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O n a mixed problem for the biharmonic equation

The paper presents a construction of the Green function and the solu­
tion of the boundary problem for the biharmonic equation
(1) A2u(x, y ,z )  = 0
in the region В =  {(x , y , z ) : x > 0 , — o o < y  <  oo, 2 >  0} with the conditions
(2) \imu(x, у, z) = / 1(а?о» Уо) when {x, у , z)->{x0, y0, 0+), x0 >  0,
(3) \imAu{x, y, z) =  /8(a?0, y0) when (x, y, z) -+{x0, y0, 0+), x0 >  0,
(4) limBxu{x, y, z) =  / 8(y0, z0) when (x, y, z) ->(0+, y0, z0), z0 >  0,
(5) limBxAu{x, y, z) = f 4[y0, ts0) when (x , y , z) -»(0  + , y 0, z0), z0 >  0 .

For the functions / г- (г =  1, 2 , 3, 4) we assume that
(6) f t (i = 1 ,2 ,3 )  are absolutely integrable,
(7) the integral

f  J  l/«(b w)\(w2 -\-t2)ll2dtdw
-00 0

is convergent,
(8) Л ( » = 1 ,2 ,3 ,4 ) are bounded and continuous.

Let us denote the boundary problem (1), (2), (3), (4) and (6) by (B.B.N). 
Let us consider the following arrangements of points: X(x ,  y, z)eB, 

-£1 i~co ,y ,z ) ,  X 2( —x , y , —z) and X 3{x ,y ,  —z). Let Y(s, t, w) be a 
point of JÈ/3. Let us write

r\ =  { s - x )*  +  { t - y )*  +  {w -z )2, y\ = ( s + x )* -\ - ( y - t )2 +  { w - z Y ,

*3 =(s-bæ)a +  ( i-2 /)2 +  (w+*)2> rj =  (s -a >)2 +  ( * - 2/)a +  (w +  zj2.
Let us denote two half-planes by 8 г and $2

#1 =  {со, y, z): x >  0, \y\<  00, z =  0},
S2 =  {x, y , z): x =  0, \y\<  00, z >  0}.
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Th e o r e m  1. The Green function for the problem (B.B.N ) with the pole 
X  is of the form

(9) G(X, Y) =  rx+ H ( X ,  Y), 

where
Щ Х , Y) = r a- r 4- r s.

Proof. The function G{X, Y) is biharmonic as a function of Y (x). 
It is easy to prove that

(10) Ar G(X, Y) =  2(r f1- r f 1+ r~ 1- r f 1).

We shall now prove that the function G(X, Y) satisfies the boundary 
conditions
(a) в ( Х ,  Y)|„_0 =  Ar G(X,  Г )|„,_0 =  0 for TeS,  

and
(b) DnG(X,  Y)|s=0 =  BnAr G(X,  Y)|s=0 =  0 for Y e S2.

For Y e Sx we have rx =  r4 and r2 =  r3. Basing oh (10) we obtain (a). 
For Y e S2 we have rx =  r2 and r4 — rb. Notice that

DnG(X,  Y)|s=0 =  DSG(X,  Y)|g=0
=  [(s -^ )W 1- ( s - ^ ) r 4r1 + (s+^)r2- 1- (s + ^ )r 3-'1]|s==o = 0r 

DnAYG(X,  Y)|s=0 =  DSAYG (X , Y)|s=0
=  — [(s — 00)r f 3 +  (s +oo)r2z — (x +  s)rf3- { s  — a?)r73]|s=o 
-  0 .

Thus (b) is satisfied. Moreover,
(c) UmAr G(X, Y) =  0 when OY^co 

for an arbitrary fixed X.
Applying the fundamental formula for the biharmonic equation (1) 

JJJ (uA2v — vA2ti)dV +  J f  ( AuDnv — vDnAu YuDnAv — AvDnu)dS = 0
D  dD

to the function v =  G(X, Y) presented by formula (9), and taking into 
consideration boundary conditions (a), (b) for the function G{X,  Y), 
and boundary conditions (2), (3), (4) and (5) for the function u{X) we

(x) M. Krzyzanski, Partial differential equations of second order, vol. II, p. 234, 
Warszawa 1971.



