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Integration and pointwise convergence

-

1. Introduction. One method of constructing L*([0,1]) is to make
use of Osgood’s Theorem.

THEOREM 1. Let fi, f,, ... be continuous functions from [0, 1]' to R.
Suppose

(i) There ewists an M such that |f ()| < M for all #<[0,1], i =1
(ii) fo(2)—>0 as n—>oo for all we[0,1].
Then ffn @)dz—>0 as n-—>oo.

In thls paper we shall give a new proof of this result.

2. A proof of Osgood’s Theorem. Osgood’s Theorem is a simple
consequence of the following theorem, well known in the theory of uni-
form algebras.

THEOREM 2. Under the wfndz'tz'ons of Theorem 1, given ¢ > 0, we can
find Ay, 2y, ..., 4,> 0 with Zl =1 such that

t=1

[ gnlz,-f,-

That is to say that pointwise convergence implies uniform con-
vergence for some sequence of convex combinations.

e S &

Proof of Theorem 1 using Theorem 2. Suppose ff,, (z)da+0.
Then we can flnd a 6 > 0 such that | f fo@) dml > 0 for mfmltely many #.
Thus either f fnw Ydz > 6 mfmltely often or f fol@)de < — 6 infinitely
often (or both events occur). Thus without ]oss of generality we may
asgume that there exist n(j)—>oo with ofl Jap(@)da = 6. .

But by Theorem 2 we can find 1,, 4,, ..., 4, with ngl‘ Aifaiil| < 8/2
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and so

&
312> [ X hifup(m)de> 8
ji=1

which is absurd. Thus TemorEM 1 follows.

Unfortunately the standard proof of Theorem 2 uses Osgood’s theorem
“followed by the theorem of Hahn and Banach. (For the proof and an
extension by Bjork and, independently, Kaufman to solve a long open
problem in harmonic analysis, see [4], Chapter XTII.) The original proofs
by Zalewasser [B] and Gillespie and Hurwitz [3] do not use Osgood’s
theorem but rely on transfinite induction. (For further references for
Theorem 2, see [1], p. 462. For further references for Theorem 1 together
with another, very elegant, elementary proof, see [2].) '

We give a new proof of Theorem 2 without using the axiom of choice.

3. A proof of Theorem 2. In this section fy, fs, ... will be functions
satisfying the conditions of Theorem 1. Let us establish some notation.

If g4, g2y ... €0([0,1]), we write 2(gy, gay ...) = { legl 21 =1 42>

[1<j<<n], n>1}. We call a closed set X < [0 1] a Q 6) set for some
1> 6> 0if, given g;eZ(f;, fiy1,--.), We can find a geZ(g;, g2, ...) With
l9llgx < 6. We shall need the following result.

LemvA 1. If X; and X, are Q(6) sets, then so is X, uX,.

Proof. Let g,eZ’(ft,fiH,.. ) be given [4>1]. Then, since X, is
Q(d) and g;,;_,eX(f; fizrs---)y we can find h;e2(g;, ¢;.., .--) such that
Il < 6 [J = 1] But hjeX(f;, fi14,...) and X, is Q(9), so we can fmd
heX(hy, by, ...) with ﬂh[]c(x)< d.

Since 1Al < é for all § > 1, it follows that “h|[0(x,ux2)< 4 and
by construction heX'(gy, gs, --.)- The lemma is thus proved.

Using Lemma 1 we can prove

LuMMA 2. Suppose 6 > 0 and X is a closed set which is not Q(5). Then,
given any n(0) =1 and any 6> &' > 0, we can find a closed set X' < X
and an n > n(0) such that

(i) X’ is not Q(¢’),

(i) [fu(@)| = 8" for all zeX'.

