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On the distribution of some sequences of integers
in residue classes

1. Denote 4(n) = 2(n)—w(n), n =1,2,3,..., where w(n) is the
number of different prime factors and £(n) is the number of all prime
factors of n. Let r to be an integer, r > 0. Denote by @, the set of all posi-
tive integers # such that 4(n) =r. If @ > 1 and if | and » are positive
integers, k=1 we define the function

Q51,1 = D 1.

n<e
n=l(modh)

In the case I = 0, b = 1 the above function has been investigated
by A. Rényi [7], H. Delange [2], [3] [4] and A.S. Fajnleib [5].

The purpose of this note is to investigate the distribution of integers
belonging to @, in residue classes (modh), by the use of some estimate
of the function Q,(x; I, 2). E. Cohen and R. L. Robinson [1] proved that
integers belonging to the set @, are equipartitioned (modh) if and only
if h is of the form 2 = p{ips2... pgg with ¢; > 2, ¢ =1, 2,...,s. We shall
prove in the following that integers belonging to the set @, (r > 1) are
not equipartitioned (mod#) for any % > 1. We shall prove also that if h
is of the form » = p{lps2 ... pls with ¢; > 2, ¢ = 1, 2, ..., s, then integers
aeQ, (r > 0) such that (a, k) is square free, are equipartitioned in residue
clagses (modh). At the end of this note we shall state that for any fixed
i > 0, each sufficiently large natural number is a sum of tho positive
integers @ and b such that A(a) =+ and A4(d) = 0. We shall also give
an asymptotic formula for the number of such representations.

2. If a residue class (mod?) is defined by a residue I(mod#) such
that 4((7, b)) > r, then no integer belonging to @, is contained in such
a residue class (mod k). Hence if 4{(7, h)) > r, then obviously @,(z;1, k) = 0
for all #.
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H. Delange mentioned (see [4], p. 182) that by the use of his methods
we could get an asymptotic expansion for Q.(xz;l, ). First we state
without proof the following

THEOREM I. Suppose d = (I, h) is square free, B is the product of
all different primes dividing d but not dividing h|d. Then

Q,(@;1, h) = J,o+0(Va (loglogay'),

where
P 6 @(R) 1 @(m)(m, h)
r— 2 2
= B h”(l—i) mear(p)mzn(l_M)
ik _pz (m, )1 Pl pz
024R

and e,(P) denotes the set of all iniegers m of the form pilpsy? ... pgs, where
Prs Pay -y P are different primes, o, =2 and a,+as+ ... +o,—s =71.

3. Let us denote by 7 an integer, r > 0. A residue class I(modh)
will be called admissible if 4((I, b)) <r. A residue class (modh) will be
called admissible if is defined by an admissible residue.

The integers belonging to @, are said to be equipartitioned (modh) if

Qe 1
1) @ L

for each admissible residue class (modh). I.(h) denotes the number of
admissible residue classes (modk) and Q,.(2) = Q,.(z; 0,1) (ef. [1]).

It is known that numbers belonging to ¢, are equipartitioned (mod#h)
if and only if & = p{1p2 ... pgs, a; > 2. This case r = 0 been investigated
in [1)}. '

The following theorem is devoted to the case r = 1.

THEOREM II. The integers belonging to the set Q, (r = 1) are not equi-
partitioned (modh) for any h.

Proof. Suppose kb is not square free. Let p, to be a prime such that
p%|h. Choose two residues (modh): 1 and p,. Both are admissible, because
of 4((1,h)) = A((p;, »)) = 0. From Theorem I it follows

1 “ .
R[](1—=1/p?) < T
o am@tmnh AT i O
e @y () T

m%:p) m,{],{;(l +1/Z’)
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and
1 1
RIT(1—-1 (141
. Qr(w7p17 h) ) {’gl( /p (zf}:)(:p? mpII;{- + /p)
(3) lim = +
&-»0 Qr(w) 2 1
mez (D) mpllrl(l +1/p)
; ¥ P19 (m)
h’” 1 1/p mee,(p) m? l] (1 pz’ h)/Pz)
Plh (m,h)=p 1’9*1’1

-+

1
Bim
In this cases B = 1.
From (2), (3) we have
Hm Q. (2;1,h) % lim Q,(@, p1, b) )
s Q(@) oo (@)
Thus theorem is proved for h that is not square free.
It remains to prove the theorem for % square free. Suppose the in-
tegers belonging to @, (r> 1) being equipartitioned mod# with some

square free k. In this case all the residue classes are admissible. Hence
from (1) it follows

