
a n n a l e s  s o c ie t a t is  m a t h e m a t ic a e  p o l o n a e
Series I: COMMENïATIONES MATHEMATICAE XVII (1974) 

ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMAT YCZNEG O 
Séria I: PRACE MATEMATYCZNE XVII (1974)

E. Sl iw in sk i (Krakôw)

The Dirichlet and Neumann problem for Laplace equation
in an angular region

1. In this paper we shall construct the Green function and find 
the solution of the Dirichlet and Neumann problem for the angular region 
В  described by the inequalities

x > 0, 0 < у < Узх.

Let us consider the straight lines:

L i ; y = 0, L 2: у = V3x, L3: у — — ^Зх.

Let X  = (x, y) e B, Y — (s, t)e В  and let denote by X x = (xx, y x), 
X 2 = (x2, y 2), X 5 = (x5, yb) the symmetric images of J  in X x in 
L3, X 2 in L x,

Hence
in L x, X4 in L3, respectively.

xx —
L3 y — x 

2 ’ 2/i =
V3 x + у 

2 ’

x2 —
—V3 y — x

2/2 =

5S>1
1 CO

2  ’ 2 ’

xz = V3y -\-x 
2 ’ 2/3 =

y — \/3x 
2 ’

=
V3y -\-x

2/4 =
—V3x — y

О *Jj 2

x$ = X , 2/s = - 2 /•
Let

r =\ [(« -  oo)2 + (/ -  y f f ,  rx = [(e -  xxf  + (t -  yx)2f ,  r2 = [(s -  x2f  + { t -  y2f f ,  
rz = [{ s - x f  + (t - y f f ,  r4 = [{ S -X xf  + { t - y S f ,  r5= [{ S -X 5)2 + { t- lJ5f f .
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2. We now proceed to solve the Dirichlet problem for the Laplace 
equation in the region D.

Theorem 1  (1). The Green's function for the Dirichlet problem concerning 
the equation Ли = 0 in  the region D with pole at X  is of the form

(1) Y) — lnr — lnr5 + lnr2 — lnr3-fln r4 — ln r1.

Proof. The function G being the sum of harmonic functions is itself 
harmonic and satisfies the boundary condition

G(X, Y)|*=0 = 0 since r  = r5, гг = r4, r 2 = r8,
G(X, Y)|W 5S = 0 since r = r x, r 2 = r5, r3 = r4.

We have further

_  —2y j у-УЗов
о ( s - x )*  + y 2 (s + 2æ)2 + {\/3s + 2y)*

_______ У3х + у______
(s + 2æ)2 + (/3s — 2y)* ’

dG~\\
2 L 5s 5«J|^3e

_  2 (у — УЗх)  ̂ 2(1/Зж + у)__________ 4 у
{ s -x )*  + {V 3s-y)*  ( s -^ )2 + (]/3s + y)2 (2s + ̂ )2 + 2/2*

Let us consider the function

(3)
dG
dn

(2 )
dG
dt

dG
dt

ds +
t=о

(4) u(X ) = -----  Г M S )
■к J 0

By (2) and (3)
6

(4a) « ( I )  = ^ 7 , ( I )
1 = 1

where
oo

r l(x j - i f / ,( .)— » *
7 W  ($  —

oo

-  Г л и7Г J dm
ds.

t=Vzs

о
- 1F,(X) = —  f  /x(e)27Г J

(s — æ)2 + 2/2 ’

{y—V3x)ds
(s + 2ж)2 + (E3s + 2î/)2

(x) B. M. B udak, A. A. Sam arsk i and A. N. Ticlionow, Z adan ia  i  problemy 
fizyTci mcitematycznej, PWN, Warszawa 1965.
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VZ(X)

V*(X)

v 5m

00 j--
- 1  г (УЗ x + y)ds
2tc J (е + 2а02 + (УЗе-2у)2

1 Г°  ̂ / л— M 8) ----------- 7=------- ,
тс / (s-æ )2+ (y 3 s -y )2

1 f° * / V (v'&e + ̂ ds
/ г ( 5 )  7 =  jTC j  (S_ æ)2 + (V/3s + 2/)2

2 т/йе
7 6(X) = -/ ,( « )  7— .тс (2s-f-a?)2 +  y3

Lemma 1. Lei a &e cmy reai number and let y —а х  Ф  0; iüew
- f o o

(v — ax)dsI(Z) = - Г
TC J (s — æ)2 + (a*s — î/)2

Proof. Upon changing the variable in the above integral
(5) s — x = t(y  — a-x)
we get

a-s — y  = aa? + ia(y — аж) — y = (y — ax){t-a — 1),
whence

+ ° °

I(X) = — f
тс J

dt
(1 + a2) (i2 — 2 • ai + 1)

= 1,

Lemma 2. Lei /2 &e continuous and bounded function on the positive 
real half-line let у — ax Ф 0 /or a fixed real number a. I f  the integral F4(X) 
converges uniformly in  the set y + ô < V3x, ô > 0, i&ew lim F4(JT) = /2(ж).

