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On a certain limit problems for poliparabolic equation

In paper [1] some limit problems for the bicaloric equation in the
quart plane and in paper [2] the similar problem for the rectangular are
solved.

In this paper we shall construct the solutions of the poliparabolic
problems in the tmbounded stripe of 2m-dimensional time space.

To solve these problems we shall use suitable Green functions.

1. In the paper we shall give the solution #(X) of the equation
1) P'"u(g) =F(X), X =(x,1) = (D1, Pgy .0y ®p,?t)
in the unbounded stripe
Q={X: —o<a; < o0, |w,| <6, t>0,i=1,2,...,n—1},

where
P =a* D DL—D;—b, P"=P(P"),
i=1

a and ¢ being positive constants, b non-negative constant and m is positive
integer. )

Let H denote the set of functions #(X) continuous with the deri-
vatives D} Dl (X), |a|+ 28 < 2m, satisfying equation (1) in 2, where a
denotes a suitable multiindex.

We shall construct the function «(X)eH, which satisfies the, initial
conditions

(2) Diu(@, 0) = fi(w)

and boundary conditions

(3) ~D, Pu(X)—yP*u(X) = h,(X) for @, =,
(4) D, Pru(X)+yPru(X) = by (X')  for @, = —o,

Where X' = (2, @y, eeey @i, t)y K =0,1,...,m—1 and y is an arbi-
trary real number.
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Moreover, we shall construct the function «(X)eH satisfying the
initial conditions (2) and boundary conditions
(5) Phu(X) = hy,(X') for z, = ¢,
(6) D, P*u(X) =1 (X') for @, = —¢ (k=0,1,...,m—1).
2. Let us consider the sets
By ={X: —o0 < ;< 00, |2,] <¢,t =0},
8@ = {X: —oco < m; < 00, @, = (—1)"¢,t> 0},

where i =1,2,...,n—1, ¢ =1,2.
For the construction of the solutions of problems (1), (2), (3), (4)
and (1), (2), (8), (6) we shall use Green functions for the equation

(7) Pu(X) =0.

Let X denote an arbitrary point of Q. Let X{V be the symmetric
image of the point X with respect to the plane §®, X{) the symmetric
image of the point X{)_, with respect to §® and X{),, the symmetric
image of the point X{) with respect to 8%, p = 1,2, ... Further let X
be the symmetric image of the point X with respect to S%, X{2) the symme-
tric image of the point X&)_, with respect to 8", X{)_, the symmetric
image of the point X with respect to 8¢, p =1,2,... Put

Xg’)=(w1,%y---y%—uw$ﬁ)pyt), q=172'
It is easy to verify by induction that
o, = (—1)? [, +(—1)%2pe].

Put
Xgl) = (1) Lay ++ -y xn—uzﬁ)p:t);
where
7O, = (—=1)[2,+(—1)*2po+ )], £20,p=1,2,...,¢=1,2.
Let )
t—8)"™2expdat(s —1t) lx —y|? for s <t
D 1) - | ) et — ) =yl :
for s>t, X #Y
and

®) 9(X;Y) =UX; V)+ Y UEP; D)+ UED; ¥)— V(X 5 ¥)+
Dl

+ V(X@_l; ],
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where
V(X2 ;Y) =2y [ *U(XD_;; V)dE (¢ =1,2),
0
Y =(y,9) =(?/19?/2’"'7yn;s)€QU’S(I)US(2)7 XeQ.
Let
e -99(X;¥) fors<t,
(9) G(X;Y) =

for s>t, X # 7Y,

Let us consider the series

(10) QP(X;Y) = ZlDL%U(X;?’; )|
and o
(1)  QP(X; ) =2f°° HDgh U(XD; T)dE (¢ =1,2).
pP=2 0
Let

QU = (X |y <oy [ <20, 0KILKT, 0 =1,2,...,n—1},

where I = 0,1 and ¢;, T are positive constants.

LeMuMa 1. The series defined by formulas (10), (11) are uniformly
convergent for XeQ®, YeQU.

Proof. Applying the estimation [6], p. 489, we get a common majo-
rant of the series (10), (11) of the form O(t — s)", where C and u are suitabie
positive constants.

We shball prove the following

THEOREM 1. The function G(X; Y) given by formula (9) is the Green

Sfunction with the pole X for equation (7) in the domain 2 and for boundary
condition

(*) (—1)0[D, G(X; Y)+y@(X; Y)]=0 as Y89, X # ¥ (¢=1,2).

