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Particular spectral theory in îinite-dimensional spaces

A formula is derived for the matrix-polynomial of lowest degree 
equivalent to a matrix function, for the class ^r{(€) of functions holomor- 
phic in an open set containing the spectrum of a given square matrix c€ . 
Some applications of the formula are deduced. By a matrix function 
/(^) we mean a matrix assigned to matrix ^ by means of a function / 
from class considered as on operator. In the literature, within the
framework of general spectral theory in finite-dimensional unitary spaces, 
a similar formula occurs; however, the polynomial appearing there is 
not of lowest degree for an arbitrary matrix/(^).

Essential to the present work was a characteristic expansion of an 
arbitrary polynomial of the complex variable “z ” in a neighbourhood 
of an arbitrary finite number of points. I t  will be our aim to find this 
expansion and to apply it appropriately.

L emma 1. We now proceed to a generalization o f the usual Vandermonde 
determinant.

Definition . We define a generalized Vandermonde determinant 
of degree p  as a determinant of the form :

where K p {z{) denotes the group of p { columns of the matric of the form:

0 . . .  0

. . .  0

(M«r (V ( V - 1 ) ^ -1

s
where p  — £  P i  and p^ejV.
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F or a determinant thus defined, the following formula holds :
S

=  Ц  ( ъ ~ ъ ) р*р<-
j,i= 1 
}>i

P ro o f. The proof proceeds by complete induction with respect to 
the degree of the determinant.

For p  =  1 the formula is obvious.
Let us assume it to be correct for p  — 1, i. e.

S—1 S —1

\KPl(z1)\KP2(z2)\...\KPs_ 1(z,)\ =  [ J  ( z j - z ^ f l  (s .-*,)<»»-1Й,<.
j,i= 1 i= lj>i

We now consider the generalized Vandermonde determinant of 
degree p  and transform it in the following manner: starting with l =  p  
and ending with 1 = 1 , and applying the formulas

l -1  
Tc- 1

Л к zi

in Kps(zs),

in K n {z{)

for i Ф s, we multiply its (l — l)-st row by “ — 2S” and we add it to the 
Z-th row. Then in the s-th group of columns, in the first column with the 
exception of the first row in which 1 appears, we now have only zeros.

Г —1
We apply the Laplace expansion with respect to the ( £  Pi +  l)-th  column.

i= 1
Thus, K Pg(zs) goes over into K Ps_l {zs). Similarly, each of the s — 1 groups 
of columns of the new determinant is equal to K p (z '̂, after transforming 
it in the following manner: starting from the first column and ending 
by the last but one, we take out the common factor (z{ — zs), and we add 
the column as a whole, with opposite sign, to next column. In turn, we 
take out the common factor (Zi~-zs) from the last column. Thus, the 
factor (zt — zs)Pi is taken out from the group as a whole.

Hence, with regard to the equality:
S - ]
2 Pi+z \i=\( - ! ) ' -  / / ( г , - z , f i  = [ ] ( % - z ,r ‘

and the induction hypothesis, we obtain :

\Kp1(Zl)\Kp2(Z2)\ ••• \ K-ps{Zs)I
s —1 s—1 S—1 s

=  П  O .-Z iY * [ J  =  f j i z j - z ^ .
i —l j , i =  1 г=1 j , i = 1

3>i j >)
Q.E.D.
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In the sequel, Ж will mean the open complex plane. Let z{ e for 
% =  1, 2, . . . ,  s and z{ ф Zj for i Ф j .  We define polynomials of the variable 

j  by means of the formulas:
Я JS

P {«) =  f ] ( z ~  Zj)Pj’ vi,k (z) =  f ]  ^  ~  ẑ Pj ̂  ~
j=1 3=1ЗФг

where i =  1, 2 A: =  0 ,1 , . . . ,  — 1.
г —1

We denote by A„(z) the determinant whose ( JT1 Ac +  l)-st column
j =i

is given by the vector

Then there holds the following
L e m m a  2. F or each z e 2 £  от  has A v ( z )  Ф  0.
P ro o f. Assume 0 Ф  zt for i  — 1, 2, Then, taking out the

common factor j u ( z )  from each row of the determinant A y ( z )  and applying
»—1

the Leibniz formula, its ( £  Pj +  fc +  l)-st column becomes:
3=1

Omitting in each row the linear combinations of preceding rows, 
it takes the form

[(*-* ,)* -** , ( ( z - z ^ i ) ^ ,  . . .„ ( { z - z t f - P i fv - V f .
Taking out the common factor ( — l ) z—1 (A — 1) from the Z-th row, the 

column under consideration becomes

[(% *  - :l)<* -  *<)*-**, ( " - * ) ( » - ? , ) * - * * - , . . . ,

Let B v(z) denote the determinant constructed by means of groups 
of columns of the form
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then

Л («)

S

i S  PiiPi-l)
=  y (z)p • ( - 1 ) ^ - %  - 1 )  ! ( - 1 ) Î=1 B f (z).

