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Approximation of functions in Orlicz space

1. W. K. Dzaclyk proved in paper [1] the following
Tim orem 1. Let {A n( f ; #)} be a sequence of positive linear operators 

transforming the space Lp {p >  1) of 2n-periodic functions f(æ) in itself. 
Then for an arbitrary function f ( x ) eLp the sequence {An( f ‘, or/)} is convergent 
in norm Ijp to this function i f  and only i f

(a) norms of operators A n are uniformly bounded, i.e. there exists a con­
stant M > 0 such that for an arbitrary function f(x)  e Lp

P»(/>  M\\f\\Lp1 n = 1 , 2 , . . . ,

(b) for three functions 1, cos#, sinx sequences of values of operators A n 
are convergent to these functions in the norm Lp, i.e.

lim ||1 —A n(l] x)\\L = liin ||c o sæ -4 n(cos«; # )Ц
n—>oo n—> o o

=  lim||sina? — An{sint; x)\\L = 0 .
зг->оо ^

Z. W. Zarickaya in paper [5] has given an extension of Theorem 1 
to the periodic functions of two variables f ( x , y ) e Lp { p ^ l )  with the 
period 2tx with respect to x and to y alone. In this case the system of 
the functions 1, sin#, cos# is replaced by the system 1, sin#, siny, cos#, 
cos y.

In the present paper we shall give a generalization of the result of 
Dzadyk on the space E *M, E*M being the closure in Orlicz norm of 27r- 
periodic and bounded everywhere functions. We shall give also an example 
of the sequence of operators for which the Dzadyk result cannot be applied 
in the case of arbitrary Orlicz space L*M.

2. Let M(u)  and N(u)  be arbitrary ^-functions an the sense of 
Young, defined as in [3]. Let L N be a set of functions g(x) defined and 
measurable in the interval [0, 27t] such that

2 П
g(g,N) = J  N(\g(x)\)dx< oo. 

о
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Let L*M be an Oriicz space of real functions f(oo) defined and meas­
urable in the interval [0, 2tc] such that for an arbitrary function g(so)e LN

2 тс ^
f  f{æ)g(æ)dæ< oo. 
о

A space L*M with the norm given by formula
2тг

(1) \\f\\M =  sup I f  f{x)g{œ)dæ I
0(0,N)< i 1 ^ 1

is a Banach space (see [3]).
We can also introduce the Luxemburg’s norm in a space L*M 

(2) \\f\\{M) = inîk,

where the infimium is taken over all positive к such that

dæ <  1.

The norms (1) and (2) are equivalent ([3]).
Now we shall prove that the Dzadyk theorem is not true for every 

space L *M. Let
2Tt

(3) A n{f- x) =  f  {t)Kn( x - t ) d t
о

be a sequence of operators, K n(t) being the Fejer kernel, i.e

K n{t)
2 r s in |(w  +  l ) n 2
+  L 2sin^ J

Since
2tt
f  \Kn{t)\dt = l
о

it follows from [4] that there exists a positive constant C  such that for 
every n

2tc 2jt
/  M ( \ A j f ;  x ) l ) d x ^ O f  M ( l f ( x ) l j d x .  
о 0

Hence ||A n ( f ;  w)\ \ {M) <  C \ \ f \ \ (M) and НАЛ/i x ) \ \ M  <  С г \ \ f \ \M , C x being 
positive constant.

On the other hand,
2ТГ

НАЛ1 ; a ) - l | |M =  sup I f  [An( 1; x ) - l ]g{x )dx \  = 0 .
o(o,n x i 1 ôi 1



Functions in Orlicz space 163

Let s be an arbitrary positive numbers. Then

||Hw(cos£; x) — cosa?||M =  snp
eio.NX i

2тг 2n
J IJ [cos& — cost]Kn(x — t)dt^g(x)dx

о 0
2n

<  sup f \g(x)\dx <  е[27г M (1) + sup£>(</, N)}
e(9,JV)<i f

<  £ [ 2 tc l f ( l ) + l ]

for n > n0(s), n0(e) being sufficiently large positive number independent 
of x. Hence ||Hw(cost; x) — cosa?||M-^0 as n->oo. The condition ||Hn(sint; x) — 
— sina?||M-^0 as n->oо may be proved similarly. Consequently (a) and (b) 
are satisfied. The condition \\An(f] x ) —f ||M->0as n-^oo is satisfied for 
an arbitrary function feL*M if and only if L*M is a separable space ([6]).