Biharmonic equation 20a

obtain
oo oo

(11) u(X) = — f  J  f 1{s ,t)DwAr G{X,Y)\w=:0dsdt +
0 —oo

OO 00
+  “ - J  J  / 2(s, t)DwG(X, Y)\w=0dsdt +

0 —oo
00 oo

+ J J  /з(*, W)AYG(X, Y)\8_0dtdw +
— oo 0

OO 00 +
+ — j1 /  I  Y)\s=0dtdw.

—00 0

Let ns prove now that the function given by formula (11) is the solution 
of the problem (B.R.N).

Let

Bl =  (x — s)2 +  (y — t)2 +  z2, Bl =  {x +  s)2+  ( y - t ) 2-\-z2,

and

and

B\ — x2Jr(y — t)2jr(z — w)2, B\-— x2Y (y — t)2jr(z +  w)2,

N ^X fS j t )  = z B xb, X 2(X , s , t )  =  zB23, 

N,{X ,  s, t) =  zB ï1, Щ {Х,  s, t) =  zB2\

M ^X ,  t, w) =  B3 M 2(X, t, w) =  B± *,

M3(X, t, w) =  Bs, M4(X , t, w) =  В̂ .

We have then

(12) DmAYG(X,  Г)|„_, =  4гВГ3 +  4гД2- 3 =  4 [J 1( I , « , l ) + ï , ( I , i , i ) ] ,
(13) DWG(X,  Г )|„_0 =  - 2 z B { 1- 2 z B > 1

=  - 2 [ЛГ,(Х,«, «)+Jf4(X, « ,()],
(14) ' AyQ(X,  Г )|,_0 =4Ж3- 1-4ЖГ1 = i l M I( X , t , w ) - M t(X , t , t o n ,

(15) в ( Х ,  Т )|,_0 =  2B3- 2 R t = 2 [J fs(X, i, to)-Л /Д Х, «,«>)].

Substituting expressions (12), (13), (14) and (15) by (11), we obtain
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where
СО СО

M X )  — h  J  j  M s ,  t)N({X, s, t)dsdt,
0 — oo

00 oo

Ii(X) 4tc
f 2(s, s , t)dsdt,

г =  1 , 2 ,  

i = 3 , 1 ,

J{{X) =  (-1)* —  j  j  f3{t,w)Mi{X,t,w)dtdw, i = l , 2 ,
— oo 0

OO 00

Jt{X) =  { - ! ) * - £ -  J J fAh  w) Mi(X,t,  w)dtdw, г = 3 , 1 .

Let

I%V(X) =  J J M s ,  s, t)dsdt,

where p, q, r = 0 , 1 ,  2, 3 , 4 ;  i = 1 , 2 ;  j  = 1 , 2 ,  3 , 4 .
Let

OO oo
J i f ( X ) =  f  f  M t , w ) D ^ M , ( X , t , w ) d t d w ,

where p, r, q =  0 , 1 ,  2, 3 , 4 ;  j  = 1 , 2 ,  and

J f f ( X )  =  f  J  f A h  w)DxPyrJzrBj dt dw,
' -oo 0

where p,  q, r =  0, 1, 2, 4, 3; j  =  1, 3.
We shall consider two perpendicular parallelepipeds

IVx =  (A x, Bfy x ( A 2, B 2y x (A3, Bf),

W 2 =  <0 i, A )  x < 0 2, B 2y x < 0 3, D Ù ,

where A t (i =  1, 2), Бг- (i =  1, 2, 3), D{ (i =  1, 2, 3), C{ (i =  2, 3) are ar­
bitrary constants and A 3, Cx are arbitrary positive constants.

Let
Z(t, w, q) =  <(£2 +  w2) >  q2, w >  0>,

Z0(s, t, q) =  <(s2 +  J2) >  q*, s >  0>.

Lemma 1. Let the functions f { (i =  1, 2, 3, 4) satisfy assumptions (6) 
and (7). Then the integrals Iffr (X) are uniformly convergent for X e W x 
and the integrals J^qr(X) are uniformly convergent for X e W 2.
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Proof. We shall prove that the integrals I f f  and J f f  are uniformly 
convergent. The proof for the remaining integrals is the same.

