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On the distribution oî some sequences oî integers 
in residue classes

1. Denote A{n) — Q(n) — co{n), n = 1 ,2 ,3 , . . . ,  where co(n) is the 
number of different prime factors and Q(n) is the number of all prime 
factors of n. Let r to be an integer, r >  0. Denote by Qr the set of all posi­
tive integers n such that A (n) =  r. If x >  1 and if l and ft are positive 
integers, ft ^  1 we define the function

Qr(x-,l,h) =  г -
п<ж

n=7(modA)

In the case 1 = 0 ,  ft =  1 the above function has been investigated 
by A. Rényi [7], H. Delange [2], [3] [4] and A. S. Fajnleib [5].

The purpose of this note is to investigate the distribution of integers 
belonging to Qr in residue classes (modft), by the use of some estimate 
of the function Qr(x; l, ft). E. Cohen and R. L. Robinson [1] proved that 
integers belonging to the set Q0 are equipartitioned (modh) if and only 
if h is of the form h =  'p^p^2 ... pi8 with ^  2, i =  1, 2, . . . ,  s. We shall 
prove in the following that integers belonging to the set Qr (r ^  1) are 
not equipartitioned (modft) for any Ji >  1. We shall prove also that if h 
is of the form h =  Pxlp l2 ... pi8 with щ >  2, i =  1, 2, . . . ,  s, then integers 
aeQr (r >  0) such that (a, h) is square free, are equipartitioned in residue 
classes (modft). At the end of this note we shall state that for any fixed 
i >  0, each sufficiently large natural number is a sum of tho positive 
integers a and b such that A (a) =  i and A (b) =  0. We shall also give 
an asymptotic formula for the number of such representations.

2. If a residue class (mod ft) is defined by a residue l(modft) such 
that A {(l, ft)) >  r, then no integer belonging to Qr is contained in such 
a residue class (modft). Hence if A {{l, ft)) >  r, then obviously Qr{x‘, l,h) = 0  
for all x.
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H. Delange mentioned (see [4], p. 182) that by the nse of his methods 
we could get an asymptotic expansion for Qr(x ;l,h ). First we state 
without proof the following

T h e o r e m  I. Suppose d =  (l, ft) is square free, В  is the product of 
all different primes dividing d but not dividing h jd. Then

Qr(x ‘, l , h )  =  Лга? +  O(Vœ {loglogxf) ,

where

6  < p ( B )

7 T 2  В 2 ( p ( m ) ( m ,  h)

n ( i - — \ > 4 < W  n l  i — ^ ЩJ J  \ p *) и  \ рг )
p2-fh

and er(P) denotes the set of all integers m of the form p llpf2 • • • Pss, where 
p x, Pz> • • • > Vs are different primes, at ^  2 and ax-\-a -̂\- ... + a s — s =  r.

3. Let us denote by r an integer, r ^  0. A residue class Z(modft) 
will be called admissible if A [(l, ft)) <  r. A residue class (modft) will be 
called admissible if is defined by an admissible residue.

The integers belonging to Qr are said to be equipartitioned (modft) if

(1 )
Qr(ar,l,h) 1

lim — --------  --------
X -+ o o  Qr(X) -ftp  ( f t )

for each admissible residue class (modft). I r{h) denotes the number of 
admissible residue classes (modft) and Qr(a>) — Qr(%-, 0 ,1) (cf. [1]).

It is known that numbers belonging to Q0 are equipartitioned (modft) 
if and only if ft =  p llpl2 .. • pls, 2. This case r — 0 been investigated 
in [1].

The following theorem is devoted to the case r >  1.
T h eo r em  II. The integers belonging to the set Qr (r >  1) are not equi­

partitioned (modft) for any ft.
P roof. Suppose ft is not square free. Let p l to be a prime such that 

p\ I ft. Choose two residues (modft): 1 and p x. Both are admissible, because 
of Zf((l, ft)) =  A((px, ft)) =  0. From Theorem I  it follows

(2 ) lim
Qr(x, 1, ft)

QAX)

l
hi I ( l - i  ip2)

p\h
™ F]0-+llP)

(m,h) = 1 V\ m

1meer(p)

1
m I H i + i l P )

n\m

X-+CQ
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and

(3 )
r  Qr№>Pi,h)lim --- —-------
ж->оо Qr(os)

1
h n a - i / p * )

p\h
Imeer(p)

(m,h)=l
ш Г К 1 + 1 /р )

p\m

1

Emee^p)

1
mIl (! + x/jP)

p\m

1 у  Pi<p(m)
m4(r) m‘ П  (1 — (2>a, A)/i>.)

*>l* (m,h)=P\ V\m^  1 РФРу

у  __ -__
»4<„) т П  ( i + i  Ip )

p\m

In this cases В  =  1.
From (2), (3) we have

Q r ( x ; l , h )  Q r ( ® , P i ,  h)lim — --------  Ф lim -------------.
x-+oo Q r { x )  x->oo Qr(oo)

Thus theorem is proved for h that is not square free.
It remains to prove the theorem for h square free. Suppose the in­

tegers belonging to Qr ( r >  1) being equipartitioned mod h with some 
square free h. In this case all the residue classes are admissible. Hence 
from (1) it follows

Qr(co-,l,h) 1
lim --- -------  =  —,

>00 Q i^) ™
1 = 1 , 2 , . . h.

