for s =1,..
.,nand s %o, Ay = 1/n—1, we get for x> n+1

n—1

(29) Ap, (@) fpr (@) = — D] ((n—v)/n)f, (@) + F (),

p=1
where

n—1i

F(@) = (1 nA(@+1)) Y (n—0)fo(@) |1 pla—v+2)+(1/n) Y 1]y, (@—s+2))

1)=l

= (1/nA(z+1) )Z (n—2)f, m)Zl [y (@ —s+2)

v=1
n—1

= (Und(z+1) Y (n—0)f,(z) 2 ny (Ljpp(@—s42)— 1y (@ —s+1)

v=1
n—1 n—1

(n—v)n; fo(@)f, (@) Ind (2 4+-1) p(w— 5+ 2),

v=1 s=1
$
where n; = > .
i=1
By Lemma 1 and (19) we get for v =1,...,n -

Ay (e —v+ 1| < |dyp(@) + Ay (@ —1) + ... + Ay (@ —n+1)|
= lyr(@+ 1)~y (@ —n+1)| = |y (@-+1) day (@) /ay(z +1)|.

By (6) there exists a constant M > 0 such that forlargex and v = 1, ...
..., n there is

fol@) = [dyp(x —v+1) fyp(w—v+1)| < M|day () [ay(#)],
since y(z+ 1)y, (x—v+1)—1 a8 x—oco. We have also lim 4 (z)y, (x—s+1)

= 1. By (8) we obtain the series > [fi(x+s)| and > |F(x+s)| are uni-
' §=0 §=0
formly convergent for n+1 <o << n+2.
We have qu(w) #0 for > n-+1. By (29) and Lemma 2 for F,(r)
=y le—v+1) and r, = (v—n)n (v =1,...,n—1) we obtain
71 (@) ~ 7y (@ H o=min (g 4-1) ~ p, (@) Y2 (@) ~ y, (@) al " (2)

as r—>oco.
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LeEMMA 4. Suppose ay,(x) satisfies assumptions (5)—(8) and (12)
of Theorem 2, and A (x) is defined as in Lemma 3. We set

[x}—-n—1

m)=1/” l—1/Ad(@w—s)) for z=n+1

§=0

and

[z]—n

Py (x) = 1/ H (1 —ga"(@—s)) for x>n,

of. (11). Then P, (x) ~ ys(x)P(x) as z—>oco, where y,(x) is some periodic
function with the period w = 1, defined and different from O in the interval
0, 1).

Proof. Since A (x) ~1/y,(x) ~ &5 a; " (x) as — oo and lim a,(z) # 1

T—>00

we may assume that A(z) = 1 for 2 = a4 1.

We set for x>=>n-+1
[2] —=n—1

P)P@@) = [ (L+R@—v)/(1—eaa/(z—[z]+n)

fzl
= [] t+R@—[z]+s)/(1-sai™(@—[2]+n).

s=n+1
Then
R(x) =(1—1/A(x)/( —ekao’”(x)) -1

= (ek o () —1/ )/(1‘%“5/" ))
= (4 (x)—&;" 01/"(w))/A ) (e ay " (@) — 1)

We shall prove that the series Z |R(x--8)] is uniformly conver-

8=0
_gent in the interval (n -1, n--2). We consider the functions f,(z,, ..., z,)
* n
= D @y/n and f,(®), ..., 2,) = @...z,. We have

' >0
filadhyyoooya+h,) =fi(a,..., a')+2 hv%—fl(a’ ceey @)+

ZZ » sa 0 ————fi{a+0hy,...; a1 0h),)

n
—

_Js

= a"+a"! hv+((’n—1)/2) Z hy(a+ Oh,)" 2,
por V=1

where 0 < 6 < 1, and similarly
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falathyy ooy ath,) =a"+a"" Y+ §(at0,k;) ... (a+0,h,) X
=1

X

v

gt
[\/J:

hs/(a+-6,h,)(a+0,R,),

il
—
w ®
hyi
R -

where 0 < 0; < 1. Then
(30) Jila+hyy ooy at+h)~folathyy oy athy)

= ((n—1)/2) D' Wia+ 0h,)" " —

n

—3(a+0h) .o (@t Ok, ) D) Zh hy/(@ -+ Ob) (a-+ Oih,).

v=1 8=1
8 #v

Setting @ = ly;"™(2)| and h, = |y ™(@—v+1)[—pr " (z)| for
v =1,...,%, by (19) we get

JA(2)— & a7 " (@)] = fila+hy,y .oy ath)—fo(@a+hy,y ... a+h).