Proof. By definition of the Green function and properties of the
fundamental solution it is sufficient to prove that the funetion G(X; Y)
satisfies the boundary condition (*).

Since the integral V(X{®_; ¥) is uniformly convergent, we have

D, V(X@_; ¥) _2yf D, UX@_,; Y)dE (¢ =1,2).

By the equality
D, UXQ_; Y) =(—1)*"' D U(XY_}; Y)
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integrating by parts we have
(12) D, V(X ;3 ¥) = (=1 V(XY ,; T)+(-1)""2U(XY_1; Y)
(p=1,2,...).
By formula (12) and symmetry of the suitable points with respeet to the
plane y, = ¢ we get
—D, [U(X; 1)+ UXY; ¥)= V(X Y)]—y[U(X; ¥)+ U(XP; ¥)—
-V 7] =0,
— D, [U(X(; Y1)+ U (X5 ¥)— V(X5 1) -y [U(EXP; T)+
+ U(Xgld; Y)—V(XP,;%)]1=0 fory,=c¢,p=2,4,6,...
and
—D, [U(XQ; )+ U(XD,;; Y)+ V(XP; V)]—y[U(XY; ¥)+
+UXP 3 N+V(XY; )] =0 fory,=c¢,p=1,3,5,...,
hence
—D, G(X; Y)—»G(X; ¥) =0 for YeSW, X 2 Y.
Similarly we can prove that
D, G(X; Y)+pG(X;Y) =0 for YeS®, X #¥X.

3. By Q,, 8, 8% we shall denote the subdomains of the domains 0,
S, §® lying under the characteristic s =t Let dy = dy,dy, ... dy,,
dY' = dy,dy,...dy,_,ds and dY = dy,dy, ... dy,ds.

Let

1 1 1
(13) @;(y) = 37 v (y)— m YY)+ s H(=1Y 01! Yo(¥),
where

v =5, v = U= _, (1) +Cla Af;_1(¥),y -5 o(¥)
= C?( ]fo( +01( b)] tadf(y)+ ... +0§- azA)Jfo(y)’

A= YD, N = AN, = (Z) (G =0,1,...,m—1).

Let us consider the funotions

%(X) = 4 [¢;6(X; )l,ody,
So

(t)

'wq,j(X)-:(—l)”lazAf AT
qu)

G(X; V), et dY,
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A =2a/m) ", ¢=1,2,j=0,1,...,m—1 and let

m )m—l )
(14) 2(X) = (—1)"A fF(Y ——l)—a(x, Y)dy,
(1) o(X) = 3 to,(X),
(16) w(X) = D) [w,,(X) +wy,;(X)].
We shall prove that the function
(17) w(X) = o(X) +w(X)+5(X)

is the solution of problem (1), (2), (3), (4) in the domain Q.

Similarly as in [6] we can verify by induction

LeMMA 2. If w(X; Y) satisfies the equation Pxow(X;Y) =0 for
all Y, then

k i—k
(=D XY for k<,

2 (2 o v) -

0 for k>j,
k and j being positive integers.
4. Let
?={X: —co< @< 0o, |&,|<e, £20,i=1,2,...,,n—1},
Q¥ ={g: —co<a; < 00, |2,/ <0, ¢ =1,2...,n—1},
O = (X" —co<a;< oo, t>20,i=1,2,...,n—1}.
Let us consider the integrals
I ff (X5 Y)lsmod
I9(X) = f Y)Y (X; Ty, . d Y,
S(l)
IX) = [WY)Q(X; Y)ly,—dY,
s§2)
I9(X) = [F(Y)QI*(X; Y)aY,

!)t
where ¢ = 1,2, 1 = 1, 2 and the series §\?(X; Y) are defined by formulas
(10) and (11).
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Now we shall prove

LEMMA 3. If the functions f(y), h(Y') and F(Y) are bounded and
‘measurable in the sets Q®, QW O respectively, then the integrals IZ(X)
(g =1,2,1=1,2, v =1,2,3,4) are uniformly convergent in every
set Q@)

Proof. Similarly as in [7], p. 132, we can verify that the function

(18) Ct*

is & common majorant of the functions |I£?2(X)], C and u being positive
-constants. Hence the integrals I'9(X) are uniformly convergent in every
set OB,

Let us write

JPX) =B [f(y)DfU(X;y,0)dy, where B =dAe™™ k=0,1,2,...
o(8)
We shall prove

LEMMA 4. If the functions Dif(y), la] < 2k are bounded and meas-
urable for yeQ® and continuous in a neighbourhood of the point x, =

0 0 0
{B1y Baye vy By), then \
Hmd(X) = (a* 4)ef(z,) as X—>XyeSy, XeQ, Xy = (2,0
k=1,2,...).
Proof. Let K, denote the n-dimentional ball with radius o, centered
at the point x,. We choose a number ¢ such that K, c Q® and the func-
tions D)f'f(y) are continuous for y<K,. Let
" JO(X) = JEUD) +TH(X),
where
JU(X) =B [fy)DFU(X;y,0)dy,
KQ

JX) =B [ fyDfU(X;y,0)dy.

