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Some properties oî the solutions of the equation L 2u  +  lm  =  0

1. In paper [2] we gave an example of a continuous function h(X) 
such that equation Apu(X) Jr 'k(X)u(X) = 0  has only trivial solutions. 
This function has been introduced previously by Шетеуег [4].

In this paper we shall do the same for the equation L2u{X)  +  h(X)u(X)

= 0, where L2u — LLu, Lu =  JT aikuik, aik are constants, X  =  (aq, ..., æn)

and the operator L is elliptic. We first deal with the case n =  2 and then

Let aik |г- £k be a positive definite quadratic form with constant 
coefficients (i =  h =  1 ,...,?г); (агк) will stand for inverse matrix to 
{aik)-, then form ^ а гк£{ £к is also positive definite. By ER we shall denote 
the ellipsoid with the equation ]?а гкос{оск — В2, by ER the closure of its 
interior; r =  rXY will denote the “elliptic distance” [JT*агк(х{ — у(){<юк — 
— ock)]112 >  0 of the points X  =  (aq, ..., xn) and Y =  (ylf ..., yn) , X  ф Y.

Let v denote a function of class (74 in a region Л е й 2, let S denote 
a surface in D with continuous normal (in the sequel such surfaces will 
be briefly called surfaces). The transversal derivative of the function v 
is defined as (see [1], p. 140)

It is defined for the points on 8 and depends itself on 8 . Each time the 
transversal derivative will be involved, S being a Jordan curve, n will 
denote the normal directed towards the inside of 8 .

We shall need the following lemmas (to be found in [3]):
• L emma 1. Let u(X) =  U{rXY) be of class C2 for r >  0; then

Lu =■ JT aikux.Xk =  V"(r) -!• (n - 1)r~l V  (r), r >  0 .
Lemma 2. Let the quadratic form be positive definite;

then the surface integral

П

with n >  3.

Я/« n n

(i) n >  2
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where G(X) =  [JT1 (^и,гк xkf ] lj2, is positive and does not depend on R.
In the case n — 2 the same is true with the surface integral replaced 

by the curvilinear one.
2. Let us now consider the two dimensional case. We shall need the 

following lemma (see [4]):
Lemma 3. There exists a continuous function h(r) in the unit circle 

\x\ =  (|гх|2 + |t2|2)1/2 <  1 such that the function

(2) w(t) =  J j  Jc{r)\ogQdr,
\r\<l

where q =  \t — t\, t =  {t1, t 2), is such that Ли exists but is discontinuous 
in a set dense in the unit circle.

From this lemma we shall deduce the
Lemma 4. There exists continuous function fc1(C) defined in the ellipse 

E* =  {z =  (xx, x2): ^ агкх{хк < 1 }  such that for the integral

w{z) =  A j j  Mt)logrd£,
Ei

where z — (x, x2), Çs— (£, rj), A constant, Lw(z) exists but is discontinuous 
in a set 8 dense in E *.

Proof. It is easily checked that every affine transformations transform­
ing the form |2 -j-rj2 into the form ^falkrirk, transforms the points at which 
the Laplace operator of a function u(Ç, rj) is discontinuous into the points 
at which Lu(rx, r2) is discontinuous. It transforms dense sets into dense 
sets, the unit circle is mapped onto the ellipse Ex.

Lemma 5. Let v(X) be a solution of class C4 of the equation

(3) L2v{z) +h(z)v(z) = 0
in a bounded region D, whose boundary dD is of class Cla. I f  v is of class G3 
in D, then

, AS , ,  с\,ЛЛ , ^ (£) 4®(0 , 91 dLv(C)(4) v(z) ~  a J (41ogr -f4)— ------ —/— -fr2logr
an L dv G(X) dv

- r 2( l + 21ogr) 1 Lv{C)\ds-a j  J h(Ç)v(Ç)r4ogrdÇ,
™ /  J  d

where a — (4e)_1 and e is defined by (1) for n =  2, whence is positive. 
Proof. Let us apply the fundamental formula

dv dLu dLv du \-------v — -----Vu— -  — Lv —- 1ds
dv dv dv dv J

J  J (uL2 v — vL2 u) dt, =  — J*/.
D  d D  '
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to the functions и =  r2logr and v(z) in the set D — EB we obtain 

j j  (vL2r4ogn — r4ogrLzv)dÇ + j  ll> 2log?
_ ЯП '

dv dLrHogr
:r-— - v ------------

dv dv
D - E R

dLv dr4ogr +  r2logr—------ Lv  -̂---- ids
dv

dLrHogr

dv

dLv

dv
dv

LrHogr
d E,

drzlogr

Since

+  r4ogr-———Lv 
dv dv dv

L(r4ogr) =  4 +  41ogr,

- 1 ds =  0.

