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Integration and pointwise convergence
**

1. Introduction. One method of constructing Z 1 ([0 ,1 ]) is to make 
use of Osgood’s Theorem.

T h eo r e m  1. Let / i,/ 2? ••• be continuous functions from [0 ,1 ] to R. 
Suppose

(i) There exists an M such that \ f i (x ) \  <  M for all x e [0 ,1], i ^  1;
(ii) fn(x)->0 as n->oc for all a?e[0,1].

i
Then J  f n(x)dx->0 as n~>oo. 

о
In  this paper we shall give a new proof of this result.

2. A proof of Osgood’s Theorem. Osgood’s Theorem is a simple 
consequence of the following theorem, well known in the theory of uni­
form algebras.

T h eo r e m  2 . Under the conditions of Theorem 1, given e >  0, we can
П

find , Л2, . . . ,  Xn >  0 with Xi: =  1 such that
i = l

n
II ^ ^ / i | | C([0,i]) ^  £'

t =  1
»

That is to say that pointwise convergence implies uniform con­
vergence for some sequence of convex combinations.

i
P r o o f  of T h e o r e m  1 u s in g  T h e o r e m  2. Suppose j f n(x)daч->0.

1 о
Then we can find a <5 >  0 such that |/ fn(x)dx| >  ô for infinitely many n. 

1 0 1

Thus either j  f n(x)dx >  Ô infinitely often or / fn(x)dæ <  —  Ô infinitely
о 0

often (or both events occur). Thus without loss of generality we may
i

assume that there exist % ( j ) -> oo with j  f n̂ )(x)dx ^  <5.
О к

But b y  Theorem 2 we can find A1? /l2, . . . ,  Xk with || £  ĵfn(j)|| <  <5/2
3=1
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and so
к

<5/2 >  I S * ,  fn(j)(x)dæ> à
3=1

which is absurd. Thus T h eo rem  1 follows.
Unfortunately the standard proof of Theorem 2 uses Osgood’s theorem 

followed by the theorem of Hahn and Banach. (For the proof and an 
extension by Bjôrk and, independently, Kaufman to solve a long open 
problem in harmonic analysis, see [4], Chapter ХШ .) The original proofs 
by Zalcwasser [5] and Gillespie and Hurwitz [3] do not use Osgood’s 
theorem but rely on transfinite induction. (For further references for 
Theorem 2, see [1], p. 462. For further references for Theorem 1 together 
with another, very elegant, elementary proof, see [2 ].)

We give a new proof of Theorem 2 without using the axiom of choice.

3. A proof of Theorem 2. In this section / 1?/ 2, ••• will be functions 
satisfying the conditions of Theorem 1. Let us establish some notation.

П П
If gx, g2, ... eC([0,1]), we write E(gx, g2, ...) =  { ^  =  1, A; >  0

г=1 i = l
[1 <  j  <  n], n >  l j .  We call a closed set X  s  [0 ,1] a Q(ô) set for some 
1 >  <5 >  0 if, given ^ е Г ( / * , / г+1, ...), we can find a geZ{gx, g2, ...) with 
||<7||С(Х) <  <5. We shall need the following result.

L emma 1 . I f  X x and X 2 are Q{ô) sets, then so is X xu X 2.
Proof. Let ^е27(/г-,/г+1, ...) be given [i >  1]. Then, since X x is 

Q(ô) and gi+}^ S { f i , f i+l, ...), we can find ЦеЕ{д} , gj+ l, ...) such that 
<  <5 [j >  1]. But ^ е Г (/ ;. ,/ ;.+1, ...) and X 2 is Q(ô), so we can find 

heZ(hx, h2, ...) with il̂ |lc'(x2) ^
Since Щ С(Х) <  6 for all j  >  1, it follows that H^llc^uXa) ^   ̂ and 

by construction heZ{gx, g2, ...). The lemma is thus proved.
Using Lemma 1  we can prove
L emma 2. Suppose <5 >  0 and X  is a closed set which is not Q(ô). Then, 

given any n{0) >  1  and any <5 >  <5' >  0, we can find a closed set X ' я  X  
and an n ^ n (0 )  such that