We have la+ 0h,| < |y;"™(@)], v =1,...,n, in the case |y, (x)]
< lyp(w—1)|, and |a+ 6h,| < lwi”"(ﬂﬂ v+ 1) < lyg "™ (@—n)| in the case
[y ()] = ltpk(.’,v 1)|, ef. Lemma 1. Moreover, |h,| < |p; /" (@ —n) — ;" (2)|
forv =1,...,nand 2 > n+41. By (30) we get

iA(w)—sl?‘ao‘”"( 2)| < n{n—1)¢ """ (@)] i ™ (@ —n) — g ™ (@)F
in the case |y, (@) < |y(®—1)| and :

LA (@) — 5 ag M (@) < m(n— 1)y (@ —n)] - lpp (@ —n) — 9V (a) 2
in the case [y(x)| = |yp(e—1)I0
We obtain
pi M@ —n)—pr (@) = (yri(@—n) =y @)/ (pd " (@ —n) +
+y e — %)w“’"( @)+ . +w“ @) ~ i@ —n)—
— i (@) [ryfl T (@) ~ (9 (@) — pp (@ — ) fngf I ()
as z—>oco0, By (19) we get
V(@) — p (@ —n) = y; (@) dag(z — 1) jay(x)
and
e (@) — pe(@—n)} ~ jaf ~V"(x) day(x—1)]  as &—>co.
We deduce from this that
i V™ (@ —n) — p M (@)] ~ |af " (@) dag (@ — 1) gl ()]
~ (1 /n)la7 V" (2) dag(®—1)]  as w—oo.
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There exists ¢ > 0 such that we have |e;'a;'/"(®) —1| > ¢ for suffi-
ciently large «. (In the case k¥ = n this follows from (12).) We obtain for
large x -

|B(2)] < |A (@) — &  ag " ()| [e ] A ()] < [n(n—1)]e) M (@),
where
M (@) = [ (@) lyg ™ (@ —n) — v V" (@) P14 ()]
~ 172 (@l ()| A ()] - lag " ()] - | Aay (@ — 1)
~n?a (@ —1)(da,(x—1))  as z—>o0,

in the case |y, (z)] < |y, (x — 1)}, and similarly in the case |y, (%)] = |p,(z —1)|.
By (8) the series > M(x+s) and D |R(x+s)| are uniformly con-
=0 §=0

8=
vergent in the interval (n +1,n+2>. We complete the proof of Lemma 4
setting
[®]-n—1
v,(®) = lim ” (14 R(z—))/ (L —e,ai™(@ — []+n))
>0 H)

o

= [ Q+R@—(2]+9)) (1 —aal (@—[2]+m),
Since s=n-+ '
|] i+R@—(21+9) = [[(1+R@+s)>1  as s—~oo.
s=[z]+1 §=1

Proof of Theorem 2. We write the difference equation (1) in the
form of the following system of equations

dz,(x—1) = 2z,.,(®) for v =1,...,n—1,
(31)

Az, ( 2 (@),

et\/

where z,(z) = A" 'y(x—v-1) for v =1,...,mn.
For a given index % (1 <k < n) we define the function y,(x) a8 in
Lemma 1. Moreover, for # > »+ 1 we put (cf. Lemmas 3 and 4):

A(@) = (Lfn) Y Up(w—s+1),

[€]-n=1

Up(@) = [] vi@—s)4(@—s),
[x]—n~-1

1P@) = [] (1—-1/4(@—s),

-2
@, ( ] —s) forov=2,...,n.
=0
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We substitute into (31)
2y(®) = g, (@) P@)w,(@) for v =1,...,n and &> n+1,
and we obtain the system
g2y POPELE) == D P =110y —1) = e ()P ()00, (0)
(v =1,...,n—1),