9(3)——KQ

Let us consider the integral

JOX) = —B ff )D, U(X ,y,O)dy—BZ [fy)e* DL UX;y, 0)dy.

Q i=1 K

Integrating by parts, twice we obtain

JU(X) = 2[[ (D5 f W) U5 9, 0)dy+1, () + 1, (X)),

ta1
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where
I,4(X) = Ba* [f(y)D,,U(X;y,0)cos(n,y;)do,,

K,

LX) = Ba* [[D,f(y)1U(X;y, 0)cos(n,y)do,.

9K,

Since X—X,e8, thus we can suppose that [xw,| < 6/2, § being a posi-
tive number. Hence

HmI, (X)) =0 as X—>Xoe8,, 1 =1,2,...,mn, 4 =1,2.
From the lagt formulas it follows that
JN(X) =B [fy)U(X;y,0)dy,
where
B a?df(y) for yeK,,
Jy) =
0 for yeE,—K,.
Applying the theorem of Weierstrass ([5], p. 466) we get
(19) ImJP(X) = a2 Af(x,) a8 X—>X,e8,, Xef.
The proof of the implication
lim JM(X) = (a2 A f(a,) = im JEHD(X) = (a2 4V f ()

XX, X—+Xq
(k =1,2,...) is similar to the proof of condition (19).

LemMA 5. If the fumctions D)'f(y), la| <2k, are measurable and

bounded in QP and are continuous in a neighbourhood of the point x, =
0 0 0
=Ty, Ly, ..., &,), then

) o

LmDEJO(X) = ¥ OCL(=bY (a2 A)f(m,) as X>XyeSy, XeQ,
X, = (#,0), ¥k =1,2

Proof, Similarly as in (7), p. 132, we can verify that the integral
J"(X) belongs to the class C* in £. Hence

~- =

k
DETO(X) = D] CL(=b)~* TP (X).
i=0
From the last formula and Lemma 4 follows the assertion of Lemma 5.
Let

iy f f n(Y) I e g (X V), AT

-0 Epn_
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Now we shall prove

LEMMA 6. If the function h(Y') is measurable, bounded for Y' QW
[1] 0 0
and continuous at the point X, = (L1, Loy ...y Ly_y, &), then

o o 0
Hmd,(X) = h(X(I)) as XQXOGS(I)’ Xel, Xy = (B1y @gy oony By, €y ).

Proof. Applying suitable formulas, by [4], p. 500, and [5], p. 456,
we get

¢
_ Vi le—
A f f %—:a;-" e U= U(X, Y)ly, = dY’ = exp(—— ~—47(ﬂca ) )
—00 Hp_q
Hence
, Vg(c—xn)
Jo(X) = h(X,)exp T e +dJ3(X),
where

c-—x,
t—s

Js(X) = A j f () — k(X)) e T (X; Y)l, - odY .

—co Ep_y
Similarly as in [7], p. 141, we obtain
limd,(X) =0 as X—>X,e8W
and consequently the assertion of Lemma 6.

5. Let
0 = fp: —co <, < o0, |l <6, 1 =1,2,...,n—1}.

We shall prove
LemmA 7. If the functions F(Y) and D, F(Y) (i =1,2,...,n—1)
are bounded and continuous in the set 2, then the function z(X) defined by
. Jormula (14) is of class H.
Proof. By [5], p. 536, and Lemma 3, the integrals z(X) and
(t . s)m—l
fF(Y)D;’D;“‘[(miﬂ! @(X; Y)] aY, |al+28<2m

.()t
are almost uniformly convergent in . From the conditions

(20) lim [F(Y)(t—s)*G(X; X)dy =0 for X ¥, p=1,2,...

/st A

it follows that the function z(X) and its derivatives D} D!"z(X), |a|+28
< 2m are continuous in £2. Moreover, from Lemma 2 and condition (20) it
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follows that
Pra(X) = A [F(Y)G(X; Y)l,oydy = lim 4 fI’(Y)G(X Y)dy.
SO s>t~
Let
F(y,s) for ye® s>0,

F(y,s) =
5 0 for yeB,— 29, s> 0.