(i) X ' is not Q(ô'),
(ii) \fn(x)\ >  ô' for all xeX '.
This is the key result, for, once it is established, Theorem 2 follows 

easily.
P roof of Theorem  2 u sin g  Lem m a 2. Suppose Theorem 2 is 

false. Then there exists a ô >  0 such that [0 , 1 ] is not a Q{0) set. Write 
X 0 =  [0 ,1] and choose <5 =  <50 >  <52 >  <52 >  ... such that ôj >  <5/2 (for 
example <5j =  (1 +  2_:?’) <5/2). Then by repeated use of Lemma 2 we can 
find closed sets X 0 ^  X x 2  X 2 => ... and integers 1  <  n{l) <  n(2) <  ...
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such that
(i) X m is not Q(ôm),
(И) \fn(m)(x)\> ôm Whenever x e X m for all m >  1 .
Since [0 ,1 ] is sequentially compact, we know that p) X m Ф 0 .

oo m—l
Choose æefp X m. Then |/n(m)(^)| ^  <5OT̂  <5/2 for all m and so /*(#)+->• 0

m=l
as i->oo. The lemma follows hy reductio ad ahsurdum.

P roof of Lem m a 2. Suppose the result is false. Since X  is not Q{ô), 
we can find gi*Z {fi , f i+1 , ...) such that geZ(gx, gz, ...) implies ||gr||0(i) >  <5. 
Set Г 0 =  E{gn{0), gm+11 ...) and write hx =  дщ. m

Let X x =  {xeX : \hx{œ)\ >  <5'}. We know that hx =  XJ{ for
t=n(0)m m

some X{ =  1, Xj >  0 [%(()) < j < m ]  and so X x <= pi Y{, where
i—n( 0) i=n( 0)

Yj =  {æeX: \fj(æ) \ >  <5'} [w(0) <  j  <  m]. By hypothesis Yi is a Q(ô') set
m

and so u is. Thus X x is a Q{ô') set and we can find h2eZ0 such that
i= w (0 )

И^гИс^р ^   ̂ •
Set X 2 =  {xeX : \Jiz{cc)\ ^  <5}. By the same arguments X 2 is a Q(ô') 

set and so, by Lemma 1 , X xu X 2 is. Thus we can find an hseZ0 such that 
И^зНс^иХг) ^   ̂ ’

Proceeding inductively, we obtain X x, X 2, ... eQ(ô') sets and 
hx,h 2 j... eZ0 such that

(i) X k =  {xeX : \hk(æ)\ >  <5'},
к- 1

(ii) \hk(œ)\ <  ô' for all cce U  X {.
i=l

It follows at once that
k—l

(iii) \hk(æ)\ <  <5' for all х<{Хк\  U  -£"*•
»=i

But by our hypothesis
(iv) \hk(æ)\ <  M for all œ and so, in particular, for all xeX k\  ( J  X i .

m k=l
Thus, setting h — m_1 ^  we have

fc=1
(m—l)ô'-\-M .

(v) ----------------<  <5 provided only that m >  Ж(<5—- <3') 1.

Since heZ0 £  E(gx, g2, ...), this gives the desired contradiction.

4. Generalizations. Becall that a set J . in a topological vector space 
Z is said to be bounded if, given U a neighbourhood of 0 in Z, we can 
find X >  0 with XU 2  A. If X  is a topological space and Y a topological 
vector space, we shall write C (X , Y) for the space of continuous functions 
from X  to Y. We topologize C (X , Y) by giving each f 0eC (X , Y) a neigh-
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bourhood basis {{ / : f {x )—f 0{x)eTJ for all xeX}: U a neighbourhood of О 
in Y} and call this topology the uniform topology. If, as will usually be 
the case in practice, X  is compact, or if X  is sequentially compact and Y 
metrizable, then C(X, Y) is a topological vector space. If A c= X ,feC (X , Y) 
we write f(A) =  {f(a ): aeA}.

Our proof of Theorem 2 carries over, practically word for word, 
to give a proof of Theorem 2'.

Theorem 2'. Let X  be a sequentially compact topological space. Let Y 
be a locally convex topological vector space. Let f t , f 2, ... eC(X, Y). 

Suppose
oo

(i) U / Д )  is bounded,

(ii) fn{x)-+ 0 as n~>oo for all xeX.
Then, given U a neighbourhood of 0 in Y, we can find Xx, A2, . . . ,  Aw >  0

m
with Аг- =  1  such that

i=l m
^  U f or
»■=i

That the condition X  sequentially compact cannot be dropped is 
readily seen from the following standard counter example:

Lemma 3. Consider / г-: Z ->/{ given by

fi(k) =  0 for \k \^ i ,  
fi{h) =  1  otherwise.

