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Capacity oî finite systems of elements in Banach algebras

Abstract. In this paper we give a generalization of P. R. Halmos’ results con­
cerning capacity in Banach algebras. The generalization in question is obtained for 
the case of finite systems of elements of a commutative Banach algebra with unit. 
The principal results are the following: (i) Sets of quasi-algebraically dependent 
systems of elements and systems of the capacity zero coincide, (ii) The capacity of 
elements is equal to the capacity of their joint spectrum.

Introduction. P. B . Halmos in [3] defined the notion of capacity 
of an element in a complex Banach algebra with unit (see also [2], p. 251). 
Using this notion he characterized a set of quasi-algebraic elements of 
this algebra. Namely, he proved that an element is quasi-algebraic if 
and only if its capacity is equal to zero. Moreover, it was shown that 
capacity defined in such a way is very close to the well-known potential- 
theoretic notion of capacity. The main result in Halmos’ paper states 
that the capacity of an element is equal to the capacity of its spectrum. 
Using this result Halmos obtained some interesting applications.

The main purpose of this paper is to generalize Halmos’ results 
for the case of finite systems of elements of a commutative Banach al­
gebra with unit over the field of complex numbers. The paper is divided 
into two parts. In the first one we shall define the algebraic dependence 
of elements and next its analytic version, the so called quasi-algebraic 
dependence of elements of a Banach algebra. The second part is con­
cerned with the notion of capacity of elements. We shall prove that 
elements are quasi-algebraically dependent if and only if their capacity 
is equal to zero. Next, it will be proved that the capacity of elements 
is equal to the capacity of their joint spectrum. Finally, the relationship 
between the capacity of the whole system of elements and the capacity 
of a part of it will be studied.

1. Algebraically and quasi-algebraically dependent systems of elements.
We start with the notion of a monic polynomial of n variables. This notion 
is basic for our further considerations. Let C [X x, . . . ,  X n], where n >  1, 
be a ring of polynomials of n formal variables X x, . . . ,  X n with complex
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coefficients. A polynomial гоеС[Хх, . . . ,  X n] is called monic of degree к 
( k ^ l )  if it is of the form

where T 4 =  1.
<1+. *» •«

A set of all monic polynomials of n variables of degree к will be 
denoted by Pk(n).

L emma 1. I f  weP\{n) and vePl(n), then wv€Plk+l{n).
Proof. Straightforward computations.
Co b o l l a r y . I f  peP ^i 1) and w€Plk(n), then pow eP\m{n).
Throughout this paper A will denote a commutative Banach algebra 

with unit over the field of-complex numbers.
D e f in it io n . Elements a^, . . . ,  a?neJL are algebraically dependent if 

there exists a polynomial w e Pl(n), where к >  1, such that w(œx, . . . ,  æn) =  О
Now we shall present some elementary properties of algebraically 

dependent elements.
(i) If щ =  о for some % =  1, .. . ,  n, then elements æx, . . . ,  œn are 

algebraically dependent.
(ii) If an element щ is algebraic (see [3] or [2], p. 251) for some

% =  1, then elements œ1}...,æ n are algebraically dependent.
(iii) Let algnA denote the set of all ^-tuples of algebraically depen­

dent elements of the algebra A. The following inclusion holds

(iv) If A® ... ®A =  ®A is a direct sum of the algebra A (see [6], 
p. 15), then the following inclusion holds

E em ark  1. Now, we shall give an example which shows that the 
above inclusion cannot be replaced by an equality. Let A =  C ([0 ,1]) 
(an algebra of all complex-valued continuous functions defined on the 
interval [0,1]) and let æx =  (£h-H +  £), a?2 =  (tff->l/(l-ft)) be two el­
ements of this algebra.