Similarly as in [5], p. 466, we ohtain

-

liftllA f F(Y)e ™90 (X; Y)dy = lim A4 f F(Y)e ™9 U(X; Y)dy= F(X)
8> So

s+t~

for X ¢ 2. Moreover,

lim A fF(Y)e—b“ ”Z[U XQ; V) + U(X; V)= V(XE_y; V) +

st p=
+V(XD_;Y)1=0 for Xef.

Hence the function z(X) satisfies equation (1) in Q.
Let
. o o o
o] = ai+al+ ... +d), Di''=D;...D.D,.

LeMMmA 8. If the fumctions DI\f;(y), 1| <2(m—j—1), hy,;(Y"),
hy (Y'Y (j =0,1,...,m—1) are measurable and bounded for yeQ¥,
Y e QW and the functions F(Y), D, F(Y) (i =1,2,...,n) are bounded
and continuous in Q, then the function u(X) defined by formula (17) belongs
to the class H.

The proof of Lemma 8 is analogous to the proof of Lemma 7.

LEMMA 9. If a) the functions DI'fi(y), |o/| < 2(m—5—1), hy(¥'),
By (Y'Y (j =0,1,...,m—1) and F(Y) are measurable and bounded in
the sets 2O, W, B respectively, b) the functions DI*'\f;(y), la’| < 2(m —j—1)
(j=0,1,...,m—2) are continuous in the neighbourhood of the point
Ty QO ¢) the function f,_,(y) is continuous at the point ze 2P,
then the function w(X) defined by formula (17) satisfies the initial condi-
tions (2).

Proof. The function v(X) defined by formula (15) is the sum of the
functions I,(X), ! =1, 2, where

m—1

ZBt] f%(?/ X5y, )dy,

m-1

I,(X) = > BYf f ;i (¥) ZLU(X‘” Y)+ UXP; ¥)— V(XG5 Y)+

j=0 p=1

+ V(X5 ).
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Similarly to [3] we can verify that the function

m—1

= 2 tjuj(X)’
j=0

where
B
@) = 5 ([T, 00— T {L () U(T39,0)dy +...
e
(—1YB __.
T ffo(y)U(X;y,O)dy,
151 g
satisfies the initial conditions (2). By formula (20), Lemmas 4, 5 and We-

ierstrass theorem ([5], p. 466), we can verify that the function I 1(X) satis-
fies the initial conditions (2). Analogously to [7], p. 132, we can prove
that the function defined by formula (18) is the common majorant of
the functions |DfI,(X)], |DFw(X)| and |DFz(X)| (k =0,1,...,m—1).
Hence the functions DfI,(X), Dfw(X) and DFfz(X) tend to zero as
X—>X,e8,.

We shall prove

LeMMA 10. If the functions b ;(Y') (k =1,2; j=0,1,...,m—1)
are measurable and bounded in Q% and the functions h, ;(¥') are contin-

0

r 0 ¢ . .
uous at the point Xy = (L1, Loy oevy 1y by), then the function w(X) given

by formula (16) satisfies the boundary conditions (3).

Proof. Let
w(X) = w(X)+w,(X),

E;‘ w,,;( (» =1, 2).

Similarly as in the proof of Theorem 1 we get
(21) D, V(X ;3 ¥) = (=19 V(XD ; V) + (-2 U(X 15 Y)
(¢ =1,2; p=1,2,...).

where

In consequence by Lemma 2 we obtain
(*) .
— D, Pru,  (X) = yPru, (X) = | ) T
" . ’ 0 for j < &,

(t—s)y ¥ f

C) (XY o [ __1)i+k,2 a7 .
Q) = (=17t a [ By (V) e D UK Tt

f

001 N (2,
+ D, [U(XP; )+ U(XS Y)]}

p=1

Y (¢=1,2).

vp=(-1*le



Limit problems for poliparabolic equation 143

In the same way as in the proof of Lemma 6 we have

lim[ — D, P w,(X)—yP*w,(X)] = hy ,(X;) as X>X,e80, Xel,
(k=0,1,...,m—1).