@ (2) P (@), () — @, (@ —1) P (r —1)w,(x—1)

n—1

= P(x) Z a; (2) @11 (B)w; 41 (%)

j=0
Dividing the v-th equation in (32) by ¢, (2)P(z) (v =1, ...,n—1)
and the n-th equation by a,(x)p,(2)P(x) we get

(@ = 1)P(w—1) wy(z—1) = -t — 0, (%) — W, ()
(33) Pori(@)P() " C op@—vt1) T o
(v=1,...,n—1),
a@e@PE T
o 1 _ n}l a;(2) ;1 (@)
= =D O 2 gy

Since @, (®—1)/@, 1 (%) = g (@ —1)/ay(2)g,(x) = A(2) for v =1,...
...,n—1, we obtain from (33)
(4 (@) —1)w,(@—1) = (1/p;(@—v+1))10,(2) —10,., (2)
(34) ' (v =1,...,n—1),
(A (2) = 1w, (@ —1) = —w, () + (l/wk(w n+1))w, (z) —

n—1

- Sfatn /[ tosforcn

For a given index m (1 < m < n) we multiply the o»-th equation
in (34) by e, forv =1, ..., n—1, and the last equation in (34) by %7}

Adding the obtained » equations and setting 2 o b, () = nu, (x) we get

n

"(A(w)“ U (€ — 1) ZZ /’/Jk T— v+ 1)) W@ )*Zafn——llqun(‘c)“

— e 2 (@ (@) / H y (@—8)|w,. (@)

n—1 n—1

i
b":

(e fone — v+ 1)=&l (@) — et 3 {a(@) /[ | vila—8))w,i (@)

v=1 s=v

<
i
—
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Since w, Z g™ we get
" j=1 n
8, = Z (et oo — v+ 1) — e 7h) N enm (o)
v=1 i=1
= Y u(@) (b Iyl — v+ 1) — i) et
j=1 v=1
= 1m(ao’)é? ST (A e — v+ 1) — e
= “.
- Zuj(fv) Zaﬁl T e =0+ 1)+ 0 (4 (@) — &5 (),
j=1 v=1
i m

o=y 3 o)/ o) Do

n—1

n
=
= & hZu & ta /Hwk w—5) = Y g (@)w;(@),
i=1

v=1
n—1

where @, (@).= &, Z g a /2 w2

By Lemma 1 and (6) we obtaxn A( Ty ~ & 0‘”"(00) as w—oco. Then
there exist x, > n--1 and £> 0 such that |[A(z)—1]> ¢ for 2> x,. (In
the case k = n we apply (12).) Moreover, we have A(z) # 0 for x > n 1.

We obtain the system of equations

Sbmj xyu(x), m=1,...,nandx > x,,
where
(85)  by;(w)
lZsz,"_:"/wk<w—v+1’>n(A(w>—1)—¢mj<w)/vz(A(w)—1) it m ],

v=1

](A(w)—srnzll)/(A<w>—1}—¢mm<x>/n(A (@) —1) if m = j.
We shall prove that the functions b,;(x) defined by (35) satisfy
hypotheses of Theorem 1. By (10) and Lemma 1 there follows that

s% |@mi (% +8)] < oo, uniformly for n+1< s < n+2 and m,j =1,...,n.

Then hypothesis (2) is satisfied. From (35) and (28) we obtain for
m,j=1,...,m, m #j, ¢, = 1jy(x—v+1) and x> x, that

b (@) = 30, (L1p@ —0 1) 1yl —0)) 1 (A () ~1) — @yry(2) [ A(2) —1),

=1
v
where 7, = » &/
§=1
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-

By (7) we obtain that

le/wk(m+s)-—1/¢k(ac—]—s+l)[ < oo uﬁiformly for ntl<<e<nt2.

8§=0

We infer from this that second hypothesis in (3a) is satisfied for
m,j =1,...,n and j #* m.