If we take the first degree monic polynomial of two variables w {Xx, X 2) 
=  X xX 2 — 1, then for any te[0 ,1 ]  we have w(æx(t), a>2{t)) — 0. It means 
that the elements ccx, x2 are algebraically dependent. However, none of 
them is algebraic not even quasi-algebraic (see [3] or [2], p. 251). Since 
we have

(algnA) x A c  algn+1A.
П

n \
a lg i(©Л.) =  (algjA Jx ... x (a lg jj.)  <= algnA.

e(»,) = {A eC : (^ - Х Г Ч А )  = ^ { [ 0 ,1 ] }  = [ 1 ,2 ] ,
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then capaq =  capo-(aq) =  £ >  0 (see [3], Theorem 3, and [5], p. 84, 
Corollary 3). Similarly, eapaq =  cap<r(a?2) =  cap[£, 1] =  £ >  0.

It means that (see [3], Theorem 2) elements aq, aq are not quasi- 
algebraic. So we have proved

(algiA) x (algjJ.) ф alg2A .

Obviously, this example one can easy generalize for any finite number 
of elements and for any algebras.

(v) A system æ, . . . ,  a? is algebraically dependent if and only if a? is 
an algebraic element.

(vi) Let æ, y±, yneA. Let us suppose that a? is algebraic and 
there exists a monic polynomial w of n variables such that a? =  w (yt , . . . ,  yn). 
Then the elements y i , . . . ,y n are algebraically dependent (it follows 
from the corollary after Lemma 1).

Definition. Elements aq, xneA are quasi-algebraically dependent 
if there exists a sequence {wk} of monic polynomials of n variables, with 
degree wk equals to d(Tc), such that

||wq.(aq,. . . ,  aq)||1/d(fc)->0 as &->oo.

R em ark  2. It is obvious that “quasi” versions of (i)-(vi) properties 
of algebraically dependent elements are true.

R em ark  3. Clearly, any algebraically dependent elements are quasi- 
algebraically dependent. The converse is not true. For example, let us 
take a linear bounded operator T acting on a Banâch space X  with the 
countable spectrum. Let be the maximal abelian subalgebra of f£{X) 
(the algebra of all linear bounded operators acting on X) which contains 
the operator T. If we consider this operator as an element of this algebra, 
then it is quasi-algebraic (see [3] and [5], p. 57, Theorem III.8), but it 
is not algebraic. Now in view of “quasi” version of (v) we see that the 
system T, T is quasi-algebraically dependent but it is not algebraically 
dependent (the same argument but in a normal version).

2. Capacity of elements. Now we are going to define the main notion 
we deal with in this paper. For arbitrary elements aq, . . . ,  xneA we denote

cap*(aq, =  inf{||w(a?1, .. . ,  ®n)||: меРЦп)} (fc =  1 ,2 ,. . .) .

Then for any polynomials weP\{n) and vePl(n) the following in­
equality holds

cap*+z(aq, . . . , « „ ) <  Il«w(®i, -  IN®a, •••>

This implies

capk+i{alf capA(aq,. . . ,  «?„)-cap^aq,.. . ,  a?„)
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and consequently the sequence {(capfc(aq, . . . ,  aq))1//c} is convergent (see [1], 
p. 365-366, or [4], p. 257).

D e f in it io n . We denote cap (a?!,. . . ,  xn) =  lim (cap*, (aq,.. . ,  xn))l,k and
к

call this number the capacity of elements aq, .. . ,  xn. In particular, let 
us take an algebra C{Q) of all complex-valued continuous functions 
defined on a compact subset Q of C n. Let щ (% ,..., zn) — zi7 where 
i =  1, be the г-th projection. Now we compute the capacity
of these functions

cap(%, .. . ,  лп) =  Кт(сарл(л1, ... ,  лп))11к,
к

where

capк{лХ1 .. . ,  яп) =  inf{||w(%, .. . ,  лп)\\а : гоеРЦп)}
=  inf {max \w(z1, ... ,  zn)\: weP\.{n)}.

zeQ

D e f in it io n . We call cap(flq, . . . ,л п) the capacity of set Û and we 
denote it by capD.