Proof. Let г/->Узж

7Г , . \fl(s) for 0 < S < OO,
' 1 S ~  j o  for 8 < 0;

then

F4(X )=  — f  f 1{ s ){ y -V 3 x )[(s -x )2 + ( l/3 s - y ) 2] - 1ds. 
TC J

— oo

We may write F4(JT) = J x(X) -\-J2(X), where

^ i ( X ) = i  f  Ü i W - f A x M y - f c m t - x f  +  t f a s - ÿ f r ’ da,
тс J— oo 

- f  oo

J 2( X ) = i  f  /1(œ0) ( ÿ - » /3*)[(*-®)J + (^ 3 * -y ) , ] - 1Ai.
те J
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By Lemma 1 we have J 2(X) = f x{x0) for a = J/3. Let us check that 
J x(X) -> 0 as X  -> (x, 0). Given any positive number s there exists a 6 > 0 
such that s e Kd = {u: \u — xQ\ < <5} implies

\h(s) f i ( so)\ < e*
Let J x(X) = H x(X) -\-H2(X), where

H i ( X ) = — f  [ f2( s ) - f 2(x0) ] ( y - V 3 x ) [ ( s - x f  + ( V S s - y f T ' d s ,
7Г J

K ô

H 2( X ) = — f  [ f 2( s ) - f 2(x0) ] ( y - V 3 x ) [ ( s - x )2 + ( f â s - y f y 'd s .Ĉ *JЩ-кд
By Lemma 1

+00

l - f f iWK— f  \ y-\/3x\ [ ( s - x f  + ( V z > - y f r l te ,
TC J

— 00

| Я 2 ( Х ) | < ---------  l ÿ - ^ æ l K s - œ ^  +  ^ - ÿ n - 1 *  = K 1(X) + K 1(X),
ТС %)

Е х- К д

where
2 Л __ _

К х(Х) = -----  \ y-V 3 x\ [{ s-x )2 + { V 3 s-y)2]~1
ТС J— оо 

4-00

2М  г -  -
К г( Х ) = ----- |ÿ-l/3*|[(s-*)2 + (l/3s-»/)2] -1* ,

71 J
X + ô

М  = sup|/x(s)|.

Introducing the change a variables (5) in K x(X), K 2{X) we obtain
ду~ л  ^

K x( X ) = —~  [4(«2- 2 l /3« + l ) ] - 1^ -> 0, у -^ З ж ,
71 J

X —Ô

(Ï8.

K.
2Ж г —

(X) ---------  I [4(tf2 — 2 V^ + l)] -1^  -> 0, у-^ЬЗж,
7Z J

— OO

+ OO

where

J. = —=r
З̂ж — у

L emma 3. Let f 1(s) be continuous and bounded on the positive real half- 
line ; then Vx(X )-+ fx(x) as у 0+.

The p roof is similar to that of Lemma 1.
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Lemma 4. Let f 2(s) be continuous and bounded on the positive half-line-, 
then [V5{X) + V6(X)] -»0  and [Yx(X) + 7*(X)] -» 0 as y->V3x.

Proof. By assumption the integrals V5(X) and V6(X) are uniformly 
convergent for у > a > 0 whence represent continuous function for 
y = \/Ъх, x > 0. Thus

Уг(х, VSx) + V2(x, V3x)
oo

2
=  —  f  f 2{s)(2l/3 x -2 V 3 x ) [{ s - x )2 + (\/3s + V3x)2T 1ds.

TV J

The proof of the second part of the lemma is similar.
Lemma 5. Let f x(s) be continuous and bounded on the positive half-line; 

then P2(X )-»0  as y-+V3x.
Proof. By our assumption

OO
|У„(Х)|<—  (у -у Ъ е ) f  (cf + s T 'd s

TV J0

a being a positive constant independent of y, and I f  = sup|/!(s)|. Hence 
V2(X )->0 as у -> /Зх.

Lemma 6. Let f^ s) be continuous and bounded on the positive half-line; 
then [P1(X) + P2(Z)]->0, [7 4(X) + Y 5(X )]^ 0 , and F6(X)->0 as

0+.
Proof. Continuity of the involved integrals implies easily that Уг(Х) + 

+ V2(X) and F4(X)+ Vs(X) tend to zero as у -» 0+. The proof concerning 
the integral V6(X) is similar to that of Lemma 5.

Lemma 7. Let the functions fi{s), i  — 1 ,2  be continuous and bounded 
on the positive half-line-, then the integrals

r\(X ) = l - j f 1( s ) X [ P ( X ) ] a s , 
0
oo

V\(X) = l j  f tW - X - lP W id s ,

1 °° d2
УЦХ) = — J

0
1 °° d2

Vi(X) = ~ J  /,(«) — [ P ( i ) ] *
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converge uniformly for a < y < A, a < x < A, where a , A are positive 
constants and P{X) = y [{ s— x)2-Vy2]~l.