The proof for the integral Jff .  We have

n 7? p /  ^  (У-*)4  ( z - w p \
x&yQzr ® у j * ^«2+̂ 2 * ^ 683+̂3 I *

where P(i1? t2, t3) is the polynomial of the тг-th degree (n <  16) and a{1 
are non-negative integers and p +  q -j- r >  0.

In view of the triangle inequality we have

[
0 t2jrW2<2 + w2 >  Bl, w >  0 =>— -----<a?2 +  ( « - y )2 +

+  (2-W )2<  4(<2+W2)J.

We have also
xai

<  1,

1 «4.

<  1, {z — wp
K ' Bp Bp

By (*) and from the last inequalities we obtain the estimate

I w)DxPyqzrR3dtdw j < 20 JJ |f 4(t, w)\(w2 +  t2)1/2dtdw
z z

(0 a positive constant) which holds true for q >  B 0 (where B0 is any posi­
tive constant) and every X e  l f 2. Let e be an arbitrary positive number. 
Assumption (7) shows that there exists a number Вй such that

/f  1Л (tj w)\(w2jr t2)ll2dtdw< e 
z

holds true for every q >  B 0 and for every X e W2.
We will prove now that the integral I f f  {X) is uniformly convergent 

for X  e Wx. Let us notice that

D ^ r is B , -  Q ^ 3+Ci , B J+C2 , E^ J ,

where Q(tlt t2> t3, t4) is the polynomial of the n-th degree (n <  16). 
We can also see that

№ 3I,

are not greater than 1.

(x — $)Cl { y - t p 3C3
Bp ? Bp ? Bp

4 — Roczniki PTM — Prace M atematyczne Х У Ш
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Now, from the last inequalities and by inequality similar to (*), we 
get

(G a positive constant) holds true for q >  B0 (B0 any positive constant) 
and every X  e Wx.

Let e >  0. From assumption (6) it follows that there is a number 
B0>  0 such that

for every q >  BQ and for every X e W x.
From Lemma 1 we get
Lemma 2. I f  the assumptions of Lemma 1 are satisfied, then the derivatives 

DxpyqzrIi(X) exist for z >  0 and we may interchange the order of the differen­
tiation and the integration :

where i = 1, 2 ,3 ,4 ;  l = 1, 2 ; щ are some constants and there exist the 
derivatives L xVyqzr Ji{X) for x >  0 and

where i =  1, 2, 3, 4; Z =  3, 4; f3t are some constants. *
Lemma 3. Let the functions f i (i =  1, 2, 3, 4) satisfy assumptions (6) and 

(7). Then the function u(X), given by formula (11), satisfies equation (1) 
in the region D.

With the uniform convergence of suitable integrals and since G(X, Y) 
is a symmetric and biharmonic function, we obtain

I/i(s, t)\ds d t<  e

OO 00

0 —oo

00 00
Dxpvazr J{ (X ) =  рг f  f  Mi,  w)DxpyqerMi(X, t, w)dtdw

OO oo

oo oo

0 —oo
00 00

— oo 0
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In view of (11) and from the symmetry of G{X, Y) and by uniform 
convergence of some integrals we obtain