Let p x to be a prime divisor of h.
Qr(co; l, Px) 1

lim --- --------  =  — ,
CE-M» Qr(oo) P i

Then we have

l =  1, 2, . . . ,  Px

(see [6], § 5).
Particularely for l =  px

. . .  r  Q r (æ , P l , P l )(4) lim -----—--------
X-+OO Qr('X')

From Theorem I  and (4) we have

1
P i ’

Pi
P i + 1 jS  m П (1 + l/p )

meer(p) ^
(т,Рх)=\

+ *  . 1
m*er(p)

P l \ m

m II  ( )
p\m

РФР\

( 5)



406 C. Wowk

(6)

Let us observe 

1

and

(7)

2 2m i l  ( 1 + 1  Ip) m i l  ( 1 + 1  Ip)
* « mp> Air ,F} ,«»«**>(m,px)=i

+

+
5 r(jL£Î>X+1 \î>î т, + ш m f l ( l + l l p )

+

+ h 2p i щП (1 + 11р )
« « • r - a Ü » )  p\m(m,j31)=l

+  . . .

VJ m ï l ( l + l lp )
m:*rLp)Pl\m

1 V  1n  m+ , M m lja+ l/p ) +
Т^йЙ  * »

1 VI 1

P* т " М т П {1+1  /?) + " ’
T»S7)2i ?

(5) we get

y _____ 1_____ + i  y  ______ï _____ +  . . . + Л
m[1 (1+lfp) » !  ^  mff(l+llp) p\

(me8i[p\ *\* r 8<-,l(?  Pli(т,Р!)=1 (w»,p1)=l

v i  i  1 1
mfl (l+ljp) + » !  Zj' тП(1+Цр) +

+

Substituting (7), (6) to
— i i

î>ï+1)

Pif+ l

It is easily to notice that we have a contradiction. We can namely 
prove by induction that

2l n l ^ 1 ш Ц (1+11р) 
(m.Plyl P\mmeer{p)

+ 2P i  т П ( 1 + 1 1 р )(m,p x ) - l  |m  тевг_!(р)

+  . . .  +

1 A
<  >  ,j m f U l + l / P )  +  Pi2 2(m,Pi)= 

m«er_!(jj) p\m
m 11 (1 +1  Ip)

р\шmeer_ 2(p)

+  . . . PÏ 1

and the theorem is thus proved.
T h e o k e m  III. I f  h is oftheformp4}pa+ p l * ... pa*, a'- >  2, i  =  1, 2, . . . ,  s, 

then the integers aeQr (r >  0) such that (a, h) is squre free, are equipar- 
titioned modft.
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Proof. Denote by Qr{x) the number of aeQr, a ^ x  and such that 
(a, h) is square free and denote further by Qr(x; l, h) the number of aeQr, 
a ^ x ,  a =  Z(modü), (a, h) — square free. The integers aeQr such that 
(a, h) is square free belong to residue classes (modft) defined by residues 
£(mod/&) such that (l, h) are square free. Hence

Qr{x; l, h) =
Qr(xj l , h) ,

0,

if (l,h) — square free, 
otherwise.

Since a*Qr, therefore a =  mq, (m, q) — 1, meer(p), q square free. 
If h =  >  2, i =  1, 2, . . . ,  s, the condition (a, h) being
square free is equivalent to (m, Ti) — 1. Hence owing to Theorem I  we have

(8 )

Qr (*®> ^ 2; +  O (Va; (log logic)'),

<9) «-(•) -  £  2  m fla+ llp ) +  0
T (e^ P} P\m(m,h)=1

From (8), (9) it follows

Qr(x-, l, h) =  1
Q,(a>) h [ J ( l - l l p 2)

p\h

1 1 
Щ ь 1W ) ~ ~ n W r

p2\h

where (p2{h) denotes the number of residues Z(modü) such that (l, h) 
is square free.

T h eo rem  IV. The integers belonging to Qr (r >  0) relatively prime with 
h are equipartitioned mod h.

The proof is similar to the proof of Theorem III.
Th eo r em  V. Let i be a fixed non-negative integer. Then each sufficiently 

large positive integer is a sum of two positive integers a and b such that 
A{a) =  i, A(b) = 0 .

Proof. Let us denote by T{(n) the number of all representations of 
a positive integer n in the form of a sum of two positive integers a and b 
with A (a) =  i and A(b) — 0. By the use of the method contained in [1] 
(§ 4, the proof of Corollary 2) it can be proved that

1

P
p2\n

2mtê p)
J((w»,n))=0

y(w)
m2/7 ( l- 2 /p 2)

p\m

and thus the theorem follows.
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