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Almost-bounded sets and some functions

1. Introduction. In 1973, P. Th. Lambrinos [2] introduced the concept 
of bounded sets in a topological space. Quite recently, in [3] and [4], 
he has also defined almost-bounded sets and nearly-bounded sets as 
generalizations of bounded sets and investigated their properties. The 
relations among these boundedness concepts are similar to those among 
compactness, almost-compactness and near-eompactness. The main purpose 
of this note is to show the following two results: 1) The ^-continuous 
image of an almost-bounded set is almost-bounded; 2) The inverse image 
of an almost-bounded set under an almost-closed open surjection (not 
necessarily continuous) with nearly-bounded point inverses is almost- 
bounded.

Throughout the present note A  and T will always denote topological 
spaces on which no separation axioms are assumed. Let 1  be a subset 
of a topological space X. The closure of A in X  and the interior of A 
in X  are denoted by C1X(A) and Intx (A) respectively. A subset A of X  
is said to be regularly open if Ink^CL^A)) =  A, and regularly dosed 
il Clx (Int*(^)) =  A.

2. Definitions and remarks. The following definitions of boundedness 
and its generalizations are due to P. Th. Lambrinos [3]. A family SF <= 2X 
is called an ideal on X  if the family =  {X  — F  \ F  is a filter on X. 
A subfamily of an ideal ^  is called a base (resp. subbase) of W if
=  {X  — F  I F e ^ *}  is a base (resp. subbase) of SFù. An ideal 3F is said to 
be local on a subset A of A  if for each point see A, there exists a member 
FetF such that F  is an open set containing so.

D e f in it io n  1. A subset A of A is said  to  be bounded (resp. almost- 
bounded, nearly-bounded) in A  [3] if A belongs to  every ideal on A 
having the following p roperties: 1) SF is local on A ;  2) 3F has a  base (resp. 
base, subbase) consisting of open (resp. closed, regu larly  open) sets.

E e m ar k  1. It is known that boundedness => near-boundedness => 
almost-boundedness, but none of these implications is reversible [3].
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D e f in it io n  2. A function / :  X~>Y is said to have nearly-bounded 
(resp. bounded) point inverses if for each point yeY, f~ l (y) is nearly- 
bounded (resp. bounded) in X.

We shall recall some definitions of functions which are weaker than 
continuous functions.

D e f in it io n  3. A function / :  X-> Y is said to be almost-continuous 
(resp. в-continuous, weakly-continuous) [10] (resp. [1], [6]) if for each 
point xeX  and each neighborhood V of f(x) in Y, there exists a neigh­
borhood V of x in X  such that

f(V ) <= Intj.(Clr (n )  (resp. /(01х (17)) с: С1Г(У), /(  17) c  Clr (7)).

R em ark  2. It is known that continuity => almost-continuity => 
б-continuity => weak-continuity [8], [10].

D e f in it io n  1. A function / :  X-^-Y is said to be almost-open (resp. 
almost-closed) [10] if for each regularly open (resp. regularly closed) set 
A of X ,f(A ) is open (resp. closed) in Y.

R em ark  3. Every open (resp. closed) function is almost-open (resp. 
almost-closed), but the converse does not hold [10].

3. The O-contimious image of an almost-bounded set. The following 
lemmas, due to P. Th. Lambrinos, are very usefull in the sequel.

L emma 1 (Lambrinos [2]). A subset A of X  is bounded in X  if  and 
only if for any open cover °U of X, there exists a finite subfamily of % 
such that A <= ( J  {U  I UeW0}.

L emma  2 (Lambrinos [3]). A subset A of X  is almost-bounded (resp. 
nearly-bounded) in X  if  and only if for any open cover of X, there exists 
a finite subfamily of °U such that

A  =  U  {01X (P) I V ' * »} (resp. A  c  U  {In tx (Clx (E0) I Ue1* »})■

P. Th. Lambrinos showed that the continuous image of an almost- 
bounded set is almost-bounded [3], Theorem 3.1. The word “continuous” 
in this result can be replaced by “ 0-continuous” , as the following theorem 
shows.

Th eo r em  1. The в-continuous image of an almost-bounded set is almost- 
bounded.

Proof. Suppose that / :  X -> Y  is a 0-continuous function and A is 
an almost-bounded set in X. We shall show that/(A) is an almost-bounded 
set in Y. For this purpose let [Va | а «г jY} be any open cover of У. Then 
for each point xeX, there exists an element a(x) e s# such that f(x) e Va(x). 
Since /  is 0-continuous, there exists an open neighborhood TJa(x) of x 
in X  such that f[Glx [Ua(x)))j ClF (Ya(a?)). The family {Ua(x) | xeX) 
is an open cover of X. Since A is almost-bounded in X , by Lemma 2,
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there exists a finite subfamily ( a ^ ) ,  a(a?2), . . . , a{æn)} of sé such that 
A c  U{Clx (Z7a(a;/) I j  =  1? w}. Therefore, we have

