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The Dirichlet and Neumann problem for Laplace equation
in an angular region

1. In this paper we shall construet the Green function and find
the solution of the Dirichlet and Neumann problem for the angular region
D described by the inequalities

x>0, 0<y<l/§x.
Let us consider the straight lines:

Li:y=0, L,y = l/gw, Ly y = —V3a.

Let X =(a,y)eD, Y =(s,t)e D and let denote by X; = (7, ¥1),
X, = (29, Y3y ...y X3 = (25, ¥5) the symmetric images of X in L,, X, in
Ls, X, in L,, X, in L;, X, in I, respectively.

Henee
l/gy—m l/gm—i—y
&y :‘”"‘2_, Y= —“2_,
—V3y—uw V3x—y
Ly = S Yo = T
ng—l—w y——l/gm
Ty = T Y3 = g
V—S_y +x —l/gw—y
R
Ty = Z, Ys = —¥.
Let

T:k[(shw)z_]' (t—y 1, r=[(s—a) + (t—yx)ﬁ*a To= [(3_“'2)24'(75_?/2)2]*:
ry=[(s— )+ (¢ _?/)2]%’ ry=[(s — )+ (t—?/4)2]*7 rs=[(s — )’ + (t—ys)z]*'
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2. We now proceed to solve the Dirichlet problem for the Laplace
equation in the region D.

TurOREM 1 (). The Green’s function for the Dirichlet problem concerning
the equation Aw = 0 in the region D with pole at X is of the form

(1) G(X,Y) =lnr—Inry+Inr,—Inr;4-Inr, —Inr,.

Proof. The function G being the sum of harmonic funetions is itself
harmoniec and satisfies the boundary condition

G(X, Y)lmo =0 since 7 = 15,7, =1,,7, =13,

G(X, X)jmy3s = 0 8ince 7 =7y,7y = 75,3 = ¥,.

‘We have further

- @) G| -2y y—V3x
0 |img  (8=@)*+Y?  (s42@)2-+(V3s-+2y)2
V3o +y
(s--2@)2 + (V35 —2p)2’
a6 1T - 06 0@
3) — = V3 = ——
®) an |oyzs 2 [‘/ Os at] {=Vis

_ 2(y —V3z) 2(V3z +y) _ 4y
(s—ap+(V3s—y)?  (s—a)?+ (V3s+y)? (@s+a)+y®

Let us consider the function

@) w(X) =;n1—ofwf1(8) i LB ff op dny i
By (2) and (3)
(43) uw(X) = ij,-(X),
where -
"‘“ffl 2+./2’
(y —V3x)ds

Vo (X) -
ol ff (s +2x)? +(l/38+2y)‘~'

(!} B. M. Budak, A. A. Samarski and A. N. Tichonow, Zadania i problemy
fieyki matematycenej, PWN, Warszawa 1965.
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—1 fmf v fm—]—y ds
(8+2w 1/38—2J

1 (y—l/3m)ds
X0 = [ Bl e

0
1 (V32 +y)ds
Ve(X) =—f fals )
™. (s —@)2 -+ (V3s+y)2
2 yds
X) =— _
Ve(X) chz(s) (2s+ 2+
LuMMA 1. Let a be any real number and let y —ax £ 0; then
y—ax)ds
- f =1.
(s—=x (a-s—y)?

Proof. Upon changing the variable in the above integral

(5) s—x =1ty—a-x)
we get

as—y = ar+ta(y —ax)—y = (y —ax)(t-a—1),
whence

_ =1
f (L+a2)(1*—2-at +1)

Lexyta 2. Let f, be continuous and bounded function on the positive
real half-line let y—ax = 0 for a fized real number a. If the integral V ,(X)

converges uniformly in the set y+ 6 < l/gw, 6 >0, then lim V,(X) = f,(x)

Proof. Let v-Viz
_ fi(s) for 0 < s < o0,
fi(8) = .
0 for s < 0;
then
1 + o0
- = f 8)(y —V3x)[(s— )2+ (V3s —y)2] " ds.
T

We may write V,(X) = J,(X) +J,(X), where

400
TE) = [ U6 @ity — VBa) (s — o)+ (Vs — )1 ds,

+o0
TiX) == [ i@y~ VBa)l(s —of +(¥V3s—yPTds.
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By Lemma 1 we have J,(X) = f,(z,) for a = V3. Let us check that
J(X)— 0 as X — (x, 0). Given any positive number & there exists a2 § >0
such that se H; = {u: |u—xy < 6} implies

1f1(8) = Filso)] < e.
Let J,(X) :HI(X)+H2( }, where

L. ) _
X) == [ A6 —Fa@))y—V3o)l(s—a) + (Vs —y)1ds,
Ks

1 —
Hy(X) == | [fuls) a1y —V30) [(s— ) + (V35 — ') ds.
E|-K,
By Lemma 1
[Hy (X f ly — V3a|[(s — @) + (V3s —y)*] " ds,
oM
|H,(X)| < — V3| [(s — @)+ (VBs —y)*]Mds = K, (X) + K, (X),
Ey-Ks
where
oM
K (X)= f!y V32 [(s — )+ (V3s —y): 1  ds,
o0
sz(X):-z—lE f ly — V3| [(s — )+ (V3s — )21} ds,
T ]

M = suplfy(s)l.
Introducing the change a wvariables (5) in K,(X), K,{(X) we obtain

2M - _
K (X)="" | [4@—2V3t+1)]"'dt—0, y-—V3a,

7

+o0

oM \ - . -

Ky(X) =" | [4(2—2V3t+1)]'dt—0, y—V3z,
where
40
V3z—y

LEMMA 3. Let f,(s) be continuous and bounded on the positive real half-
line; then V, (X)—fi(x) as y—0*.

