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On strongly extreme points

1. Introduction. By a locally convex space we mean a real Hausdorff
locally convex vector space X and unless stated otherwise, all topological
terms in X refer to the topology of X. The following notions are due to
G. Choquet ([3], 11, p. 97): A slice of a convex set K in a locally convex
space X is a non-empty intersection of K with a (topologically) open
halfspaee in X. Then, a point z of a convex set K in a locally convex space
X is a strongly extreme point of K (i. e. with respect to the topology of
X) if slices of K containing x form a neighborhood base of # in K in the
relativized topology of K from X. For the norm topology of Banach spaces
these points are called denting by M. Rieffel ([11], p. 75) and are studied
also in [10]. By J. Lindenstrauss ([4]), a point # of a convex set K in
a locally convex space X is a strongly exposed point of K if there is an
fe X* such that f(y) < f(«) for any ye K and the sets f~'(f(x) —e, + oo},
¢ > 0 form a neighborhood base of # in K in the relativized topology from
X. Clearly, any strongly exposed point is a strongly extreme one and
the contrary statement is not true (even in two dimensions). RKasily,
any strongly extreme point is an extreme one. If ¢, = (0,0, ...,1,0,...)

el,, K the closed convex hull of {e]};>,, then 0 is an extreme point of
the weakly compact K which is not strongly extreme ([11], p. 75). Never-
theless, any weakly compact convex set in an arbitrary Banach space
is the closed convex hull of its norm strongly exposed points, a deep
result of J. Lindenstrauss, II. Corson, D. Amir, 8. Trojanski, see {14},

p. 178. For a set K in a locally convex space X, conv K means the closed
convex hull of K in X, K the closure of K in X.

We will also use the following notion of G. Choquet ([3], I, p. 116
and remark on p: 139): Let X be a topological space. Denote by T the
family of all non-empty open subsets of X and by I the get of all pairs
M = {(w,d)e X xT, xeG}. Then we say X is strongly a-favorable, if the
following is true:
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Easily, locally compact space and the space which is homeomorphic
to a complete metric space are strongly a-favorable. On the other hand,
any strongly co-favorable space is easily seen to be a Baire space (i.e.
intersection of countably many open dense sets in it is itself dense in it).
In fact, in the case of metric space, the strong a-favorability is equivalent
to the property of being homeomorphic to a complete metric space ([3],
I, p. 136 and the appendix of {3]). Also, we will use the following easily
seen fact that strong a-favorability is shared by any G, subspace of a strong-
ly a-favorable space.

All locally convex spaces in our statements are supposed to be non-
trivial ones.

2. Topological properties of the space of strongly extreme points of
a convex set. Going to study some topological properties of the space
of strongly extreme points of a convex set, we begin with two simple
observations. The first is a direet consequence of the separation theorem
for convex set and we state it as

Remark 1. A point z of a convex set K in a locally convex space
X is a strongly extreme point of K iff for any neighborhood U(z) of =
in X, we have a¢ conv(K\ U(z)) (\ is the set-theoretic difference).

The second one follows immediately from the definition and is a
version of Milman’s theorem for strongly extreme points:

Remark 2. Assume K is a closed convex subset of a locally convex
space X and F < K. Then any strongly extreme point of K in X, lying

in conv F, lies in the X-closure of F.
We will need the following

LeEMMA 1. Assume K is a convex locally compact subset of a locally convex
space X. Then the relative weak and the relative topology from X coincide on K.

Proof. Let ze« K and U be a neighborhood of z in X such that UnK&
is compact. It satisfies to find a neighborhood V of # in the weak topology
of X such that VN K <« UnK. Assume without Joss of generality U is
closed in X and denote by U° the interior of U in X. Clearly, there is
a convex neighborhood V of # in the weak topology of X such that
VA(UNK) « U°nK. Thus VNK < (UnK)U(K\ U). Now observe that
VN K is convex and therefore connected, the sets U°NnK and K\ U are
open in the relative topology of K from X, disjoint. Furthermore, x¢ (V NK)
N(U'NK). Hence VNK <« U'nK c UnK.