We have for m =1,...,%

O ()] — 1

A @)+ @ () [0 —ep Ty | HA 2)| + 9 () — @, | — [| A ()] — &

A(w)—1 \ |4 ()] — &

= (|4 (#)] + @0 (@) — @ — [|A (#)] — &, ") /R ()

= (2|4 ()| (rep,, (#) +ree, —rea,) + |, (@) — 2re(p, (2)/a,)} R (2),
where a,, = el ep, @u(®) = &P (®)/n and

R(®@) = |14 @) — e [{||l 4 (@)] + 0 (@) — | + |4 (2) — ).

By (9) we obtain ¢, (@) =o(4(z)) and g¢,;(®) =o(l) as w—>o0

(m,j =1, %), since by (7) the function A () remains bounded for z— oc.
Moreover, by ( ) and (12) we get lim R(x) = ¢, where 0 < ¢ < oo,
=00

Let us suppose that for some m we have rea, # Teg,. Then we
get [b,, (@) —1 ~2]4(z)] (vee,—rea,)/R(w) ~AlA ()] ~ Ala;™(x)| as
#— oo, with some constant A, and the difference |b,,,(#)]—1 has a
constant sign for sufficiently large x. Moreover,

n

2 (e fyp(@e—v 1)) R ()

R b ) () = 1) = T oy 1]/ A (&) (re oy —70a)

. _
Dl
= lim oo =0
zao0 20 {A (@) — 1) (Teg, —Tea,,)
forj =1,...,mandj # m,since ¢,,;(#) = o(1/y,(2)) as z->o0 and lim A(z)
y(e—v+1) = 1.

By (7) we obtain the series ) []bmm(m+s)|—1| is uniformly conver-
§=0

gent or uniformly divergent to oo for «, <o < ®,+1. If for the index
considered above m we have Z[]bmm(x-i—s |—1| = oo uniformly for
Ty < & < @y+1, then hypothems (3b) 1is satisfied. (If the series
j;]bmm(w+s)|—1] is uniformly convergent for z,<z < @,-+1, then
Py

there is satisfied hypothesis (3a).)
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In the case rea, = res, we get |b,, (@) —1 ~ {2]4(x)|rep,, (2)—2

r6 (¢ (%) @)} /R (@) and wo obtain Y |[By,,(#+5)|—1| < co uniformly
. s=0 4

for @, < # < @+ 1, since the series > |p,, (#+-$)| i3 uniformly convergent

5=0
in this interval. In this case hypothesis (3a) is satisfied.
Applying Theorem 1 we obtain that the system of equafions (4)
with coefficients b,,;(#) defined by (35) has for sufficiently large x a sol-
ution #%,(x), ..., @,(x) such that lim#,(r) =1 and lim %,(x) =0 for

T—>00 T—>00

m = 2, ..., n. The solution {%,,(»)} may be extended to the point z = x,.

n
Setting @, (w) = Y en ' u,(®), m =1,...,n, we obtain that the
v=1

funetions w,, (x) satisfy for x > x, the system of equations (34) and lim @, (x)

T

=1 for m =1, ..., n. Then the function

Yi(@) = Wy (2) g, (2) P (@) 5 () [yy (@)  (cf. Lemmas 3 and 4)

satisfies the difference equation (1) and by Lemmas 3 and 4 satisfies the
agymptotic relations (11). By (1) the solution y,(x) may be extended to
the point z = 0.

Now, we shall prove indirectly that the functions y,(»), k = 1, ..., n,
are linearly independent. Suppose that there exist constants¢;, k =1, ..., n,

such that ) ¢l > 0 and
k=1

(36) chyk(w) =0 for # > 0.
=1
Setting
ly, (2) o Yu(@)
r—1 . Yple—1
W, oy =070 T
Yilw—n+1) ... y,(e—n+1)
we obtain
v, (@) Ya(@) |
Ay (x—1 Ay, (v —1
1V(y,la "7yn) =0 ?/1( ) J( ) ’

. W(yl’""yn)/-Pl(x)"'-Pn(w):0 """" s

a,, (@) ... A (2)!