This is the key result, for, once it is established, Theorem 2 follows
easily. ,

Proof of Theorem 2 using Lemma 2. Suppose Theorem 2 is
false. Then there exists a 6 > 0 such that [0, 1] is not a @(4) set. Write
Xy, =[0,1] and choose & = §,> &, > 4, > ... such that 4, > /2 (for
example §; = (14-277)6/2). Then by repeated use of Lemma 2 we can
find closed sets X,2 X, 2 X, > ... and integers 1 < n(l)<n(2) <...
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such that
(i) X,, is not @(4,,),
(ii) |fpemy(®)! > 6,, whenever ®eX, for all m>1. o
Since [0,1] is sequentially compact, we know that (M X, # O.
oo ’ m=1
Choose #e() X,,. Then |f,m(#)|> d,, > é/2 for all m and so f;(z)+0
m=1
as ¢—>oo. The lemma follows by reductio ad absurdum.
' Proof of Lemma 2. Suppose the result is false. Since X is not Q(4),

we can find g;e Z(f;, fi11y -..) such that ge2(gy, g, ...) implies llgllox) > 6.

Set Xy = Z(9u)r Ingo)+1s ---) and write hy = g, . m
Let X, = {@eX: |hy(@)| > 6'}. We know that h; = 3 Af; for
=n(0)
m m
gsome > A;=1,4=>0n(0)<j<m] and so X; = U Y, where

i=n(0) : i=n(0)

= {weX: |f;(@)| > 6} [n(0)<j<m] By hypothesis ¥, is a @(4’) set
m
and so |J Y,is. Thus X, is a @(d’) set and we can find h,e 2, such that

i=n(0)
Mhallory < &'

Set X, = {weX: |hy(x)| = 6}. By the same arguments X, is a @(&’)
set and so, by Lemma 1, X, v X, is. Thus we can find an hzeZ, such that
Mgz, < 8-

Proceeding induectively, we obtain X;, X,,... ¢@(d') sets and
hyyhyy... €Z, such that

(1) -Xk = {weX: (@) > 0}

k-1

(ii) |hg(@)] < & for all we U X,.
i=1

It follows at once that
x—1

(iii) |hy(2)| < &' for all w¢ X\ U X,.
-1

But by our hypothesis 1
(iv) Jhe(x)} < M for all # and so, in particular, for all ze X, \ U X;.

Thus, setting » = m~ Z k., we have

— M
(v) hllox < (m—%'———< 6 provided only that m > M (86— §")™!

Since heZy = Z(gq, g2y --.), this gives the desired contradiction.

4. Generalizations. Recall that a set 4 in a topological vector space
Z is said to be bounded if, given U a neighbourhood of 0 in Z, we can
find 1> 0 with AU = A. If X is a topological space and Y a topological
vector space, we shall write C(X, Y) for the space of continuous functions
from X to Y. We topologize C(X, Y) by giving each f,eC(X, Y) a neigh-
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bourhood basis {{f: f(®)—f,(x)e U for all #eX}: U a neighbourhood of 0
in Y} and call this topology the uniform topology. If, as will usually be
the case in practice, X is compact, or if X is gsequentially compact and Y
metrizable, then (X, Y) is a topological vector space. If 4 <« X, feC(X, Y)
we write f(A) = {f(a): aeA}.

Our proof of Theorem 2 carries over, practically word for word,
to give a proof of Theorem 2.

THHOREM 2'. Let X be a sequentially compact topological space. Let Y
be a locally convex topological vector space. Let fy, fs, ... eC(X, Y).
Suppose

(1) U fi(X) is bounded,
i=1
(i) f,(#)—0 as n—>oo for all veX.
Then, given U a neighbourhood of 0 in Y, we can find 1, Ay, ..., A, = 0

m
with > A; =1 such that

=1

Zjltlf1 x)eU  for all zeX.