By Lemma 2, we observe that f{A ) is almost-bounded in Y.
T h eo rem  2. The в-continuous almost-open image of a nearly-bounded 

set is nearly-bounded.
Proof. Suppose th a t/: X -+Y  is a ^-continuous almost-open function 

and A is a nearly-bounded set in X . We shall show that f(A) is a nearly- 
bounded set in Y. For this purpose let [Va | ae sé} be any open cover 
of Y. Then the family |In tF (ClF (Pa)) | ae is a regularly open cover 
of Y. Since f  is 0-continuous almost-open, it is almost-continuous [6], 
Theorem 4. Since the inverse image of a regularly open set under an 
almost-continuous and almost-open function is regularly open [7], Lemma 
1, the family | / -1(lntF (01F (Fa))j | a e i j  is a regularly open cover of 
X. Since A is nearly-bounded in X , by Lemma 2, there exists a finite 
subfamily of stf such that A | / _1(lntF (ClF (Fa))) | ae j>/0J. Thus

By Lemma 2, we observe that f(A) is nearly-bounded in Y.
Co ro lla r y  1 (Lambrinos [3]). Let f :  X ->Y  be a continuous {resp. 

continuous open) function. I f  A is an almost-bounded {resp. nearly-bounded) 
set in X , then f(A) is almost-bounded {resp. nearly-bounded) in Y.

Proof. This is an immediate consequence of Theorem 1 and Theorem 2.
T h eo r em  3. The almost-continuous {resp. weakly-continuous) image 

of a bounded set is nearly-bounded {resp. almost-bounded).
Proof. This is proven similarly to Theorem 1.

4. The inverse image of an almost-bounded set.
L emma  3 (Sikorski [9]). A function f :  X->Y  is open if and only if 

/~1(C1F(B)) <= C1X (/-1(.B)) for every subset В  of Y.
T h eo rem  4. The inverse image of an almost-bounded set under an 

open and almost-closed surjection with nearly-bounded point inverses is 
almost-bounded.

Proof. Suppose that f :  X ->Y  is an open and almost-closed sur­
jection with nearly-bounded point inverses. Let В  be an almost-bounded 
set in Y and we will show that f~ x{B) is an almost-bounded set in X . 
Let {TJa I ae stf] be any open cover of X. Since /  has nearly-bounded 
point inverses, for each point y e Y, there exists a finite subset {y) 
°f ^  such that f~ l{y) c  {in tj^C l^  Z7a)) | ae j/(y)}. Let us put JJy

П П

we have
f{A)  c  [ l n t F |ClF ( Ya) |  I a e  j / 0J.
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=  Int^C U lC M  U a) | ae ^V(y)}], then TJ y is a regularly open set containing 
f~ l (y). Moreover, put Vy =  Y —f(X  — Uy), then we obtain f~ x(Vy) 
<=■ Uy and Vy is an open neighborhood of y in Y because/is almost-closed. 
The family {Vy | ye Y) is an open cover of Y. Since В  is almost-bounded 
in Y, by Lemma 2, there exist a finite number of points yt ,y z, . . . , yn in 
Y such* that B  <= U{Qlr(^2/y) I j  = 1 , 2 ,  ...,-n}. Since /  is open, by 
using Lemma 3, we obtain

n n n
ГЧВ) <= и г ‘ (01г ( 7 й )  e  и  c i ^ O t y ) )  <= U  Clx (Uy,)

3 =  1 3 = 1  3 = 1

=  Û  U  01x (Ua).
3 =  1 ae s f  (yj)

By Lemma 2, we observe that / -1(В) is almost-bounded in X.
Bern ark 4. In Theorem 4, the assumption “open” can be replaced 

by the following condition: /~ 1(01F (T)) <= C1X(/_1(Y)) for every open 
set V of Y.

Corollary 2. Let f :  X-> Y be a perfect (closed continuous surjection 
with compact point inverses) open function. I f  A is an almost-bounded 
set in X  (resp. Y), then f  (A) (resp. f~ 1(A)) is almost-bounded in Y (resp. X).

Proof. This is an immediate consequence of Theorem 1 and Theorem 4.
T h eo r em  6. The inverse image of a bounded set under an almost-closed 

surjection with nearly-bounded point inverses is almost-bounded.
Proof. Suppose that / :  X ->Y  is an almost-closed surjection with 

nearly-bounded point inverses. Let В be a bounded set in Y and we will 
show that / -1(B) is almost-bounded in X. Let { Z7ot j ae jV] be any open 
cover of X. Similarly to the proof of Theorem 4, for each point yeY, 
there exist a finite subfamily sV(y) of sV and an open neighborhood Vy 
of y in Y such that f~ l (Vy) c  U  {Cl^( Ua) | ae sV(y)} because /  is almost- 
closed and f~ l (y) is nearly-bounded. The family {Vy\yeY}  is an opkn 
cover of Y. Since В  is a bounded set in Y, by Lemma 1, there exist a finite 
number of point 2/x, y2, . . . , ynm Y  such that B c  ( J  { Vyi \ j  =  1, 2, . . . ,  n}. 
Therefore, we obtain

П П
m ^ u m ) c u  и  oix (ua).

j  =  l 3 =  1 aes/(yj)

By Lemma 2, we observe that / _1(B) is almost-bounded in X.
Th eo r em  6. The inverse image of a bounded set under a closed surjection 

with nearly-bounded (resp. bounded) point inverses is nearly-bounded (resp- 
bounded).

Proof. This is proven similarly to Theorem 4.
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