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On derivatives of vector measures into /Д Х ), 0 < P <  1

Let (Q, £ ,  /л) be a finite positive measure space and let m: £ -+lp(X), 
0 <  p <  1 , be a (cr-additive) vector measure, where lp(X) is the non-locally
convex space of all p-absolutely summable sequences in a Banach space 

* 00 

(X , II || Y), endowed with the p-homogeneous F-norm ||(æJ||p: =  £  {\\ocn\\x )p.
n = 1

As the inclusion lp{X) <= 1г(Х) is continuous, m can also be viewed as 
a vector measure m : £-+ lx (X).

If X  has the Badon-Nikodym-Property (BNP), then lx{X) also has 
BNP ([1]). So if m is //-continuous and has finite (resp. cr-finite) variation, 
it has a //-measurable, Bochner- (resp. Pettis-) integrable derivative 
/ :  й->1г(Х) (cf. [6 ]). It is natural to ask under which conditions the deri­
vative/ has values in lp (X), too, and furthermore, whether then/: Q->lp (X) 
is //-measurable and ||/(*)112з is //-integrable.

These questions were posed to us by Professor Joe Diestel. This 
note provides some answers into this direction.

In the sequel, (X , || ||x ) will denote a Banach space with BNP and F 
an F-space with F-norm || H# (cf. [8 ]). (Q, X, //) is a finite positive measure 
space (cf. [2]). By a vector measure we understand a cr-additive set function 
m: X->F.

( 7ÏI (D}
For B e £  with //(B) >  0 the set ssfB(m): — <-------- : De£,  D cz B,

l //(F)

p(F) >  o| is called the average range of m on B.

A function/: £?->F is said to be weakly measurable if x*f is measurable 
for all æ*çE*, and is /л-measurable if there exists a sequence (fn) of simple 
functions with lim \\fn(t)—f{t)\\E =  0  /z-a.e.

n—̂oo
The variation of m is defined by \m\(Q): =  sup \\m(B)\\E, where

n Ben
the supremum is taken over all finite partitions я of Ü.

The notion of the variation is no more useful in F-spaces with non- 
homogeneous F-norms. Even in the case of the spaces lp{R), 0 <  p <  1,
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which have a ^-homogeneous F-norm, the variation is never cr-finite unless 
the vector measure is purely atomic (cf. [3]).

Also, there are vector measures m : Z-+lp(X), such that m : E ^ l^ X )  
has a Bochner-integrable derivative (in lx(X)), which does not take values 
in lp{X).

E x a m p l e  1. Fix 0 ФссеХ, set f n(t): =  —̂ j~rn(t)x, where rn is the
n'p

w-th Bademacher function, and define/: Q->lx{X) by f{t) :=  {fn(t))neN- 
Then /  is Bochner-integrable in lx{X), m(E) : =  (B) —j  f(t)dju(t)elp(X)

E
and f(t) 4lp{X) for all teQ.

As we remarked already, m cannot have cr-finite variation but re­
placing this notion by another one [which is equivalent to the cr-finiteness 
of variation jn Banach spaces with BNP], we get an BN-type result 
analogous to the Banach space case.

P r o p o s it io n  1 . Let m: X->Z^(X), 0  < p  <  1, be а //-continuous vector 
measure with locally bounded average range (i.e., for every AeZ, ц(А) >  0, 
there is a В c= A, //(B ) >  0, such that s/B(m) is bounded in lp{X)). 
Then there exists a ^-measurable function f :  Q->lp(X) with m{E)
=  (P)~

E
P roof. We first remark that the notion of a Pettis-integral may be 

extended to the space lp(X), since it has a separating dual. Moreover, 
we note that lp(X)* =  lx(X)* [£\.