We transform the determinant B v(z) as follows: we begin by the 
last but one and we end on the first column of each group of columns, 
multiplying a given column by — {z — z{)~1 and adding to the next column. 
Proceeding similarly, stopping the procedure successively at the second, 
third, . . .  and finally the last but first column of a given group of columns, 
we finally obtain

( £ : î )  < * - * > - *

0

0

—p .
Taking out the common factor (z — z{) г, we obtain the group of 

columns K Pi[{z — z{)~1). With regard to Lemma 1, we obtain
S  S

. B v(z) =  J~J (z — zi)~Pi' (z — zj )~piPi(z — zi)~pjPi(zi — z3)piPi.
i =  1 i , j = J

j > i

Thus, after insertion into A y(z) we have

j>i
Since A v(z) is continuous, Av(z) =  const Ф 0.
L e m m a  3 .  For any polynomial wn (n =  0 ,  1 ,  ...) , there always exists 

exactly one solution o f the set o f linear equations o f the form
i

(i)  «»(*) ^  2 "
h —0 i —1 ,2 ,. . . , sfc=0,1.....рг-— 1

s
where l is chosen in such a manner that n <  p (l +  1), P =  2  Pi, where

(2 )
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N ote. By {■ }(fc)ta) we understand the derivative of order к calculated 
at the point z{.

P ro o f. We begin by proving that the set of solutions of (1) is not 
empty.

Prom Euclids’ algorithm, we have
i

(3) Wn{z) =  h)(z)&h,n(z),
л.=о

where ê hn is a polynomial, and degree '&h,n < P -  Moreover, degree ê l>n 
=  n — l p < p ,  i. e. n < p ( l -\ - 1).

We now compare (3) and (1). This system is satisfied if, for h — 0, 1, . . .
. . . , г

Ï ï h , n ( z ) —  - ^ i ’k v i , k ( z ) •

fc=0, P { —1

Keeping h fixed, this identity is fulfilled if

k = 0 ,1 , . . .  ,P { —1

for j  =  0, 1, . . . , p ~ l .

Since Av{z) Ф 0 for all ze Jf, it is always possible to choose constants 
X f J  in a manner to fulfil the latter condition.

We now proceed to show by complete induction with respect to к 
at fixed i that the first p  unknowns are of the form (2). Рог к = 0 ,  we 
have by (1)

wr ta) =  ^Ч’оЧо ta), ь e. Х 0 ,п  
г ,0 —

1
оТ ta) •

Now we show that if the thesis true for & —1, then it is also true 
for q{, where q{ <  p { .

We note that the system (1) can be rewritten as:
<u

Wn{z) =
k —0

where &{z) is a polynomial. 
Consequently,

4-

k = 0

With regard to the relation

v i t k { « )  =  4 o  («)•(«-«<)*>(4)
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we have, on the one hand,

= 2-Чо(*<) Ф 0
and, on the other (by the Leibniz formula, dropping zero terms)

q{ - l  

k = 0 J г=о '* '

Applying now the induction hypothesis and then the Leibniz formula, 
we obtain

Qi~ 1

«<! n A zi ) x lai =  {wn(z)}(â - ) - K o ( g)}(g*~°(g<) («<)

( гг
Чо («<Л-

Mn(g) |(gi)
(*<)•

This proves the lemma.
At the same time, this proves the uniqueness of the existence of the 

first p  solutions. That of the remaining ones can be proved similarly. 
Q.E.D.

I t  should be noted that, with regard to the preceding lemma, the 
set of polynomials vi>k(z) is linearly independent.

How let [л (z) stand for the minimal zeroing polynomial of a square 
matrix of degree n, and a[fê) for its spectrum. By the Cayley-Hamilton 
theorem, the inequality: degree /г <  n holds (cf. [2], p. 270). Hence, 
Lemma 3 leads to the following theorem:

T h e o r e m  1. I f  f  denotes an arbitrary polynomial, considered as an 
operator acting on the matrix cê , then

i  I /<*) f  »,
(8) / w =  z  ы \ Ш  ( Z i ) v a < e ) ’i =  1 ,2 ,. . . ,s  v г,и ' ’

k=0,l,...,p —1
where z{€ а{%>) and, i f  there exist p  matrices such that there holds

(6) /<»> =  2 1 *
г = ],2

k = 0 , l , . . . , p ^ —l

for  an arbitrary polynomial f ,  then ik  =  vik (#).
P ro o f. Equation (5) results from (1) on omitting terms equal to the 

matrix <€. How, with regard to (4), one has:

m  )
Vi,Az) J

(*)
{Zi)<ê i , k

1
n

ViAz) |(/) 
VjAzn

i Zj ) .  ^ i , j  ^k, l

whence, on putting / =  vitk in (6), we have vi k {<é) i , k  ' Q.E.D.
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Lemma 4. I f  c€ is a non-singular matrix, then
"-1 Ufc)