G. Choquet proved in [3], IT, p. 107, that any extreme point of
a compact convex set K in a locally convex space X is strongly extreme.
We will need the following slight extension of the result.

ProproSITION 1. Assume K is a closed convex locally compact set in
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a locally convex space X. Then any extreme point of K is a strongly extreme
point of K with respect to the relative topology from X.

Proof. Assume # is an extreme point of K. Let U be a closed convex
neighborhood of » in X such that Un K is compaet and denote by U°

its interior. Let H;, ¢ = 1, 2, ..., n, be slices in K such that ze¢ ﬂ H,c U"

i=1

(Lemma 1). If we had U (ENH,)NU =@, then K « Uand K would be itself

=1

compact. Thus assume U (ANH,)NU #@. Since K\H; are closed in
i=1

X, (KNH;)nU are compact, for i =1,2,...,n. Thus the convex hull
n
conv( U ENH)N U) is compact in X (cf. e. g. [8], p. 242). Since # is an

i=1

extreme point of K, ze ﬂ H,, we have that w¢conv(
=1

Thus there is an fe X* such that f(x) < inf(f(2); #

(K\H yn T).

(K\H )n D).

KCSITCS

Now if ye(U (K\H,) )\ U, denote by =z the intersection of the line

segment (w, y) with the boundary of U in X. Then since (M H; = U°,

i=1
n

we have ze | (KNH,)N U and f(y) > f(2) > f(#). Therefore

i=1
n
= inf(f(2); ze U (ENH,)) = inf(f(2) U (KNH)NT).
Then {ze X; f(2) < 'y} is an open halfgpace in X hlch gives the desired
glice H, = (N H;.
=1

COROLLARY 1. Assume K 1is a closed convex locally compact set in
a locally conver space X. Let I = K. Then if an extreme point x of K lies
i eonv ¥, then x lies in F.

CoROLLARY 2. Suppose K is a closed convex locally weakly compact
subset of a locally conver space X. Then a point xec K is a strongly extreme
point of K with respect to the topology of X iff x is an extreme point of K and
the identity mapping on K from the relative weak to the topology from X is
continuous at xe K.

Remark 3. It follows from the results of V. Klee ([6], p. 237), that,
under the assumptions of Proposition 1 and if K eontains no line, then K
has extreme points.

Now we will study some topological properties of the space of strongly
extreme points. If K is a convex set in a locally convex space X, then
ext K will denote the set of all extreme points of K.

We need the following lemma of G. Choquet:
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LrMMa 2 (G. Choquet, see [3], II, p. 143). Assume E is a locally
convex space, X — H convex and A « X a conver and linearly compact
set (1. e. any line interesecting A does so in a closed segment). Suppose also
that X\A is convex. Then if ext{(A) #= @, we have ext(Ad)next(X) = 4.

The well-known Choquet’s theorem (see [3], II, p. 146) says that
for a convex compact set K in a locally convex space X, the set ext(K)
is a strongly a-favorable space in the relativized topology from X.

The proof of the following statement is made by the same method
as the Choquet’s one, by use of Proposition 1.

ProrosiTION 2. Assume K is a closed convex locally compact subset
of a locally convex space X. Then the set ext(H) with the relative topology
from X is a strongly a-favorable space.

Proof. Let G, is an arbitrary non-empty open subset of ext(X)
and x,¢ @;. By Proposition 1, #, is strongly extreme and thus there is
an open halfspace H, = X, such that z;¢ H, and H;next(K) < G,. Choose
H,, moreover, so that H,Nn K is compact. Take G, = H,next(K). In the
next steps in the definition of strong e-favorability, take for n > 1, G,,
= H,,_Nnext(K), where H,, , is an open halfspace containing x,, , so
that H,, ,Nnext(K) c G, _,. Choose H,, ,, moreover, so that H,, NK
c H,, ,nK. Write V, = H,, ,nK. The sequence V,, n =1,2,..., is

a non-increasing sequence of compact convex sets and thus () V, is
n=1

o0

a non-empty compact convex set. The set K\ (1) V,, is also convex since it
n=1

is a union of a non-decreasing sequence of convex sets. By Lemma 2 of

G. Choquet, we have MV, next(K) # Q. Since V, next(K) < Gy,_, for

n=1
n > 1, we obtain [N (,, # 0.
n=1
Remark 4. Assume K is a convex subset of a locally convex space
X and denote by § the set of all strongly extreme points of K. Then,
by the definition of strong extremality, the relative topology on § from
X and the relative weak topology on 8§ coincide.