By exhaustion one can find pairwise disjoint sets A {eZ and a //-null
oo

set N  such that s#A. (m) is bounded in lp (A) for all i eN and Ü =  N  и ( U  AJ.
г t=i

As the topology of Z^X) is coarser than that of lp(X), boundedness of 
•я?А.{т) in Zp(X) implies that \т\{А{) is finite. Therefore, as lx(X) has 
BNP, m has a Bochner-derivative /  on every A t with / ( i ) e ^ . ( î » ) 1 (the 
closure of siA{(m) in lx{X)) for all t€A{ (cf. [7]).

Setting f(t) — 0 on N, we get the representation m{E) =  (P) —
~~ff(t)dju(t), where /  is //-measurable in Zx(X). Furthermore, the bound-

e  __________
edness of sfA (m) implies that ^ A x(mŸ ^ ZP(X), i.e., f(t)elp(X) for all 
teD.

It remains to show that/is //-measurable in lp (X). As/has //-essentially 
separable range in lx(X), it is easy to see that this is also true in lp(X).

Now we show that ||/(-)1̂  is measurable.' This is done if we know that 
for every £ > 0  TJe : =  {t: \\f(t)\\p <  £}eX*, where Z* is the Lebesgue- 
extension of Z. But since /  is //-measurable in lx{X), we have for every 
closed set A  c  lx{X) that f~ 1{A)eZ* ([2], III. 6.9). The closed ball 
Bp(0) :=  {xclp (X):  ||®||p <  e} is still closed in ZX(X) and f~1(Bp(0)) =  Ue,



Derivatives of vector measures 55

which implies TJeeE*. The rest of the proof now is the same as in the Banach 
space case (see e.g. [2 ], III. 6 . 1 1 ).

The last part of the proof implies the following
Co r o l l a r y . A function f : Q-^lp{X) is p-measurable if and only if
(a) /  is [л-essentially separably valued, and
(b) f  is weakly measurable.
There is no direct analogue of Proposition 1 for Bochner-integrable 

functions, as such a notion makes no sense in a non-locally convex space, 
because there exists a sequence of simple functions uniformly tending 
to zero such that the corresponding sequence of integrals does not tend 
to zero ([8 ], p. 84). But we can still ask whether f\\f(t)\\Edp(t) <  oo.

Q
For a ^-measurable, Pettis-integrable function/: й-^1г(Х) we have

f\\f(t)hdp{t) <  oo if and only if m: Х->1г{Х) with m(E): =  (P) — Jf(t)dp(t) 
а к
has bounded variation (cf. [6 ]), i.e., if and only if the vector measure
M: X-^ l^R),  m(E) : =  ( ( \\fn(t)\\x dju{t))mN has values in 1г{В). This

È '
gives us a condition for the integrability of ||/(-)lli>-

Proposition 2 . Pei f :  Q->lp{X),  0 <  p <  1, be p-measurable and 
Pettis-integrable, i.e., m{E) =  (P) — J f(t)dp(t)elp(X). Then we have

E
J w n m M t )  <  oo, if the vector measure m has values in l (R). 

n
P roof. For positive functions we have 

<*) ( j h ( t ) d ^ t f  >  -  -2 —  ([B], 13.6).

This implies
OO oo

j w m w t )  =  f  у  (и ш и x Y ^ ( t )  =  У  /
Q О n = l  1 О

oo

«  м я ) 1- 3’ у  ( /  =  м о ) 1- ” р ( о д ,  <
п—\ Q

However, unlike the case of lx{X), the condition is not necessary 
for lp(X), 0 <  p <  1 , because (*) is an equality only for p =  1.

E x a m p l e  2. Let (Q ,E ,p )  Tbe non-atomic and 0 < p < l .  Then
OO Q

there is a partition {Аг)  of Q with (J A { =  Ü and p{Af) = —^  for
t=i n

a certain constant c >  0. Fix 0 Ф x e X  and set
| 1  teAn,
( 0  else,àn(t) ■
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fn('<0 :=  àn(t)x. Then /  =  (fn)mN: Q-+lp{X) is ^-measurable and \\f(t)\\p 
=  (1МЫР f°r яЛ tcQt but
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