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Some properties of the solutions of the equation L*u+ku = 0

1. In paper [2] we gave an example of a continuous function k(X)
such that equation APu(X)-+k(X)u(X) = 0 has only trivial solutions.
This function has been introduced previously by Niemeyer [4].

In this paper we shall do the same for the equation L*u(X) + k(X)u(X)
= 0, where I*u = LLu, Lu = ) @34y, a; are constants, X = (2, ..., ,)

k=1
and the operator L is elliptic. We first deal with the case » = 2 and then
with # > 3.

Let XY a; & &, be a positive definite quadratic form with constant
coefficients (i =k =1,...,n); (a*) will stand for inverse matrix to
(ag); then form ' a™¢ &, is also positive definite. By K, we shall denote
the ellipsoid with the equation ) ¢*z;z, = R?, by E}, the closure of its
interior; r = rxy will denote the “elliptic distance” |3 a* (@, —y,) (), —
—u;)]"2 > 0 of the points X = (2, ...,4,) and Y = (¥, ..., ¥,), X # Y.

Let v denote a function of class ¢* in a region D = R?, let S denote
& surface in D with continuous normal (in the sequel such surfaces will
be briefly called surfaces). The transversal derivative of the function v
is defined as (see [1], p. 140)

0?) n n
’
5 E vxiZa,-jcos(n, ;).
i=1 g=1

It is defined for the points on 8 and depends itself on S. Each time the
transversal derivative will be involved, S being a Jordan curve, n will
denote the normal directed towards the inside of S.

We shall need the following lemmas (to be found in [3]):

Leava 1. Let w(X) = Ul(ryy) be of class C° for v > 0; then

T = Z“ik"%ﬂ% =U'(»)+(n=Lr1U(r), r>0.
LnMA 2. Let the quadratic form (> a™w,)* be positive definite;
then the surface integral

o dS
(1 e = R*" J —— > 2
) ¢ J G(X)’ ’
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where G(X) = |3 (Y a™w,)'|'?, is positive and does not depend on R.

In the case n = 2 the same is true with the surface integral replaced
by the curvilinear one.

2. Let us now consider the two dimensional case. We shall need the
following lemma (see [47):

LeEMMA 3. There exists a continuous function k{r) in the unit ocircle
7] = (|7, + 17 [5)"* < 1 such that the function

(2) w(t) = [[k(r)logedr,
I7i<1
where o = [t —1|, L = (1, t,), 18 such that Au ewists but is discontinuous
in a set dense in the unit circle.
From this lemma we shall deduce the
LEMMA 4. There ewists continuous function k({) defined in the ellipse
B} = {z = (%, @): Da% w2, < 1} such that for the integral

w(z) = Aff ko (O)logrde,

#y

where 2 = (x, 4,), &= (&, n), A constant, Lw(z) exists but is discontinuous
in a set S dense in E.

Proof. It is easily checked that every affine transformations transform-
ing the form & + 7’ into the form Y'a™ 7,7, transforms the points at which
the Laplace operator of a function u (&, n) is discontinuous into the points
at which ZLu(r,, 7,) is discontinuous. It transforms dense sets into dense
sets, the unit eirele is mapped onto the ellipse E,.

LeMMA 5. Let v(X) be a solution of class C* of the equation
(3) o) +k(2)v(z) =0

in a bounded region D, whose boundary 0D is of class CL. If v is of class C°

wn D, then

_ gy Q) (D) ey OTPE)
(4)  w(z) _aaﬂ(uoy - ¢(X) +rtlogr=
1
—r2(1+2logr) &) Lv(C)]ds—aff E()v(L)r2logrdl,
D

1

where a = (4¢)™" and e i3 defined by (1) for n = 2, whence is positive.