PropPosITION 3. Assume K is a closed convex locally weakly compact
subset of a metrizable locally convex space X. Then the set 8 of all strongly
extreme points of K (with respect to the topology of X) in the relative topology
from X is strongly a-favorable, i. e. in our case (see the introduction), 8 ¢s
homeomorphic to a complete metric space.

Proof. By Corollary 2 of Proposition 1, § = Cnext(K), where ¢
denotes the set of all points of continuity of the identity mapping on K
from the relative weak to the relative topology from X. By the weli-
known theorem, C is a G5 set in K with the relative weak topology on K.
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Thus Cnext(K) is a G set in the space ext (K ) supplied with the relative
weak topology. By Proposition 2 ext(H) with the relative weak topology
is a strongly a-favorable space. Thus the same is true for S with the relative
weak topology, for it is a G; subspace of ext(K) in the sense of weak topo-
logy (see the introduction). Further use Remark 4.

COROLLARY. Assume K is a closed convex weakly compact subset of
o metrizable locally convexr space X. Suppose it is metrizable in the relative
weak topology. Then the set S of all strongly extreme points (in the topology
of X) is a G5 subset of the space K with the relative weak topology.

Proof. ext (K) is then a G, set in the space K with the relative weak
topology (see e. g. [3], II, p. 139). Further use the proof of Proposition 3.

For complete locally convex spacex, we have the following

ProprosiTION 4. Assume K is a closed convex subset of a Fréchet space
X (3. e. complete metrizable). Then the set 8 of all strongly extreme points
of K (with respect to the induced topology from X) is a strongly a-favorable
space in the relative topology from X. Thus in the relative topology from X,
S 18 homeomorphic to a complete metric space.

Proof. Let G, is a non-empty open subset of § and z,¢G,. Put in
the definition of strong a-favorability G, = V,NS, where V, is a slice
of K containing x,, so that V,n8 = @, and diamV, < 1. Similarly, for
n > 1, put G,, = V,,NS, where V,, is a slice of K containing x,,_, so
that V,,n8 < Gz,, s diamV,, < 1/nand Vy, = V,,_,. Smce X is a Fréchet

space, we have ﬂ V,, #©. 1t suffices to prove that ﬂ Vou NS # 9.

n=1 n=1
oo

For it observe that any point ze () V,, is a strongly extreme point of

n=1
K in the relative topology from X, since the sequence {V,,};_, of sets
forms a neighborhood base of # in K, since diam V,,, < 1/n.

Remark 5. It was shown in [16], p. 56, that if K is a closed convex
locally weakly compact subset of a Banach space, A contains no line,
then the weak closure of the set of all norm strongly exposed points
contains a (non-empty) set ext(K). Furthermore, if X is a Banach space
so that X™* is separable, then any closed convex bounded subset of X
is the closed convex hull of its norm strongly exposed points ([15], p. 452).

3. Applications. In this section we show some applications of th2
notion of strong extremality to the behavior of certain convex functions.

First we show a geometrical application of the notion of strong
extermality.

LEMMA 3. Assume K is a weakly compact convexr subset of a locally
convex space X, interior K in X is non-emiy. Suppose each boundary
point of K in X is a strongly extreme point of K in X. Then for any boundary



68 J. Reif and V. Zizler

point © of K in X and for each fe X*,f +# 0, such that f(y) < f(x) for any
ye K, we have the following assertwn whenever y,e< K, f(y,)—f(x),
n=12,..., then y, -2 in X.