The integral Lg?,}c(X } is uniformly eonvergent in every set
QO = (X: o] < ¢, <, <2, 0KILT, 1 =1,2,...,0—1},

where ¢;, d,, T are real numbers for which ¢; > 0, —e¢ < d, << 2¢, T > 0.
Hence the function I (X) is continuous at the point X,eSY. Since

D, [UX; Y)+U(XP; V)l - =0,
and '

D, [U(XP 3 Y)+U(XP; V)ly,ee=0 for X=Xe8V, p=1,2,...
therefore lim L), (X) = 0 as X—>X,¢S8") and finally we obtain
lim[— D, Pw,(X)—yP*w,(X)] =0 as X—>X,e8",
! Ek=0,1,...,m—1,

Levma 11. If the functions hk,,-(Y") (k =1,2) are bounded and

measurable in QU and the functions hy ;(X') are continuous at the point X,

= (), Byy vey Byry bo), then the function w(X) defined by formula (16)

satisfies the boundary conditions (4).

The proof is similar to that of Lemma 10.

LevMMA 12, If the functions D' f,(y), lo] < 2(m—j—1)(j = 0,1,...
«.., m—1) are bounded and measurable in Q9 then the function v(X) given.
by formula (15) satisfies the conditions

lim{D, P*v(X)+yP*o(X)] =0 as X—>X,e8008%,
k=0,1,...,m—1.

Proof. In virtue of Lemma 2 and formula (21) we get

L{L(X) for j>k,

Pko,(X)+ yPFo, (X) =
(&) FrPro (&) =1 for §j <k,

D

Tn

where
(—1)/+*pi—* 4

B = = i

[ 6 1D,,6(X; )+ 35 Doy
Sy

The integral L{) (X) is uniformly convergent in every set

Q0 = (X: |z < ¢y @, <20, 0<T,<t<T, 0 =1,2,...,0—1},
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where ¢;, T, T are positive numbers. Hence the function Lf}c(X ) is con-
tinuous at the point X,eS%, by virtue of formula (21), and by formulas

D, [U(X; Y)+ U(X{; D=0z 0, D, (U(XP,1; V) +U(XP; Ylmo=0
for X = X,e8V (p =1,2,...), we get
ImLP(X) =0 as X—X, 8.
Henco '
lim[Drn.ka(X)—l—yka(X)] =0 as X—>X,e8".
Analogously we can verify that
lim[D, P*v(X)+yP*o(X)] =0 as X—>X,e80.

LEMMA 13. Let the function F(Y) be bounded and measurable in the
set Q, then the function 2(X) defined by formula (14) satisfies the conditions

lim[D, P*2(X)+yP*2(X)] =0 as X—>X,eS008
(k=0,1,...,m—1).

The proof of Lemma 13 is analogous to that of Lemma 12.

By Lemmas 8-13 we obtain

THEOREM 2. Let the functions DY’\f,(y), la’| < 2(m—j—1), hy;(Y"),
by (Y'), F(Y) and D, F(Y) (j=0,1,...,m—1;4=1,2,...,n) be
bounded and continuous for yeQ®, Y'eQ® and YeQ; then the function
u(X) given by formula (17) is of class H and satisfies the limit conditions (2),
(3) and (4).

6. Let

e g (X;Y) fors<t

(22) G (X; Y) = ’ ’
for s>t, X £#7Y,
‘where
0(X; Y) = U(X; )+ UEP; )+ D~ [U(XG 5 ¥)+
. p=1
+ U(XY); Y)+ UXD); Y)+ U(XG),; T)1.

THEOREM 3. The function G (X; Y) defined by formula (22) is the
Green function with the pole X for cquation (7) in the domain 2 and for
boundary condition of Dirichlet—Neuman type G(X; ¥) =0 for Ye8W,
X #Y and D, G1(X; Y) =0 for YeS®, X £ 7.

The proof is analogous to that of Theorem 1.
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Let

m—1

-y {Atf [ e X; Bolsdy +

, t—s) ,
+(_1)]+1a2A fhl,j(Y’)Ljy—sj— G (X Y)]Vn‘“c Y +
. f jt!

g . (t—s) '
+(—=1Y"a’4 fhz,:i(y)—-'r—Gl(X Y)lyy=—cd X +

s s
(t—sm ! _
m M : Y
—1y"4 fF iy X 1)

where the functions ¢;(y) are defined by formula (13).

THEOREM 4. If the functions Di'f;(y), lof| < 2(m—j—1), hy;(¥),

hy;(X'), F(Y) and D, F(Y) (j=0,1,..,m—1;4=1,2, n) are
bounded and continuous in the sets Q®, QW) Q respectively, then the fune-
tion w(X) defined by formula (23) is of class H and satisfies the limit con-
ditions (2), (3), (6).

1]
[2]
£3]
[4]
[5]
[6]
(7]

The proof is similar to that of Theorem 2.
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