oo oo

An(X) =  J  /i(s , t)DwA\G(X, Г)| „_„*< « +
0 —oo

oo oo

+ g ^ J  /г(5? t)DwAyG(X , Y)\w=Qdsdt -(-
0 —oo

oo oo

M t, w)A2TG(X, Y)\8̂ dtdw +
— oo 0 

00 oo

+  ~8t̂  /  /  «>Мг 0 (Х, Y)|s=0M w .
— со 0

Since the function G{X, Y) is biharmonic, from (12) we get
CO OO OO CO

(16) Au(X) J  J  / 2(s, t)zBï3dsdt-\- —  j  j  fz{s, t)zB^3dsdt-\-
0 —oo 0 —oo

^ w oo ^ oo oo

+  - ^ ~  J  J  / 4(Ь  w )Rj1dtdw+ —  j  j  f 4{t,w)B~1dtdw,
— oo 0 —oo 0

oo oo

(17) Dxi i ( X )= :— j  j  ^ (s ,  t)z(s — æ)Bî5dsdt-\-
0 — oo

oo ooI f  f i ( s , t)z(x +  s )B ï5dsdt +
0 —oo 

oo oo

/ /  / 2(s, t)z(s— x)Bx 3dsdt +

2 k

- 1
4 k

1
4 k

0 —00 
00 oo

J  A ( s j t)z(x +  s)B2 3dsdt +
0 —oo

^  00 oo ^  oo oo

+  —  j  j  f 3{t ,w)xB^3dtdw +  -^~  J  j  f 3(t, w)xB^3dtdw
— oo 0 —oo 0

^  oo OO ^  00 00

+  — — j  J  f 4{t,w)æBâ1dtdw +  —  j  J  fAt) w ) x B ï 1dtdw

+
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and
OO CW

(18) BxAu(X) = —  J* j  f 2(s ,t )z {s—œ)Rî5dsdt +

CO  CO

i  f  / 2(S, <)2:(«4-s)-R2 +2u
0  —  OO

OO 00

+  —î- j  j  f4(t, w)R3 3xdtdw + J  J' f4(t, w)B43ædtdw.
— oo 0 —oo 0

We shall now prove that the function u(X) defined by (11) satisfies 
condition (2). Let

f i ( s> t)
/i(s , t) for s >  0, t >  0 ,
0 for s <  0, t <  0 .

Let

where
L{X)  = А (Х )+ Л а (Х ),

l a x ) =-̂ - JJ [/i(M)-/i(̂ o,yo)№~3M,
’ ds dt

and

Lemma 4.

Proof. Let

K ô = { ( M ) :  (s-a?o)2 +  (< -3 /0)2<  <52}.

(2тг) 1/J 7 i (®0, ÿ o №  3<fedt =  Л(ж0, у о).
En

J{X) =  (2n)-1j  j  zR^dsdt.
e2

Applying transformation s =  a? +  ̂ 1? t =  y +  zt2, \J\ ~  z2 and then 
introducing the polar coordinates, we get

J(X ) =  (2TC) -1 / /  (14-<i + ^ )“ 3/2̂ i^ 2 =  1. 
e2

Multiplying the last quality by f i (xQ1 y0) we obtain

(®oi Уо) —/i(^o) ?/o)•
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Lemma 5. Let the function fx(s, t) satisfy assumption (8) and let the 
integral

o o  2k

f  f  | /i (#  +  rcosa, y +rsma)\drda
Ô о 
4

exist for every point (x, y) e E2 and every ô >  0.
Then limL^X) =  limL2(X) =  0 when (x, y , z) ->{x0, y , 0+).
Proof. Let

[ Ô2 Ô2)
Zi =  (s-x)* +  { t - y ) * >  —  л(х-йС0)2 +  {У-Уо)2< -jJ -

Рог the integral Lx{X) ¥e have the estimate

l-̂ i (- )̂l ^  J'J \fiisi l) / iÔo) 2/o)l0̂ i 3dsdt.
71

Applying the polar coordinates s — x — rcosa, t—y =  rsina, where 
<5/4 < r <  oo, 0 <  a <  27t, we have

oo 2tc

\^{Х)\ < ---- Г Г |/,(а? + г  cos а, у + rsina)|2(r2-f г2) 3/2rdrda-f
2к J J л о

4
оо 2тт+ ̂ -J J |Л(*о, Уо)1̂(̂ + ̂ )-3/2̂ГЙа.

<5 0
4

Under assumptions of Lemma 5 the last two integrals are conver­
gent to zero when (x, y, z) ->■ (#„, y0, 0+). With Lemma 4 and assumption 
(8), for the integral L2(X), we have the estimates

\L2(X)\ l/i(*, t ) - f x(x0, y0)\zRZ3dsdt^-£- J J zRx3dsdt =  e.

Lemma 6. I /  the function f x(s, t) satisfies assumption (8), lim lJX)
2/o) «Жел (я?, у, «)-К®0, y0> 0+).