Then ... eC(Z , R), \fi(Jc)\ <  1 for all TceZ, i >  1 , and / г-(&)->0
П

us i->oo for all keZ. However, if , Я2, •.., An >  0, Af =  1, then
n г=1

+  2 ) =  l+->0.
1 = 1

The problem of when an analogue of Theorem 2 holds for con­
tinuous linear maps I :  C(X, Y)~>Z, where X  is a sequentially compact 
topological space and Y and Z are topological vector spaces appears to 
he much more difficult. It is easy to construct examples in which any
2 of X, Y, Z are kept fixed and by changing the 3-rd we can make the 
obvious analogue of Osgood’s Theroem true or false.

Even in the case where we wish to find conditions on Z which will 
make the theorem true for all X  and all (locally convex) Y, I  have not 
been able to make much progress.

Consider the following possible properties of Z.
Pbopebty A. Let Z be a topological vector space. We say that Z has 

property A if, given ux, u2, ... e Z such that {uu uz, . . . }  is bounded and
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^+•>0 as г->оо, we can find n( 1) <  n(2) <  ... and neighbourhood W of 0
m m

such that, whenever Хг, Я2, . . . ,  Xm >  0 £  Xj — 1, we /mre £  Х}ип̂ 4 W.
3 =  1 3 = 1

Property В. Let Z be a topological vector space. We say that Z has 
property В if we can find a bounded set T and vectors u17 u2, ... eZ such

m
that мг-ч->0 as i->oo, yet whenever 1ЛМ, ...,  \Xm\ <  1 we have £  XjU^eT.

3 =  1

Property 0. Let Z be a topological vector space. We say that Z has 
property 0 if we can find a bounded set T and vectors ut , u2, ... eZ such 
that 0 as i-^oo yet given e >  0 there exists a ô{e) >  0 such that

m m

I'M, |Я2|, |An| <  ô(e), £  \X(\ <  1  imply ^ Х {щееТ.
i = 1 г= 1

A locally convex topological vector space lias property A if and 
only if it is a Schur space (i.e., its convergent sequences are the same as 
its weakly convergent sequences). Examples of spaces with property 
A thus include all locally convex Hausdorff topological vector spaces 
with their weak topology (and so Rn, Cn, lx{Z) under their usual norms) 
and L>([0, l ] n) the space of smooth functions on [0 ,1 ]”. A locally convex 
topological vector space has property В if and only if it contains an 
(isomorphic) copy of c0. Examples are Cn([0, 1]), D(Rn) and l°° (Z). 
Among spaces with property C but not property В are lp(Z) [1 <  p <  oo], 
ilf ([0,1]), L q{[0, 1]) and Lq(R) [1 <  q <  oo].

Lemma 4. (I) Let X  be a sequentially compact topological space Y 
a locally convex topological vector space and Z a topological vector space 
with property A. Let I :  C {X , Y)~>Z be a continuous linear map and let 
f i , f 2, . . .  eC{X, Y). Suppose

OO

(i) U  fj(X) is bounded,
3 = 1

(ii) /„(#)->0 as n->oo for all xeX.
Then Ifn-> 0 as n->oo.
(II) Let X  be a normal topological space containing distinct points 

x(0), x (l), x(2), ... such that a?(0) has a countable base of neighbourhoods 
and x(j)->x(0) as j->oo. Let Y and Z be locally convex Hausdorff topo­
logical vector spaces and let Z have property B. Then there exists a continuous 
linear map I : C(X, Y)^»Z and functions / x, / 2, . . .  eC(X, Y) such that

OO

(i) U  //(-3l) is bounded, 
j=i

(ii) fn{x)-+0 as ii->oo for all xeX  yet Ifn++ 0 as n->oo.
(III) Let Y and Z be locally convex Hausdorff topological vector spaces 

{and let Z have property C. Then there exists a closed subspace H of (7([0,1 ], Y



258 T. W. Korner

and a continuous linear map I :  H->Z together with functions ••• «Я
such that

OO

(i) U/<([0,1]) is bounded,
i= l

(ii) /„ (# ) -> 0 as n—>-00 for all xeX  yet Ifn+ *0 as w-^oo.
The proof of Lemma 4 (i) is an easy adaptation of onr proof of The­

orem 1 . Note that we can obtain the usual theory of vector valued integrals 
directly from this result. The proofs of Lemma 4 (ii) and (iii) are more 
complicated but in view of the unsatisfactory nature of the results them­
selves we shall not give the proofs here.

I  should like to thank Dr. Garling for much useful advice.
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