The proof is similar to that of Lemma 1.
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LEMMA 4. Let f,(s) be continuous and bounded on the positive half-line;
then [V4(X)+ Vo(X)] =0 and [V,(X)+ Vy(X)]—0 as y—V3a.

Proof. By assumption the integrals V,(X) and V4 (X) are uniformly
convergent for y >a >0 whence represent continuous function for
Yy = V3@, © > 0. Thus

V,(z, V3x)+ V,(z, V3z)
- %f £2(8)(2 V32 —2V32) [(s — ) + (V3s + V3z)*] 'ds

The proof of the second part of the lemma is similar.

LEMMA 5. Let f,(s) be continuous and bounded on the positive half-line;
then Vo(X)— 0 as y— V3.

Proof. By our assumption

V(X)) < — —1/3xf =1 ds

a being a positive constant independent of y, and M = sup|f,(s)]. Hence
Vo(X)—0 as y— V3.

LEMMA 6. Let f,(s) be continuous and bounded on the positive half-line;
then [V (X)+V,(X)]—=0, [V (X)+Vs(X)]=0, and V (X)—>0 as
y-—>0F,

Proof. Continuity of the involved integrals implies easily that V,(X) +
+V,y(X) and V,(X)+ Vs(X) tend to zero as y — 0. The proof concerning
the integral V,(X) is similar to that of Lemma 5

LEMMA 7. Let the functions f;(s), ¢ = 1,2 be continuous and bounded
on the positive half-line; then the integrals

o0

1 0
VD) = — [ fils) 5 PGS,

14 9
Vi) = = fu(s) 5y [P0,
62

1 o0
Vi) = — [ £i(s) 5= [P(X)1ds,

1 0
VHE) = [ 1u(6) 5,5 P0G
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converge uniformly for a <y < A, a<x << A, where a, A are positive
constants and P(X) = y[(s—=)+y* "%
Proof. All the integrals admit the common majorant

MA 7 ds MA T ds Ma ° dt
J 2 2 < f 2 2 < f 2 M
T (s—z)f+a T _J (s—x) +a° wa Jt +1

The uniform convergence of the integrals Vi(X), Vi(X), i =1,2,3,4
in region |yj<A, a<x<B and of the integrals Vi(X), Vi(X),
i=1,2, 3, 4 in the region a < ¥y < 4, |2] < 4 may be checked analogously.
Let us check the uniform convergence of the integrals Vi(X), s = 1, 2, 3, 4,
in the set ¥+a < V3r,a <z < A.

All the integrals possess the common majorant

+

M f"“ ly —V3|ds _ ¥
(s—a)f+(V3s—y? ™

T
—~o00

in virtue of Lemma 1.

Lemma 7 implies that the function %(X) defined by formula (4)
is of class C® in the set a <2< A, a <y <V3r—a. From uniform
convergence of the integrals Vi,i =0,1,2,3,4, k =1,2,3,4,5,6 and
from the fact that Green’s function is harmonic we infer easily that «(X)
is harmonie too, i. e.

=0

-1 f F) !
au(X) = == £, — [4x6(X, 1)) a5+
(1]

+o0

b [ o) o146, T _ds =0,
T Pt d’n/ {=V3s
From Lemmas 2-7 follows

THEOREM 2. Let the functions fi(s), i = 1, 2, be continuous and bounded
on the positive half-line; then the fumction u(X) defined by (4) solves the
Dirichlet problem for the region D, the boundary conditions being w(x, 0)

= fy(2), u(@, V3z) = f,(x).

3. We now proceed to solve the Neumann problem for the Laplace
equation in the region D.

Let 7 (cos a, cos B) denote the normal at the boundary of D directed
to the interior of D. Then

dr cos dr, cos
—_— = G0 —_— = —C0 .
dn ? am ¢
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- —
Hence for Ye L,, r = r, and

6 dr+drl_0
(6) dn ' dn

So we have proved

LeMMA 8. Let X,(x,,y,) be the symmetric image of the point X the
straight line Ly; then (6) holds for Y e L.

LuvmA 9. Let the function v(r) be of class C* and let X, (%, ¥,) be as in
Lemma 8; then

dv(r) o+ do{r,)

on i 0 for YelL,.
Proof. We have
dov(r) , dv(ry) e drl
an Vg T TV g

Now r = ry, v’ (r) = 7'(r;) for Ye L, whence by Lemma 8

which implies our assertion.