Proof. Let us apply the fundamental formula

£j (ulPv—vlPu)dl = —aD
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to the functions w = r2logr and v(z) in the set D — Ey we obtain

a dlr2l
ff vL2r2logr—rilogr L2v)df + f(LTzlog,,Bf’__ ___1_“6_9_gi+
14
D-Ep
oL 3] P
+7‘210g7‘~—” —Lv ortlogr ds + f iLﬁlOgr——
ov Dy ) \%
GER
— M+T o 0Lw _Iv 6"2,10g7;)d3 o
Ov o
Since
L(r2logr) = 4 4+ 4logr,
and
d(rtlogr) or 1
N = (r2logr)’ —= = r*(1+2logr
v (’r 087') v a ( + 0g7) G(X),
and
OL(r*logr)  O(dlogr+4) 40r 4
ov - o =T T e@
thus by (3)
fﬂ k(v (¢)rlogrdl = f[(4+410 A
J* grac = Ll TS o
D-Ep oD
aL’U Iw - 6/0
+r 08T r2(1 +2logr) G(X)] s+ *( og )(% o
OER
vds oL
—4 f——— fRzl R————d_ fRzl olow B — LI
G(X + og M S ( +2log )G(X) vds.

ER oEp
Applylng the mean value theorem to the integrals over 0E},, we obtain

o 4o oLv
f£ k(g)v{&)rtlogrdl 261! [(4+410gr)-é;— &) +12logs o

0v(Q)

—73(1 +2logr) 5
14

f )]ds+4a1 (1 +logR)

' motogn 0 g In(Q)
) f—GﬁJralR logR a1 Hlog ) 5,

where Q¢ 0F,, and «, is the length of the unit ellipse dF,. Going to the limit
with R— 0 and’applying Lemma 2 we obtain (4), q.e.d.
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From (4) we deduce

o 1
Lo(X) = ad fL(l +10g7-)-ai ds —4 fL(
vV

G(X))U(C)dvs‘#

oD

+a jL 210gr)-aa——ds—aJ Lr2(1+2logr)](G(X)) " Lods —

ab

——affk Yo (L)Y L{rtlogr)ds

Since, by Lemmas 1 and 2, L(l+logr) = 0, L(r*logr) = 4(1 +log7),
L(r2+2v2logr) = 12 - 8logr, we obtain

(5) LX) =4a f(1+log7')-(?aLTvds—4a f(G(X))“1(3+210gr)Lvds-

oD oD

—4a j;fk@)v(@dc—etaj];fk(&)v(&)logrda

LeMMA 4 (see [4]). There exist a continuous function k() in the circle
K, such that each solution v(t) of the equation A*v+kv = 0 is identically
equal to zero in this circle.

Now we shall prove

TiuroreM 1. There exist a continuous function k(L) in the ellipse
EY such that each solution of class C* of equation (3) is identically equal
to zero in B,

Proof. Let the function %,(¢) satisfy the conditions of Lemma 4,
let v(2) be a solution of class ¢* of (3) in the ellipse E; = D. Differentiation
under the sign of the integral shows that all the forms at the right-hand
side of (3) are of class C? in E,, except possibly the last one. This may in
turn be written as

(6) (fk Ologrdl

v(2,) ffk Hlogrdl k}} k(O [v(8) —v(2,)]logrdC,
El

l

where 2z, = (%, ¥,) and Za” @Yo << 1.
1j=1
By Lemma 4

L[| kvlogrd; and Lffkl ) [0(2) —v(20) Jlogrdt

*
£y
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are continuous functions and Lv(z,)f [k,()logrdl is discontinuous at
B

each point z4e §; (see [5], p. 98), 8, being dense in D. Therefore v(z;) = 0

in 8, and continuity of » implies that »(2) = 0in E,, q.e.d.

3. To deal with the case » > 3 we shall state some lemmas analogous
to Lemmas 4 and 5.

LevMMA 4a. There exists a function fi(Y) =F(yy, ..., ¥,) continuous
in the ellipsoid

(7) E; = Za""w,-x,. <1

such that for the function w(X) = [[[f(¥)*"dY, Lw(X) ewists but is
i

discontinuous in « set S, dense in Ej,.