30, R 1

im Q. (51, h) -,

zs0 Q) k

Let p, to be a prime divisor of . Then we have
1 Qr &5 l’pl) i

x>0 Q,(w V21 ,

1=1,2,...,h.

l=12,...,m,
(see [6], § 5).
Particularely for I = p,

(4) im Q. (0, D1y P1) =__1__.
T~>00 Qr(w) pl
From Theorem I and (4) we have

Py 1 Q 1 )
5 — 4, S —
e (MZ@ m{1(1+1/p) P Z m [ (1+1/p)

plm meedp)  pim

(m,p3)=1 pUm pp,

____1___.__
m[](1+1/p)

plm

mez,(p)
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Let us observe

U 1 1
6 —_— = —
© 2 wmarim T 2 waEm
T pim mpp=1 "

y 4 (1 1
+ == ———
p1+1\p] muzp m [](1+1/p)

f—'l( ) pim

(msp1)=1
! 1 P )
7 & warp)
€2._o(P) Pim
(m:pl)=1

and

1 1 1
(D 2 m [T(1+1/p) =EMZ m[[(1+1/p) +

mesy(p) €&, 1(D) plm

pylm pim (m,p1)=1
" 1 R 1 n + 1
e | RESY/ )R
mpp=1 PIm

Substituting (7), (6) to (5) we get

1 +_1_ 2 1 + N 1
m[[A+1[p) © pr, e, m [ (1+1/) YT
pim = m

g (m,pp)=1
»P1)=

m,p1)=1

1 1 1 1
- . S — i —r
" 2@ m[](14+1/p)  p m [](1+1/p) o
€s;_1(D) pim mesg_o(p) plm
(m,pl)=1 (m:pl)=;

It is easily to nofice that we have a contradiction. We can namely
prove by induction that

1 " 1 2 1 . n 1
wl, m[[1+1fp) " py & m[[(A+1fp) T g
V)= pim ,pl) 1 pm
mee,(p) mes,__ ()
1 1 1 1
< S R — b
( ,,Z,il m[[(1+1]p) P &= m[[(1+1]p) P
m,0y)= pim :171) 1 pim
mee,_1(p) mee,_o(D)

and the theorem is thus proved.

TaEoREM II1. If h is of the form p{ipg2pss ... pls, a; > 2, i =1, 2, ..., 8,
then the integers ae@Q, (r = 0) such that (a, h) is squre free, are equipar-
titioned modh.
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Proof. Denote by @,.(x) the number of aeQ,, a <<z and such that

(@, ) is square free and denote further by @ .(»; !, k) the number of a<Q,,

< ® a =l(modh), (a, h) — square free. The integers ae@), such that

(a, k) is square free belong to residue classes (mod?) defined by residues
l(modh) such that (I, k) are square free. Hence

Ou(ws 1, B) = { Q.(2;1,8), if (1, h)‘ square free,

otherwise.

Since ae<@,, therefore a = mgq, (m, q) =1, mee.(p), ¢ square free.

If h=p}..p,0,22,¢{=1,2,...,5, the condition (a,h) being

square free is equivalent to (m, &) = 1. Hence owing to Theorem I we have

(8)

- 6 1 1 — .
Qlasl,m) = — a7 2 ey OV tosloso),
py h)=-1 pim
— [ 1 ;
(9) Qo) = — Zr(’ aTia s O togtosa)).
meep) pim
(m,h)=1
From (8), (9) it follows
lim Sr@ LR 1 _ 1 1
e @@ R[JA-1/p%)  R[]A-1/p)  gu(h)’
pih P

where ¢,(h) denotes the number of residues l(mod?) such that (I, k)
is square free.

THROREM IV. The integers belonging to Q, (r = 0) relatively prime with
h are equipartitioned modh.

The proof is similar to the proof of Theorem IIL

THEOREM V. Let i be a fiwed non-negative integer. Then each sufficiently
large positive integer is a sum of two positive inlegers a and b such that
A(a) =i, A(b) = 0.

Proof. Let us denote by T;(n) the number of all representations of
& positive integer » in the form of a sum of two positive integers a and b
with A(a) = ¢ and 4(b) = 0. By the use of the method contained in [1]
{§ 4, the proof of Corollary 2) it can be proved that

(m)
Ti(n) N—%f[( _]) n(l__l/(pz_l)) Z W]%_T/péj—

pim

leﬂ A((m n)) =-0

and thus the theorem follows.
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