THEOREM 3. The Green’s function concerning the Neumann problem
for the Laplace equation in the region D of form

5
(7 G(X, Y) = Inr+ > Inr;.
i=1

Proof. By (7) and Lemma 7

aa —d[lr+17’]+dlr+] dl +Inr] =0

an t=o_% ¥ - 07y dn[nl n7'4]+“€‘lj’;[nrz n"‘s]—.
and

aq

an . —d;[lnro—l—lnrl]—}— [lnrz—Hnrs]-i— [lnrs—l—lm,,] = 0.

i=V3s

By (7)

G(X, ¥) iy = 2{In[(s—@)+(V3s—y)?1+In[(s— @)+ (V3s+9)*] +

+In[(2s + )+ 43}



496 E. Sli wiriski

and

G(X, V) lpmy = 2{ln[(s-w)2+y21+1n[<%s+w)2+(§s—y) +

+1n[(%8+w)2+(—]/238+y) ]}
Whenece
1~ 12 6
() = = [ LGV OE, Dlimatls+ — [ LG, Rlieys,ds = D Wi(X),
where ’ ’ -

LoF
() =5 f falo)nl(s — @)t +y2)ds,
2 | ln[(g +m)2 —{—(gs—y)] ds,
2 /o 2
Wo(X) =%ff1(8)ln[(% +a) + (s Jas,

W,(X) :Elgffl(s)ln[(s— - (V35 —y)*)ds,

Wa(

WD) = o= [ Aol —a -+ (¢Bs+y)21ds,

1 o<
o) = o= [ fu(s)Inl(2s+a)-+y2)ds.

LeMmMA 10. Let the integrals W, (X), ¢ =1, 2,3, 4,5, 6, be uniformly
convergent in the set a <z < 4,a<y << A4, and let W,(X) be uniformly

convergent for a < x < 4, 0 <y < l/gw, and let the functions fi, fy be con-
tinuous and bounded on the positive half-line, the function u(X) defined
by (8) is harmonic in the region a <z < 4, 0 <y < V3x—a.

Proof. Proceding as in the proof of Lemma 7 ane can prove that
the integrals Wi(X), 4 =1, 2,3,k = 0, 1, 2, 3, 4, are uniformly convergent

for a<w<A,O<g/<l/§x—a.
Therefore «(X) is of class C* in D. By (8)

1o, 1
Au(X) = = [ 116 A5G (X, V) pmodls +— f J(®) A5G (X, ¥)lpmygads = 0,

Ou 2 WX
i=1
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where
cxy ok ve
WiX) = of Ja( )(8 z)i oy’
., o (y-—»l/—zg—vS')dS
O =— [ 1) TR
TG lee)
p
(}2_33—]—’!/)638
Wi(X 1 3 ’
) = ff N TZI
1 i (y——]/g)ds
WilX) =— | fals) —"— 7
4( ) . v(‘ f(s) —_w)2+(l/33—?])2
W2(X) f fals (y+f38)‘d8
s—m)2+(l/38‘+?1)2
1 yds
W2(X) _;ofﬁ( ) G rar g
dv 1T, B_u_ﬁ{
oot §ren
where
1 o ng—Vgs“‘?/
U,(X) =:-0f hS) e
. =_71; f s 1/382+ 1/3;%—31 - ds,
B
® (30—
Us(X)VZ",l;J i) — Via V?% - ds,
0 (_2-+w) —1—(—2“34‘?/)
1 2 Viw—y
Uy X) =— | fals)— 3 “
) = | R e
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1~ l/§w~y——2V'§s
U X = — 2 d ’
) noff(s)(s_$)3+(,/§s+y)z )
1~ 2l/§s+1/§w—y
Ua<X>=;0f e Tl

LeMMA 11. Let the functions fi(s),i =1, 2, satisfy the assumptions
of Lemma 10; then

. Ou(X)
(9) lin =" = fila) a5 y >0,
du X
(10) lim Zn =f.(2) as 'y—>l/§w,y<l/3a;.

Proof. By Lemma 3 Wi(X)—f,(z) as y — 0¥,

[W2(X)+W3(X)] = Wi(X, 0)+W5(X, 0) >0,

[W(X)+ WE(X)]— WEX, 0)+ WE(X,0)~0 and WIX)~0
as ¥ — 0" since the involved integrals are continuous.

This implies (9). By Lemma 2 for y — V3
U (X) — fa(2),

[U1(X)+ Un(X) 1> Us(@,V30) + Us(w,V32) =0, U(X)~0 as y—V3a,
[Us(X)+ Ug(X)]~ Us(, V32)+ Us(w, V3a) = 0.

Lemmas 10 and 11 imply

THEOREM 4. Let the functions f;(s), < =1, 2, satisfy the assumptions
of Lemma 10; then the function w(X) defined by (8) solves the Newmann
problem in D with the boundary conditions (9) and (10).