Proof. The integral I x{X) may be presented in this form:

I\{X) =  t)zRx 3dsdt — J'J’ [fi(S)t) f x(x0) y0)]zRx3dsdt-\-
e 2 e 2

+  ^ / i  » • ) < * * *
e 2
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From Lemma 4 we have

h m - f i ^ y o )  = L { X ) .
Now, from Lemma 5 we get Lemma 6.
Lemma 7. With assumption (8)

Н т12(Х) =  limI4(X) =  0 when (x , y, z) ->(x0, y0, 0+).

Proof. We shall prove that I 2(X)->0 when (x, y, z) ->■(x0, y0, 0+). 
Let x0/2 <  x <  2x0 and x ^ s  =  u. For the integral I 2(X) we have then 
the estimates

00 oo

|I2( X ) K - | - J  f  }/1( и - х , ш % ‘ + ( у - р ) + ^ ] - 31Чит
Xq — oo
~2~

t)\z\u%Jr{y — t)2-\-z2] 3l2dudt

< z[u2 +  (y — ty +  z2] 3/2dudt,

where D t =  { (u,t) : u2 +  t2 >  x20[4} and M  — a positive constant.
Applying the transformation u — rcosa, y = t  +  rsina, —к/2 < a  

<  7г/2, x 0/ 2  <  r <  oo we obtain

M f  f  z(r2 +  z2) 3l2rdrda =  tzM z  ----- ------------------->0 when2->0+.

? Ч- m + z *

The proof that I i (X )-^0  is similar to that of the proof for IJX ).
Lemma 8. I f  the functions f 3{t, w) and f^ t, w) are absolutely integrable 

and continuous, then

lim [J 2 (X) — Jj (X)] =  lim[J4( Z W 3(X)] = 0  /
when (x , y, z)-+{xo, y0, 0+).

Proof. The assertion of Lemma 8 follows as a consequence of con­
tinuity of the integrals Jf(X ) (i = 1 , 2 ,  3,4) which are uniformly con­
vergent in the set W2.

From Lemmas 6, 7 and 8 and by (11a) follows
Lemma 9. I f  the assumptions of Lemmas 6, 7 and 8 are satisfied and 

if  limI3(X) =  0 when (x, y, z) ~^{x0, y0, 0+), then the function u(X) given 
by formula (11a) satisfies condition (2).
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We will prove now that the function u(X), given by formula (11a), 
satisfies the boundary condition (3).

Lem m a  10. I f  the function f 2(s, t) satisfies the assumptions of Lemmas 
5 and 6, then

lim
ooJ /а(«» t)zB lbdsdt \ = f 2(x0, y 0)

• CO

when (oc,y,z) O»o>2/o,0+).

Proof. Applying Lemmas 5 and 6 to the function/2(s, t) we obtain 
the thesis of Lemma 10.

Lemma 11. I f  the assumptions of Lemmas 7 and 8 are satisfied, then
OO 00

limjj^-— j  J* Л!8? t)zR% 3dsd/| =  0

and
O O O O  O O O O

limj^— J  J  f 4(t, w )Rf1dtdw— J  j  f 4(t, = 0

when {oc, y, z) ->(a?0, y0, 0+).
Proof. The proof of the first thesis is similar to the proof of Lemma 7 

and the second one is similar to the proof of Lemma 8.
As a consequence of Lemmas 10 and 11 and formula (14) we obtain 

the following
Lemma 12. I f  the assumptions of Lemmas 10 and 11 are satisfied, then 

the function u(X) given by formula (11a), satisfies the boundary conditions (3).
The integrals given by (17) and (18) are of the same type as the inte­

grals given by (11a) and (16). For these integrals we can prove lemmas 
similar to Lemmas 4, 6, 6, 7 and 8 and consequently we obtain

Lemma 13. I f  assumptions (6), (7) and (8) are satisfied, then the function 
u(X), given by formula (11a), satisfies boundary conditions (4) and (5).

From Lemmas 2, 3, 9, 12 and 13 we get
Th e o r e m  2. I f  the assumptions of Lemmas 2, 3, 9, 12 and 13 are satis­

fied, then the function u(X), defined by formula (11) or (11a), is the solution 
of the problem {B.R.N).