and

and

d(r2logr) dr 1------------ =  (r2logr) ■— =  r2(Z + 21ogr) —- —,
dv dv G{X)

dL(rz\ogr) d(41ogr +  4) 4 dr
dv dv

thus by (3)

jj k(Ç)v(Ç)r4ogrdC =  J"|̂ (4 + 41ogr)

r dv G(X) 1

dv 4tV

D - E R

dLv Lvf 2j0 g r ------r2 (1 + 2 logr)
dv

vds

G(X) 

dLv

dv G{X)  

jds+4 J dv(1 +logE) — ds 
dv

dE-,

r  vas r  oJjV r 1|ед + Ji,loeJ*.-er*- J B * ( i + 2 i o g B ) —
dE,

G(X)

Applying the mean value theorem to the integrals over 0E*{, we obtain 

k(C)v(C)r4ogrdC =  J|(4 + 41og?
dv 4:V dLvT)—------ — -f-у 2 log у------

dv
D - E R

- 4 HQ) f
dEB

dv G(X)

Lv "1 dv(Q)— r2(l +21ogr)———- ids -\-éaxR (l +logi?)
( r ( A )  J

ds ' dLvQ
axR4ogR— -------axR3(l +log.K)

G(X) dv

dv 
Lv{Q) 
G{X) ’

where Q e dEx, and ax is the length of the unit ellipse dEx. Going to the limit 
with R->0 andVpplying Lemma 2 we obtain (4), q.e.d.
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From (4) we deduce

dv / 1 \
Lsv(X)  =  a4 J  L ( l +  log?’) ds — 4 J L hÿrÿrl (̂C)ds -f

an an ' ' ' ’
dJji)-fa J Z(r2logr) — ds — a J L[r2(l +  21ogf)]((r(.X))~1Lr>ds— 

ôi> au

— a J~ J* &(£)fl(£).L(r2logr)dC.
D

Since, by Lemmas 1 and 2, L(Z+logr) =  0, Z(r2logr) — 4(l+logr),  
L(rZjr2r4ogr) =  12 + 81ogr, we obtain

(5) / dLv г( l + l o g r ) — ds —4a J ((r(X))_1(3 + 21ogr)Xvds
an an

— 4a J T  fc(f)*(f)df-4a JJi(f)t!(f)logrdf.
D  D

Lemma 4 (see [4]). There exist a continuous function h(r) in the circle 
K x such that each solution v(t) of the equation A2v-\-liv =  0 is identically 
equal to zero in this circle.

Xow we shall prove
TiiEOKEM  1. There exist a continuous function fc1(C) in the ellipse 

E* such that each solution of class (T of equation (3) is identically equal 
to zero in E*,

Proof. Let the function &i(£) satisfy the conditions of Lemma 4, 
let v(z) be a solution of class O4 of (3) in the ellipse E* =  D. Differentiation 
under the sign of the integral shows that all the forms at the right-hand 
side of (5) are of class (72 in Ex, except possibly the last one. This may in 
turn be written as

(6) /  /  M tM O lo g  rdC
*

E1
= ®(«o) / f  fei(C)logrdC +  j  j  I c M l v i f l - v i Z o ï ï l o g r d Ç ,

E* E*1 1
2

where z0 =  (x0, y0) and aiJx0y0<  1 .
i , j = l

By Lemma 4

L  f  j  hxv l ogrd C  and L  J J  k x{£) [v{C) — v { z0) ] l o g r d £
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are continuous functions and Lv(z0)j  \hx(t,)\ogrd ,̂ is discontinuous at
*

Ei
each point z0e (see [5], p. 98), being dense in D. Therefore v(z0) eee 0 
in $3 and continuity of v implies that v(z) = 0  in JEX, q.e.d.