Proof. Analogous to the proof of Lemma 4.
LEMMA 6a. Let v(X) be a solution of class C* of the equation

(3a) L2o(X) +k(X)v(X) =0

in o bounded region D with boundary 0D of elass C. suppose further that
v(X) is of class O3 in Dj; then

GX

A—n 0L (4:_")74—”Lv . AN TV
R ]ds anfbff1 K(T)o(Y)dY,

) . O e
o(X) = anff [2(4-mr~-“_07 2 —m) (2 —n) — 4
oD

where a, = 2(2—n)(4—n)e.”

Proof. Applying the fundamental formula
0 0L oL 0
fff (szu—uL%)dY—kff Lul —v el +u Y — L —yv)ds =0,
v o dv v
b ES))
to the function » = #*", and »(X) in the region D — Ky we obtain
. , e g a0V oLy ™" o 0L
fjf(u]ﬂfv—vl}zr "dY + jf It — —v et — —
J )5 v 0y Oy

D—-ER
07.4—n
— Lv——| ds.
" )

v

By Lemma 1 and by (3a)

L 4—n 2(4 ,r?.—n a (1 07‘4—’1 . (1,4—11)/ 6_7 _ (4___/”)7.4—11
T =t " v v G
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oLy~
dy

2(4—n)(2—mn)
s0 we obtain

fff’k(Y)T“‘”v(Y)dY

rd
D—-Ep

G(X)’

904 oy OO 204 9 g2=n
= [[|pa—mr S —2u—mz—m g o

oLy (4—

_ YLoy*™"
d—n
+1 . ) ] as 4

+2(4—-n)R2“”ff Oo(X

s
— _ 2 — N
/=5 A8 —2(4—n)R fva(X)+
6ER

Fio
e ([ B [
p
oE,

Applying the mean value theorem to the surface integrals over 0Ky,
we obtain

A _ o vsaen o0v
fffk dy_if[zm ny1

Oy
D-E,

2(4 —n)(2 —n)r* "o
G(X)

4 0LV . S e _ 0v(Q)
47 = vG(X) rt ]d8+2(4 n)Q,R = -
oL
—2(4—n)(2—m)v(Q)e + 2, K —g;‘Q—)

—~(4—n) 2, B In(Q),

Qe 0E5,.
If R0, then
‘ v o 9 In
- 4 n =l 94 —n)(2— 4-n -
0 =7z 5, ~HU—ME g
oD
=)y 74" Lo

G(X
where y = [2(2—n)(4—n)e]™"

] ~yfff r(Y)(Y)AY,
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Lyv(X) = 2y(4—mn) ffL(rz‘”)Z—vdS—
i3]

v

() o OLv(Y)
—~2y(4—n)(2—~n)6f0fL(7' ) G ds+nyL(r )= ds—

—y(4—n) ffﬂg%—v dS—yfffk(Y)v(Y)L(r**—")ds.
on D

Since L(#™™) = 0, we see that

() Lxv(d)=2y(d- "ff”m as —2y(4— ”)” Z(Jgs_

—2y(d—mn f“ Y)o(Y)r"dY.

Now we are able to prove the
THEOREM la. There exists a funmction

Jilas ooy ) = f1(Y)

continuous in the ellipse By such that each solution of (3a) of class C* in Hf
vanishes identically.

Proof. Let f(Y) satisfy the conditions of Lemma 3a. Let v(X)e C*
be a solution of (3a) in Ey. Differentiation under the sign of the integral
shows that first and the second term at the right-hand side of (8) are of
class O2 in E7, the third may be represented as

(9) a}fffl )o(Y)r* " dY = ov(Y,) [[ [P fi (Y)Y +
A

i

+0 [[[ (DY) —o(Y)1*"dY,  Tye S,
B

where 6 = 2y(4—n). By Lemma 4
L{[[f(X)o(Y)P"ay, Lffffl )[0(Y) —0(Yo)]*"dY
£

are continuous and

Yo [ frfu(¥)ay
5

is discontinuous at each point of S, (see [5], p. 98). The argument applied
previously shows that v(z) = 0 in E7}, q.e.d.
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