13 — Roczniki PTM — Prace Matematyczne XX
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where a,(x) = A7y (@ —i+1)al* 17 () [P, (®). By (11) we obtain
lim ay () = ¢! for ¢,k =1,...,n Since the determinant |si™!| is

>0

different from 0 and P,(r) # 0 forx =>n and k =1, ..., n, we infer that
Wi(y,,..., ¥, # 0 for sufficiently large x, in contradiction with (36).

Finally, by (11) and (6) we get for #—>cc, m =0,...,2—1 and
k=1,...,n:

|4y (@ —m) [ A"y (@ —m —1)| ~ |y, (@) [y, (2 —1)| ~1/|1 — g, al/™ (x)]— 4.

If lim ay(#) = a and 0 < |a] < oo, then 2, = 1/|1—a,— i, = (1 —a)*+

T—>00
+ 8471, where e at™ = a,+ify.
By (11) the functions 4™y, (x) satisfy the inequality 0 < < [4™y,(x)]
< M in the interval {w,, x,+ 1> for sufficiently large #, and with some
n, M. Writing

[x—®xy]—1

A"y (@) = Amyple—lo—m)) []  A"yle—o)/amy @ —o—1)

we obtain that if a, > }(aj+B2), then 4, > 1 and |A™y, (x)| o0 as @ o0}
it a <3i(ai+B}), then 2, <1 and A™y,(x)—0. In the case when
lim |ay(2)| = oo (i.e., 4 = 0) we get similarly lim A™y, (x) = 0. '

T->00 T—r00

Proof of Theorem 3. By hypothesis the funections P,(z) =
[x]—n

1/ J] (1—&a™(@—s)) are continuous for #>n, # #n+1,n+2,...,
=0

and right-hand side continuous at the points # =n,n+41,... For z =
=n+1,n+2,..., we have

v-n—1

lim P,(v—e¢) = lim 1/” (l—eha(‘,/”v—s—s))

e~>+0 e—>+0

_1/ ” 1— g™ (v —5))

v—n

_1/[] — eal"(v—8)) = Py(v),

by hypothesis. It follows that the functions P,(x) are continuous for
eznandk =1,...,n. Wesetforz>=n

cosa(x) = (1—ree,a)™(@))/[1— e.a)™(w)],

sina(x) = imeg,al™(2)/]1 — e, al™(x)],
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where 0 < a(x) < 2=. Then we have for z = n

[x]—n

Pya) = |Py(@)l [ ] (cosa(@—v)+isina(z—o))

£3] )
= |P(2)] ”(cosa(§+s)+isina(§+3))

= |Py(x)lexp B, (),
. []
where & = ¢ —[#] and the function B, (x) = D a(é+s) = argP, ()

is continuous for x = n.
If lim |a,(x)] = oo, then lim sina(x) = sin(2k-+ 8)=/n +# 0, by hypo-

=00 00
thesis; if lim ay(2) = a and |a| < oo, then
T—>00

lim sina(z) = ime,a'™/|1 —g,a™| = sin{(2k + 6) w/n}|a’™|/|1 — e a" % 0.

Since the function a(z) = argP,(x) — argP,(x — 1) is continuous for = > =,
we obtain in both cases that there exists a 7= 0 such that lim a(x) = a.

It follows that lim |B,(x)] = <.

We set y,(x) = yi(x)+iy; (x). By (11) we have for z—oo
(4™ g5 (2 —m)+iA™y" (& —m)) (c08 (B4 Apy) — i8I0 ( By + A)) T () > 1,
(87)  (A™yi(w —m)cos (By+ Ay) + A™ YL (4 —m)sin(By, + Ay,,)) T (%) =10,
(38) (— A™yx (@ —m)sin(By+ Ap,,) + A™Y5" (@ — m) €08 (By+ Aen)) T (2) >0,

where T () = |a{*~!~2™/2"(z) [P, (2)|. Multiplying relation (37) by cos(B;+ Ay,)
and (38) by — sin(B; + A,,) and adding we obtain that 4™y} (z—m)T (z)—
— 08 (B, (#) + A,,) 0. Multiplying (37) by sin(B,+4.,) and (38) by
08 (B, + A;,,) and adding we obtain that A™y;*(x—m)T (x) —sin (B, (z)+
+ Aim)—>0 as @—>o0.
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