<r
Y i 1 [ s
Д  Т П ----- TV foH fcW » Where г{ео{<£).

k = Q , l , . . . ,P i ~-1

P roof. Let y*(z) =  /7 (z — zt l)Pi. Then, by the equality
i = 1

re# )  =
i —1

/j* (z) is the minimal polynomial zeroing the matrix (€~l. We introduce 
the following definition:

S
vtk(z) =  f ]  { z - z f lf i ‘ { z - z r l)k.

3 =  1 3Vi
Note that zpv*k(z '1) is a polynomial in the variable 0. Thus, by 

Theorem 1, the matrix ^ v * k(f£~l) is a linear combination of matrices 
vi k((€). Also, by Theorem 1, one has the equality

1 
kli = l , 2 , . . . , sk = 0 , l , . . . , p ^ —l

Consequently, <ё ~1 is a linear combination of matrices vi k {f€). Hence, 
if &(z) is a polynomial corresponding to this linear combination, then 
the function f(z) =  z[z~l — &{z)) is a polynomial with the property /(^) 
=  As a consequence, z~1 — d{z) — y{z)x{z)z~1, where %{z) is a polynomial, 
and {z~l —ê {z)}(k){zfj = 0  for i  =  1, 2 fc =  0 ,1 , — z{e cr(^).
Further steps of the proof are identical with those of (2) in Lemma 3. 
Q.E.D.

(7)

Lemma 5. For any Xe o{f€ ) ', the following form ula holds :

{XI v  J L
V.

k = 0 , l , . ••>Pi—1

j ( Я - 0 Г 1
\  v i, o ( « )

(k)
where z{e o{^ ).

P ro o f. Note that y* {z) =  [ ]  (z — гг- +  А)*< is the minimal polynomial
г =  1

zeroing the matrix — XI. We use the definition
S

p*,m  =  П  (z -  zi + *)Pi • («-«*+
3=1
i¥=i

We now have, by Lemma 4,
1 ( Y k)
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Since v*tk{z) =  vitk(z +  X) and {( • )(z)}(*°(^-A ) =  {( • ) ( z - А)}(й:)(^), 
we obtain formula (7) which is equivalent to the thesis of this lemma. 
Q.E.D.

Let ^  [fê) denote the class of functions holomorphic in an open set 
containing a (ft). If / e / (^ ) , we define:

1 Г Ш )(8) W )  = -----  dk,
v ' JK ’ n  J  U - V  'г

where Г  is a contour consisting of a finite number of curves /1, enclosing 
aifê) and satisfying the assumptions needed for the Cauchy formula. 
This definition is of use in the following theorem.

Theorem 2. I f  fe tF ifê ) , then the matrix f (f t ) is uniquely determined 
by the form u la :

(9) / («*)=  У  —  {-----( Z j ) v L k { & ) ,  where Z j€  o{V).

k= 0,l,...,pj—l

P ro o f. By  Lemma 5, the right-hand term of equation (8) is an integral 
of a matrix polynomial. We note that, with regard to the uniform con­
vergence of the integrals, the following equality holds:

1*
2 7li

( k - z ) - ' f ( k )

vj , o ( z )

(*)
• {zf)dX = (Zj) i

its right-hand term being independent of the contour Г. Hence, on placing 
the sum before the integration sign, we obtain (9). Uniqueness of this 
representation follows from the linear independence of the system of 
matrices vj k (<€), j  =  1, 2 Tc =  0, 1, . . . ,  p j — 1, immediately.

Theorem 3. I f  /eJr (^’), then equation (9) holds, i f  and only if, there 
exists a polynomial g(z) such that

(10) f(V )  =  д(Ч() and /<*>(*,) =  ^ ( z t)

fo r  к =  0, 1, Pt — 1, a{<g).

I f ,  moreover, degree o f g is <  p, then the polynomial g is determined 
uniquely.

P ro o f. Sufficiency of condition (10) follows from Theorem 2. In 
order to prove necessity of (10), it suffices to take

•<•>- E  i r
г =  1 ,2 ,... ,s  

k = o , l , . . . , p i —l

*JAzl X
k-,o(^) 1

(*)
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Then, /(^) == g{^), and formula (9) holds. Since the representation 
is unique, we get

/(g) Yk). ) =  ( g{z)
n-,o(g)J ** ln-,o(g)

(*)
■ («<) for к =  0,1 ,  . . . , р г- 1 ,  £г-е

From the Leibniz formula we obtain after a rearrangement

к

(г) H o(g)~1}(fc“Z)(gi){/(g)'-5,(g)}(0(^) =  0
1 = 0

for A; =  0,1,  . . . ,  рг —1, гг-е сг(#). Since for fixed г the determinant of 
this system is vi>0(zi)~pi Ф 0, relations (10) are necessary. Q.E.D.