That the condition X sequentially compact cannot be dropped is
readily seen from the following standard counter example:

LeymMA 3. Consider f;: Z —R given by
fik)y =0 for [kj <1
fi(k) =1  otherwise.
Then f1, fay ... €eC(Z, R), |f(R)| <1 for all keZ, i>=1, and f;(k
>0, S'/l, 1, then

=1

as i—>o0 for all keZ. However, if V-u Y PR
d=1

The problem of when an analogne of Theorem 2 holds for con-
tinuous linear mayps I: C(X, Y)—>Z, where X is a sequentially ecompact
topological space and Y and Z are topological vector spaces appears to
e mueh more difficult. It is easy to construct examples in which any
2 of X, Y,Z are kept fixed and by changing the 3-rd we can make the
obvious analogue of Osgood’s Theroem true or false.

Even in the case where we wish to find conditions on Z which will
make the theorem true for all X and all (locally convex) ¥, T have not
been able to make much progress.

Consider the following possible properties of Z.

PrOPERTY A. Let Z be a topological vector space. We say that 7 has
property A if, given uq, Uy, ... € Z such that {uy, U,, ...} is bounded and
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U0 as i—o0, we can find n(ly < n(2) <... and neighbourhood W of 0
m m

such that, whenever Ay, Ay, ...y Ay =0 and D' A =1, we have D) Lju,;¢ W.
=1 Jj=1

PROPERTY B. Let Z be a topological vector space. We say that Z has
property B if we can find a bounded set T and vectors Uy, s, ... €Z such

m
that u;+>0 as i—>oco, yet whenever (A}, ..., |A,l <1 we have D Au;eT.
j=1

ProprERTY C. Let Z be a topological vector space. We say that 7 has
property C if we can find a bounded set T and vectors y, Uy, ... €Z such
that u;+0 as i—oo yet given &> O there exists o 6(e) > 0 such that

m m
by Waly ey Wl < O(2),  DVIAI<T imply > JugeeT.
=1 i=1

A locally convex topological vector space has property A if and
only if it is a Schur space (i.e., its convergent sequences are the same as
its weakly convergent sequences). Examples of spaces with property
A thus include all locally convex Hausdorff topological veetor spaces
with their weak topology (and so R", C*, I1(Z) under their usual norms)
and D([0, 17") the space of smooth functions on [0, 1]*. A locally convex
topologieal vector space has property B if and only if it contains an
(isomorphic) copy of ¢,. Examples are C"{[0,1]), D(R™) and I*(Z).
Among spaces with property C but not property B are I’(Z) [1 < p < o],
M([0,1]), L[0,1]) and LYR) [1 <q < o).

LEMyaA 4. (X) Let X be a sequentially compact topological space Y
o locally convex topological vector space and Z a topological vector space
with property A. Let I: C(X, Y)—~Z be a continuous linear map and let
Jisfzs .. eC(X, Y). Suppose

(i) Of,-(X) 18 bounded,
j=1

(ii) f,(®)—>0 as n—o0 for all zeX.

Then If,—0 as n—>oo.

(IT) Let X be a normal topological space containing distinct points
%(0), 2(1), #(2), ... such that x(0) kas a countable base of neighbourhoods
and x(j)—>x(0) as j—>oo. Let ¥ and Z be locally convex Hausdorff topo-
logical vector spaces and let Z have property B. Then there exists a continuons
linear map I: C(X, ¥Y)—Z and functions f,,fs,... €0(X, Y) such that

(1) U fi(X) ¢s bounded,
j=1

(i) f,(2)—0 as n—oo for all veX yet If,—0 as n—oco.

(IIY) Let Y and Z be locally convex Hausdorff topological vector spaces
{and let Z have property C. Then there exists a closed subspace H of C([0,1], ¥
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and a continuous linear map I: H-—Z together with functions fi, fo, ... eH
such that

(i) Df,-([O, 17) is bounded,

(ii) f,(2)—>0 as n->oco for all xeX yet If,++0 as n—oco.

The proof of Lemma 4 (i) is an easy adaptation of our proof of The-
orem 1. Note that we can obtain the usual theory of vector valued integrals
directly from this result. The proofs of Lemma 4 (ii) and (iii) are more
complicated but in view of the unsatisfactory nature of the results them-
selves we shall not give the proofs here.

I should like to thank Dr. Garling for much useful advice.
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