Now we shall prove a theorem characterizing the set of quasi-algeb­
raically dependent elements.

T h eo rem  1. Elements aq, . . . ,  xn of a Banach algebra A are quasi-al­
gebraically dependent if  and only if  their capacity is equal to zero.

Proof. Let us suppose that cap(aq, ...,a?n) =  0. From a definition 
of the capacity it follows immediately that there exists a sequence of 
monic polynomials {wk} of n variables such that w*P\(n) and 
lim \\и)к(оог, . . . ,  a?n)||I/A: =  cap(aq, . . . ,  xn). Since cap(aq, .. . ,  xn) =  0 we have

к
lim ||wq(aq, . . . ,  xn)\\llk =  0. It means that the elements aq, .. . ,  xn are quasi-

k
algebraically dependent. Now let us assume that the converse is also 
true. Let {wk} be a sequence of monic polynomials, with degree wk equals 
to d(k), such that ||«k(aq, . . . ,  a?J||1/d(fc)->0 as k-*oo. If the sequence {d(k)} 
of degrees has a bounded infinite subsequence, it may be assumed 
(consider a suitable subsequence) that there is a positive integer N  such 
that d(Tc) = N  for all k. Since ||wq(aq, . . . ,  œn)\\ ^  cap^^aq, . . . ,  xn) we 
obtain the following inequalities

0<(cap^(aq , . . . , x n))llN^  \\wk(x1, . . . t xn)\\llN.

But \\wk(xx, . . . ,  а?п)||1/лг->0 as &->oo, hence we have cap^aq, . . . ,  xn) 
=  0. Consequently, cap(aq, . . . ,  xn) =  0. If, on the other hand, d(k)->oo, 
then, since ||wq.(aq, . . . ,  aq)||> capd(fe)(aq, . . . ,  xn) it follows that a sub­
sequence of {(cap^aq, . . . ,  xn))llk} tends to zero. Since, the entire sequence 
is always convergent it follows that the limit of the entire sequence must
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be zero, hence the elements mx, . . . ,  xn have the capacity equal to zero. 
This completes the proof.

Now we shall establish a relationship between the capacity of ele­
ments and the capacity of their joint spectrum.

T h e o be m  2. The capacity of any n elements xx, xn of a Banach 
algebra A is equal to the capacity of their joint spectrum.

Proof. Let a{xxi . .- ,x n) denote the joint spectrum of the elements 
a?!, . . . ,  a?n (see [6], p. 47). For any monic polynomial of n variables w and 
for any maximal ideal МеШ{А) the following equality holds

w(0Di, . . . , х пУ (M) =  w(xj (M), ...,x „ (M ))

(аГ (Ж) denote the Gelfand transform of an element x; see [6], p. 38) 
This implies that o(w(xx, xn)) — w(o(xx, . . . ,  xn)).

Next, we obtain the following equalities

1Из>1, •••, *»»)!!• =sup{|A |: Xeo(w{xx, . . . ,  яя))}
=  SUp{|w (^)|: f t e o f a ,  . . .,< »«)} =  \Mo{Xl, - , x n)-

For simplicity we denote Q — o(xx, . . . ,  xn). Therefore for every po­
sitive integer Tc and for every polynomial W€P\(n) we have

сарл£  =  inf{|И а : v e P l(n )}^  \\w(xx, . . . ,  xn)\\8<  \\w{xxi ... ,  xn)\\.

This implies capüÆ <  сарл(а?1, .. . ,  xn). Consequently, we obtain the 
inequality
(*) cap£? <  cap (a?!, . . . ,  <rn).