Thus, (my boundary point of K in X is a strongly exposed point of Kin X.

Proof. Assume a boundary point # of K and fe X*,f +# 0 are so
that f(y) < f(») for any y< K and there are a neighborhood U(z) of x in
X and y,¢e K, n =1,2,..., such that f(y,)— f(x) and y,¢ U(x). Let
Yn,» ve A is a subnet of the net {y,},., such that y, , v« A weakly converges
to a point z¢ K. Then f(2) = f(«) and thus #z is a boundary point of K in
X. Since z is by our assuptions a strongly extreme point of K in X, we

have (see Corollary 2) that y,—z in X. Thus 2z # ». Clearly, e is

not even an extreme point of K, although it is a boundary point of K in
X, since f(t(z+2)) = f(=).

COROLLARY 4. Assume X is a reflexive Banach space. Then the following
two properties of X are equivalent:

(i) Any boundary point of the closed unit ball K,(0) =« X 45 a strongly
extreme point of K,(0).

(ii) The nmorm of X* is Fréchet differentiable at any non-zero point.

Proof. V. L. Smuljan proved in [13] that the norm of X* is Fréchet
differentiable at fe X*, ||f]| = 1 iff whenever z,¢ X, |#,|| <1 are so that
f(z,) — 1, then {x,} is a norm Cauchy sequence. From this and from Lemma
3 our corollary easily follows.

Following A. R. Lovaglia and E. Asplund ([5] and [1]), we will call
a convex finite function f defined on a locally convex space X locally
uniformly rotund (LUR) if for any we X, we have the following is true:

Whenever «,¢ X, 1f(x) 4 3f(#,) —fl3(x+2,)) -0, n =1,2,..., then
z, -2 in X.

An example of such function is [jz[? for an LUR norm of a Banach
space ([1], p. 231).

LEMMA 4. Suppose f is an LUR function on a locally convex space X.
Then if ae X and h is affine function on X such that h(a) = f(a), h{x) < f(2)
Jor any xe X, we have that whenever x,¢ X, f(x,)—h(2,)— 0, n =1,2, ...,
then x, — a in X.

Proof. Assume without loss of generality f(a) = 0. If f(z,)—h(x,)
— 0, we have

0 < 3f(a) +3f(2,) —fld(a+a,)
)~ (3 (a+w,)) < 3f(2,) h(%<a+wn>)

—h{}(a+w,)) + 3{f (@) — 1 (,))
n)—’h(wn)) = 0.
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Thus #, - @ in X, by the LUR property of f.
Now we present a result which is connected with so-called Bauer
Maximum Principle (see e. g. [3], 1I, p. 102).

PROPOSITION 5. Assume K is a convex set in a locally convex space X,
f is a continuous LUR function on X. Then if f attains its supremum on K
at de K, then d is a strongly extreme point of K with respect to the topology
of X.

Proof. Suppose f attains its supremum on K at de K. Assume d
is not a strongly extreme of K in X. Then there is a neighborhood U (d)

of d in X such that deconv(K\ U( )) (Remark 1). Thus there is a net
{#,,ve A}, y,e conv(KN\U(d)), v, 2 A; @}, m(v) integer, 1} > 0, 2 =1,
e ANU(d), ¢ =1,2,..., m(v), ve A, yvﬁd in X. Then if it Were fd

miy) ,
= D' f(ah) — f(d), we would have 2 2 (f(2) — h(2})) > 0, ve A, where
i=1 i=1

2

h is an affine continuous function on X such that h(d) = f(d) and h(x)
< f(w) for any ¢ X (such an % exists — see e. g. [12], p. 497). Thus then
there would be some points z,¢ K\NU(d), » =1, 2, ..., such that f(z;)—
— h(2,) — 0, a contradiction with Lemma 4. If there is a 6 > 0 and a subnet

) v v
{vur me B} of the net {» ve A} such that f(y, )< Y A" fl@") < f(d)—
=

— 0, ue B, we have again a contradiction, now with the continuity of f
at d.
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