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Approximation of functions in Orlicz space

1. W. K. Dzadyk proved in paper [1] the following
TuroREM 1. Let {4, (f; «)} be a sequence of positive linear operators
jansforming the space L, (p = 1) of 2w-periodic functions f(x) in itself.
¢ ihen for an arbitrary function f(x)e L, the sequence {4, (f; %)} is convergent
v norm L, to this function if and only if ‘
(a) norms of operators A, are uniformly bounded, i.e. there exists a con-
stant M > 0 such that for an arbitrary function f(#)e L,

e, (f; @)le, < Ml]fHLp, n=1,2,..,
(b) for three functions 1, cosx, sina sequences of values of operators A,
are convergent lo these fumctions in the norm L, i.e.

lim|1—4,1; o)z, = linn |lcosz — A, (cost; m)]an

n—>00 n—-o0
= lim |lsinw — A4, (sint; @), =0.
n—>00 Lis

Z. W. Zarickaya in paper [5] has given an extension of Theorem 1
to the periodic funclions of two variables f(#, y)e L, (p > 1) with the
period 2= with respect to # and to y alone. In this case the system of
the functions 1, sinz, cos# is replaced by the system 1, sin®, siny, cosz,
cos Y.

In the present paper we shall give a generalization of the result of
Dzadyk on the space B3, Ej being the closure in Orlicz norm of 27-
periodic and bounded everywhere functions. We shall give also an example
of the sequence of operators for which the Dzadyk result ecannot be applied
in the case of arbitrary Orlicz space Lj,.

2. Let M(u) and N(u) be arbitrary N-functions an the sense of
Young, defined as in [3]. Let L, be a set of functions g(#) defined and
measurable in the interval [0, 2x] such that

2n

elg, N) = f N{lg(=)|)dow < oo.

0
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Let L3, be an Orlicz space of real functions f(#) defined and meas-
urable in the interval [0, 2=] such that for an arbitrary funection g(x)e L,

ff(m @) dv < oo,

A space Ly, with the norm given by formula
(1) Wlse = sup_| f Fl@)g (@) do]
o(g, N)<1

is a Banach space (see [3]).
We can also introduce the Luxemburg’s norm in a space L},

(2) I sy = infk,

where the infimium is taken over all positive &k such that

[ (Lo .
0

The norms (1) and (2) are equivalent ([3]).
Now we shall prove that the Dzadyk theorem is not true for every
space L},. Let

2

(3) A5 0) = [ (K, (@~ Dat

0

be a sequence of operators, K, (¢) being the Fejer kernel, i.e

2 sin%(%—l—l)t]2

Hall) = m(n+1) [ 2s8in 3¢

Since

2n

[ K@)t =1

0
it follows from [4] that there exists a positive constant C such that for
every n

2

[ M(14,(f; a))dw<C [ M(f(a)l)da
0

0

Hence 14,(f; @)l < Cllflany and 14,(f; @)y < Cilifllar, C1 being
positive constant.

On the other hand,

4, (15 @) — 1l = sup lf [4,(1; 8)—1]g(a)dz| = 0.
A9, N)<1
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Let ¢ be an arbitrary positive numbers. Then

2T 2w

|4, (cost; @) —cos@ly = sup |f (f [cosa:—eost]Kn(w—t)dt)g(w)dw'
doN)st'g o

27

< sup [ lg(@)lde < e[2x M(1)+supe(g, V)]

e(g,N)<1g
Lel27 M(1)4-1]
for » > ny(e), ny(e) being sufficiently large positive number independent
of ». Hence |4, (cos?; %) — cos®| 5, — 0 as n—>oo. The condition ||4,,(sint; ) —
—s8in®l;;—~ 0 as n—o0 may be proved similarly. Consequently (a) and (b)
are satisfied. The condition ||4,(f; @) —fll;;—>0 as n—>oo is satisfied for
an arbitrary function fe L}, if and only if L}, is a separable space ([6]).

3. Let F be a set of all measurable functions bounded everywhere
and 2mn-periodic. Then E < L,,. Let E3j, be the closure of the set E in
the Orlicz norm. Note that B}, = L}, if and only if the function M satisties
4,-condition.

THEOREM 2. Let {A,(f; 2)} be a sequence of positive operators trams-
forming E3, into itself. Then for an arbitrary function fe Ey the sequence
{4,.(f; )} is convergent in the Orlicz norm to the function f if and only if

(a) there emists a constant K > 0 such that for an arbitrary function
fl@)e By

N, (f; @ar < ENfllars n=1,2,.

(b) 114,15 ®) — 1]l 0, [sine—A4,(sint; #)ll,—0,

llcosw — A, (cost; @)y —~0 as n —o0.

Proof. Conditions (a) follows from the Banach—Steinhaus theorem.
Necessity of condition (b) is obvious.

Sufficiency. We shall prove first that the sequence of operators

o, B
{4, (sin?

@)}, # being a parametr, is convergent in Orlicz norm to

the function identically zero. Evidently

4, (sin® 225 a)a = 3[4, (1= cos(@—1); a)llar < 34, (1; @) — Ll +

—{-%[Icos%—cosm 4, (costs x)llp+ §lsin®s —sina 4, (sint; @)l
< 34,15 @) =1l + Ellcose— A, (cost; @)l +
+ 3|sinw — A4, (sint; )| -0
as n — 0o,

Let f(z) be an arbitrary 2r-periodic function and let f(z)e E;. The
set of continuous functions is dense in K3, ([3]). Hence for each &> 0
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and fe B}, there exists a function k(x) continuous in [0, 2x] such that

IIf (z) — h(m)|{3 < e. Moreover, there exists a number 6 > 0 such that the
condltlon [t —@| << 6 implies the inequality
(4) CJR(m)—h(t) < e

for arbitrary ¢, ®¢[0, 2x].
Let K, = sup|h(x)|. For all &, te [0, 2n] we have ([2])

[0,2r]

5 hiw)—1 t) + ! sin?
(2 S1
( ) | ( ) l( | < Si|12(3/2 2

We shall that [[4,(f; =) — f lz7—0 as » — oo. Applying inequalities

WA, (f3@) — fllar < 1A, (f; @) — Ay (hs @)llag + 14, (h33) — R(2) A, (L3 @) 4 +
‘ +uh<w) w15 @) = B(@)llyr + 1F (@) — ()15
= A, (f—h; @)y +{|Au(Ih(@) = @) 5 @)||5 4 lh(@) [4,(1; ©) = 1]+

+1f =9l
it follows from (a) and (4) that §4,(f—h; @)l < .
Hence A, are positive operators, using (5) we obtain

Afes 2K, ., w—t '
S
"* T sintez T 2

4,17 (@) — (1) ]; @)||n <

M

2K, L, o )

<elld,(1; o)+ W“An(S1n (”—t/“)§m)“M-

Hence || 4,,(f; @ fll uw < (242K +2K,) for sufficiently great » and
consequently ||An(f, f||M—>0 as n->o0,

It is easy to Verify that the result of Zarickaya ([56]) holds in the
space K3, of the functions f(w, y)e K}, with the period 2= with respect
to # and to y alone.
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