3. To deal with the case n >  3 we shall state some lemmas analogous 
to Lemmas 4 and 5.

L em m a  4a. There exists a function / i (L)  =  f { y t1 . yn) continuous 
in the ellipsoid
(7) E*r =  аь'х{х} <  1

such that for the function w(X)  =  j j j  / x( Y)r2~nd Y , Lw(X) exists but is

* Erdiscontinuous in a set dense in E%.
Proof. Analogous to the proof of Lemma 4.
Le m m a  6a. Let v(X) be a solution of class (J4, of the equation

(3a) L 2v(X)+lc{X)v(X)  =  0
in a bounded region T) with boundary dl) of class C\ suppose further that 
v(X) is of class Ü3 in D) then

’(X) = « „ / /

+ Г4

dD

dLv
dv

Qv vf2 ■»
2 ( 4 -  n ) r 2~ n  --------------2 (4 -  n) (2 -  n) -  — — ■

dv (rX +

(4 - n ) r * - nLv
G{X)

1 d s - a nj  J J r4~nh{Y)v(Y)dY,
■* D

where an =  2(2 — n)(é — n)e~l . '
Proof. Applying the fundamental formula

Ш г г I dv dLu dLv 
(■vL*u — uL2v)dY +  JJ YLu —  ^ U~~df~

D  dD '

du\
— Lv —  ds =  0, 

dr)

to the function и =  r4 ”, and v(X)  in the region D — LfR we obtain

JJJ { u L 4 - v L b A~n)dY +  J I ILr
dD

,4 — tl dv
dv

dLr
— v

dv
dLv
dv

d - e ,

dr*-n\
-  L v------- dS.

dv

By Lemma 1 and by (3a) 

Lr4~n =  2 (4 -w )r~ ” dr4. (r4" ”)' dr (4— n)r4 n 
~dv =  G(X)and

dv
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and
dLr4~n r2=  2(4 — n)(2— n)

dv G(X) ’
so we obtain

Iff k(Y)r4~nv(Y)dY
D - E R

Я
dD

dv r2 n2(4 — n)r2 n —----- 2(4 —n)(2 —n ) 1? +0V 6r(A)

dv G(X) ]
ÜEВ

•Д4
№В ÔB,

dER

Lv
G Ï X )

G(X)

dS.

Applying the mean value theorem to the surface integrals over dER, 
we obtain

J JJ k(Y)v{Y)r4~ndY =  JJ 2(4 — тг)г2_n dv 2(4 — %)(2 — w)r2 nv

D-E, dD
dv

+  r‘
dLv
dv

Lv
4 — n
ЩХ)

y4-nj d/8 +2(4,~n)QnB

G(X) 

dv{Q)

+

dv

2(4: -n)(2 —n)v{Q)e-{-ÜnB3- d̂ ^ ---- (4 - n )  QnB3Lv{Q), Qe dE*R.
dv

If B->0, then

' < x , = y / /
dD

„ dv vr2 n . dLv2(4 - n ) r 2 n - ----- 2 (4 — в) (2 — n) — - + r4 n ——
dv G(X) dv

(4— n)r4 nLv
ЩХ)

I dS- у  JJJr4~nk{Y)v (Y)dY ,

where y =  [2(2 —в)(4 — n)e] b
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Lx v(X) =  2 y (4 ■n) j J L(r2~n)
dD

dv
dv

dS

- 2 y ( 4 - « ) ( 2 +  r f f  dLVd{Y) * S -
dD  ' '  0П

- y(4-») J J  ^  "ff dS-yfff KmvmMr'-̂ ds.
dD ' '  J  D  J

Since L(^~n) =  0, we see that

(8) Lx H X)  -  ! f y ( i - » ) f f r - - ^ £ P - d S - Z , ( é - * ) ‘ f f  -
, an an v '

- 2 y { ê - n ) j  J  j* lc {Y)v{Y)^-nd Y .
n

Now we are able to prove the 
Theorem  la. There exists a function

fiiVi, •••,&») = / i №
continuous in the ellipse E* such that each solution of (За) о/ c£<m (74 m E* 
vanishes identically.

Proof. Let /(Y ) satisfy the conditions of Lemma 3a. Let v{X)c C4 
be a solution of (3a) in E*. Differentiation under the sign of the integral 
shows that first and the second term at the right-hand side of (8) are of 
class O2 in E*, the third may be represented as

(9) à JJJ f 1(Y)v(Y)r2~ndY =  âv(Y„) JJJ^~"f1(Y)dY +
D К

+  Ô J J J } 1( Y ) { v ( Y ) - v ( Y ^ - ' d Y , IV  S,
*

where ô — 2y(4 — n). By Lemma 4

L f j f W M M e - d Y ,  i j f j A m i v m - v i Y M r ^ d Y
* *

Ei Ei
are continuous and

Zv(Y„)JJJ r*~nf l (Y)dY
*

E1
is discontinuous at each point of Sx (see [5], p. 98). The argument applied 
previously shows that v(z) = 0  in E*, q.e.d.
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