3. Let E  be a set of all measurable functions bounded everywhere 
and 27T-periodic. Then E  c= LM. Let E*M be the closure of the set E  in 
the Orlicz norm. Note that E*M — L*M if and only if the function M  satisfies 
d2-condition.

Theorem 2. Let {A n( f ; sc)} be a sequence of positive operators trans­
forming E*M into itself. Then for an arbitrary function fe  E*M the sequence 
{An{f', x)} is convergent in the Orlicz norm to the function f  i f  and only if

(a) there exists a constant К  > 0 such that for an arbitrary function 
f(w) e E M

WAn(fi К\\/\\м> n =  1,2,...
(b) \\An{ l ; я ) - 1 | |м ^ 0 ,  ||sina?-H„(sin<; a?)||M->0,

||cosX — A n(cost ] x)\\M -+0 as n-+oo.
P roof. Conditions (a) follows from the Banach-Steinhaus theorem. 

Necessity of condition (b) is obvious.
Sufficiency. We shall prove first that the sequence of operators 

x — t
{H№(sin2------ ; x)}, x being a parametr, is convergent in Orlicz norm to

2
the function identically zero. Evidently

|Hn(sin2
x —t

\M =  а)||м<  Ш „(1; ^ )-1 |Im +

+  f||cos2& — cos#Hn(cos£; sc)\\M +  !l|sin2$ — sina?A n(mnt-, x)\\M
— 1 Ид* +  i!lcosx — A n(cost ; x)\\M +

+  |||s in#  —H^sinP, a?)|| ->0 
as n -> oo.

Let f(x)  be an arbitrary 27t-periodic function and let f{x)eE*M. The 
set of continuous functions is dense in E*M ([3]). Hence for each £ >  0
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and fa E*M there exists a function h(x) continuous in [0, 2tz] such that 
\\f{x) — h(x)\fM< e. Moreover, there exists a number <5 >  0 such that the 
condition \t — x \<  <5 implies the inequality

(4) \h(x) — h{t ) \<e
for arbitrary t, же [0, 27с].

Let K x — sup|&(a?)|. For all x, ta [0, 27c] we have ([2])
[0,2п]

(5) \h(x) — h(t)\ <  e +
2 K, x — t

—— —— sin2------ .
sin2 <5/2 2

We shall that \\An{f-, x )—f  ||M->0 as n -> oo. Applying inequalities

IIA n(fjx) - f \ \ M <\\An(f; ® ) - A n(h-, x)\\M+\\An{]i ' ,x)-h(x)An(l-,x)\\M-±-
+ ||А(я?)Ая(1; x) — h (x)\\M +  Ц/(x) — h (x)\\M 

= \\An( f -7i ;  x)\\M + \\An(\h(x)-h(t)\-, ж)||м +  \\h(x) [Ая(1; ж )-1 ]||м +

+  II/—
it follows from (a) and (4) that IIA n( f —Ji-, ж)||м < еА . 

Hence A n are positive operators, using (5) we obtain

\\An{\h(x)-h{t)\-, ж)||м < A J  e +
2 K x 

sin2 <5/2
x — t

M

^  e IM-n(l > ®)Wm +
2KX 

sin2 <5/2
|Mn(sin2 (x-tl2)' ,x)\\M.

Hence ||A n( f ‘, x ) —f  ||M<  s (2 -\-2K-]-2K1) for sufficiently great n and 
consequently ||A n(f-, x ) - f \ \ M-+0 as n->oo.

I t  is easy to verify that the result of Zarickaya ([5]) holds in the 
space E*M of the functions f ( x , y) e E*M with the period 2tv with respect 
to x  and to у alone.
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