We take a sequence of polynomials such that vkeP lk{n) for 
every Tc =  1,2, ... and 1ип(|)«А||д)1/л =  cap£. If for some integer h the

к
equality \\ok\\a = 0  holds, then lim||(«A.(a;1, . . . ,  a?w))iV|j1/JV = 0  and all the

N
more limIK^a?!, . . . ,  a?n)P||1/wv =  0. Thus, the elements xx, . . . , x n are

N
quasi-algebraically dependent. Applying Theorem 1 we obtain the equality 
cap(a?j, . . . , x n) = 0 ,  in view of (*) it implies cap£  =  0. So, the required 
equality holds. Now, we consider the case when ||®л||л >  0 for every posi­
tive integer h. Using the definition of the spectral radius in terms of the 
norm we obtain an integer Ж(к), such that the following inequality holds

This implies
|| (« * (« ! ,. . . ,  <  2'1к(Ы \а)11к-

The right term tends to cap £  as o o ,  and therefore 

limsup ||(vk{xx, . . . ,  a?n))iV(fc)||1/*Jyr(fc) <  cap Q.



386 A. Soltysiak

On the other hand, by definition,

(cap *W «i, -  >aîn))IW ) <  \\Ы®1, •••, ^ ) )а д ||1/лад,
and therefore

cap (a*!, . . . ,  a?n) <  limsup || (vk{œt , . . . ,  ад)а д ||да(А:).
к

Finally, cap(a?1? . . . ,  a?n) <  cap£? and this completes the proof.
Now we are in a position to prove the following theorem. 
T h eo r em  3. For any elements % ,. . . ,  æn of a Banach algebra A and 

any sequence 1 <  ix <  • •. <  im <  n of indices the following inequality holds

cap(®i, ..., ®n) <  cap(0^, ..., xim).
Proof. Let j x, . . . ,  j n_TO be a sequence of integers having the fol­

lowing properties:
(i) j t Ф is for t a= 1, . . . ,  n — m and s =  1, . . . ,  w;
(ii) {iu  .. . ,  . . . ,  j n_m} =  {1
Let p be a monic polynomial of n — m variables, such that 

p{dOj1.. . ,  Xjn-m) =j£ 0. Let the degree of p be equal to Z. Let be a  
sequence of monic polynomials of m variables, such that

lim H®* {œh, . . . ,  0г-т )||1/л =  cap {œ{ , . . . ,  ).
к

Since

are monic polynomials of n variables we have

у 2Lj ) ,7 'n-m' 7 1, 2,

сарл+г(®!,.  • •, ®n) <  ||w* {oox, . . . ,  xn) || <  \\vk (xh, ... ,  x4J  || • ||p (xh , . . . ,  œJn_ J  ||.

Consequently

(capk+i(Xi, . . . ,a ? j)1/(fc+Z)<  \\vk{<Bh , ®<JH1/(*+0*llP {% , •••» ®y„_Jll1/(*+,)-
The right-hand side term tends to сар(жг-1, . . . ,  æim) as &-»oo, and 

therefore
cap (о?!, . . . ,  œn) <  cap(a?v  ... ,  œim) .

The proof is completed.
R em ark  4. The example given in Remark 1 shows that the in­

equality in Theorem 3 may be essentially strong. So, we have in that case 
cap (a?!, a?2) =  0 while cap#! =  £ and capa?2 =

Corolla by  1. For any system of elements of a Banach algebra A and 
for any sequence 1 <  ix <  ... <  im <  n of integers the following inequality 
holds

cap or (a?j,. . . ,  ®n) <  cap <7(0^ , . . . ,  xijn).



Corollary 2. For any element xaA the following equality holds 

cap# =  cap (a?, x).

Proof. Let {vk} be a sequence of monic polynomials, such that 
vkePl(n) and Нт|||7л(®, a?)||1/fc =  cap(a?, x). Then pk(X) =

к
vk( X , X ) is the monic polynomial of one variable with degree h. 
Hence we have сарла?< ||pfc(a?)|| =  \\vk(x, . ..,a?)||.

This implies capa? <  cap (a?, x). The proof is completed.
Corollary 3. For any element xeA the following equality holds

capor(æ) =  cap<x(a?, . . . ,  a?).
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