We now proceed to formulate theorems concerning the minimal 
zeroing polynomial.

S

Theorem 4. Let p(z) — f ]  (z — zi)Pi be the minimal polynomial zeroing
i = l

the matrix f€  and let /eJr (<̂ ). I f  f  possesses the following properties:
1° Let be the set o f those i —s corresponding to cr(fé’), for  which 

the function f  takes the same value (denoted by щ) and r is the number o f  all 
distinct numbers щ ,

2° the point zi e o {r€) is an refold  point o f the function /, 
then the minimal polynomial zeroing the matrix f(f&) is o f the form  :

=  /7 (z - uiÏqi’ where Ял =  min{ q e j r ; rtq_^ p K, i e Q J .
i=i

Proof.  The function / can by dealt with as a polynomial. Since, in 
neighbourhood of an rr fold point z{ , the function / can be represented 
in the form: f(z) =  щ ф  ( z - z ^ g ^ z ) ,  where g^zf) Ф 0, and гг-дг- >  p { >  k,

Г
by applying equation (9) to the polynomial f ]  [f(z) — um]Qm it is seen

ra=l
that the coefficient by the matrix vi>k{<£) is equal to 

1 r
-j^ \ {z -Z i)riqigi{z)9lVi,o(g)_1| j  [ / (« ) -wm]em|(fc)(«f) = 0 .

m = l  тф1 
r

Hence, / J  [.f ( V ) - u mIf™  =  &.
m=\

If pf (z) denotes the minimal polynomial zeroing the matrix /(<*?),
Г

then yf(z) I f ]  (z — um)9m. Since the matrix /(#) is not zero for the polynomial
m=l
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T

/7 (2 — um)9m(z — щ)91* 1, because for h =  ri (ql — 1) <  (Pi — 1) the coeffi-
m=1 
т ф 1
cient by the matrix vi b{^) is

Г
9i{z%?l~l П  ^  ~ Um fm Ф 0,

m= 1 
т ф 1

we have yf  (z) =  f j  (z — um)9m. Q.E.D.
m = 1

The last theorem leads to the following corollaries:
Corollary 1. I f  fz!F(f€), then degree yf =  degree //, i f  and only if,
1. the function f  is one-to-one on a(^),
2. for  each zt€ a{f&) fo r  which p i >  2, f ' f a )  Ф 0.
Corollary 2. I f  f  eJF{ф>), then degree yf <  degree y.

Moreover, the following theorem holds :
Theorem 5 I f  /e  there exists a  function g€,W [f(^)) o f the

property (g o f  )(^) =  & i f  and only i f

degree y f =  degree y .

Proof.  Since, by Corollary 2, we have

d e g r e e =  degree //o/<  degree yf  <  degree y ,

it results that the condition degree// =  degree y is necessary. Inversely, 
from Corollary 1 and Theorem 3 follows that the function / can be consider­
ed as a polynomial with the property f'(z{) Ф 0 for i =  1, 2, . . . ,  s. Then 
from the fact that zeros of a holomorphic are isolated, inverse function 
exists in some neighbourhood of a [ f (%’)). Q.E.D.

Assume r ,q l ,u l ,Q l as having the same meaning as in Theorem 4.
.S

Theorem 6. I f  f e ,^ ^ )  and i f  Y# — zI\ =  ( — 1)” J  J  {z — zi)ai denotes
i=1

the characteristic polynomial o f matrix Ф, then the characteristic polynomial 
o f the matrix f ( &) is o f the form

r r

\f(V )-zI\  =  ( - 1  )n J ]  (z — u if* , where ft =  щ and J T  ft =  n.
1 =  1 UQi 1=1

Proof.  The function / can be considered as a polynomial. Applying 
equation (9) to the function [f(z) — щ]91 and making use of the relations

ieQ i
к=0,1,.. .,Р{—1
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vi,k((£) — ^ ' W — for 14Q1, where л / is a matrix, we obtain
FQi

• [/(«■) -  u , I f i  =  0 - [ j ( V -  z j . f i ,
uQi

where is a matrix. Hence any vector which zeroes the matrix — ztI ) Pi,
where i*Q i, also zeroes th e  matrix — By a theorem of [2]
(p. H, p. 273), the multiplicity of the eigenvalue % which is (lu fulfils

Г
the inequality (Зг >  a{ . Since, moreover, the inequality n =  2  Pi

i*Ql 1 = 1
r s

=  holds, we obtain aif proving the theorem.
1 =  1 UQX г= ] ieQx
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