Proof. All the integrals admit the common majorant

MA *r ds MA
tu J  (s —  x)2 + a2 ^  тс 0

+ co

I
ds

(s — x)2 4- w <
M a
7c a

+ 00

/
dt

t2 + 1

The uniform convergence of the integrals Vl(X), VI(X), i  = 1, 2, 3, 4 
in region \y\ < A, a ^ . x < B  and of the integrals VÎ(X), У\{Х), 
i  — 1, 2, 3, 4 in the region a < y < A, \x\ < A may he checked analogously. 
Let us check the uniform convergence of the integrals V\(X), i  = 1, 2, 3, 4, 
in the set y + a < V3x, a < x < A.

All the integrals possess the common majorant

M
7C

+  oo

/
\y—^3x\ds 

(s — x )2 + (V3s — y f
M
7C

in virtue of Lemma 1.
Lemma 7 implies that the function u(X ) defined by formula (4) 

is of class C2 in the set a < x < A, a < y < VSx — a. From uniform 
convergence of the integrals F*, i  = 0 ,1 , 2, 3, 4, h = 1, 2, 3, 4, 5, 6 and 
from the fact that Green’s function is harmonic we infer easily that u(X) 
is harmonic too, i. e.

Au(X) =
oo i

—  Гл(*)4-[4с<?№  Г)]| * +7C J dt |* = 0
+  oo

+ - f  M s)7C J dn
[Ax O(X, Y)] ds = 0.

From Lemmas 2-7 follows
Theorem 2. Let the functions f^ s), i  = 1, 2, be continuous and bounded 

on the positive half-line; then the function u(X ) defined by (4) solves the 
Birichlet problem for the region D, the boundary conditions being u(x, 0) 
= f i(x ) ,u (x , V3x) = M x ).

3. We now proceed to solve the Neumann problem for the Laplace 
equation in the region B.

Let %(cosa, cos/?) denote the normal at the boundary of В  directed 
to the interior of B. Then

drx
dn

—cosp.
dr

—— =  COSO?, 
dn
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Hence for Y e L 21 r = r x and

<6)
dr drx 
dn dn

So we have proved
Lemma 8. Let Х 1(ж1, y x) be the symmetric image of the point X  the 

straight line L 2) then (6) holds for Y e L 2.
Lemma 9. Let the function v{r) be of class G1 and let Х 1(ж1, yf) be as in  

Lemma 8; then

dv(r)
dn

dv{rf)
dn

=  0 for Y e L 2.

Proof. We have

dv(r)
dn

dr
v '(r )—- ,

dn
dv{rx)

dn v'(ri)
drx
dn

Now r — r1? v’ (r) = r' (rx) for Y e L 2 whence by Lemma 8

dr drx
dn dn

which implies onr assertion.
Theorem 3. The Green's function concerning the Neumann problem 

for the Laplace equation in  the region JD of form

5

(7) в (Х , T) = lnr + ̂ l n r , .
i=  1

Proof. By (7) and Lemma 7

dG
dn

d d d
= —  [lnr0 + lnr5] + —  [lnrx + lnr4] + —  [lnra + lnr8] = 0

 ̂_  q Qilfb (л/1Ъ (л/fb

and

dG_
dn

d d d
=  —  [lnr0 +  Inr x] +  — - [lnr2 +  lnrs] +  —  [lnr8 +  lnr4] =  0

%  (7)

ЩХ, Г)|(_л< = 2 { ln [ ( s - æ)2 + ( )^ s -ÿ )2] + ln[(s-æ)2 + (ï/3s + 2/)2] +

+ In [(2s + ж)2 + 2/3]}
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and

G(X, Y)|i=0 = 2|ln[(s-a?)2 + 2/2] + ln[(|s + «)2+|-^-s-2/) +1^3 -I---- ,

+ In £ ( +  ос)2 + s + 2/J JJ.

Whence
ou 00 о

д а  =  ^ f f A » № 2 ,  r)|„0* + i j ' / a(S)(?(Js:, Y4\t, visds = Jyy<(X ),U

where

Ыз v\1 ,
n r H J ds

1/3 \2‘I ,
i r H as

ou

^ ( X )  = - ^ -  f  f i  ( s )  l n  [ ( s - x ) 2 + y 2]  d s ,
2-k J  0

l f 2(X). =  ~  f  Л(*)1пГ/|- + À 2 +  i -
0 L\ /

™ = è / /i(s)i4 & +æ)20 x '
00

W4(X) = - ~ f  / i(«)ln [(s-ir)2 + (>/3s-2/)2]ds? 
0

00

^ 5д а = - ^ -  f  Â ( s ) l n [ ( s - x ) 2 +  ( i 3 s  +  y ) 2] d s ,  2 tc J  0
00

Vi\(X) = Y  J  /2(s)ln[(2s + æ)2 + ÿa]&.

L emma 10. Let 77ie integrals W ^X), i  — 1, 2, 3, 4, 6, 6, uniformly 
convergent in  the set a < æ < A, a < y < A, and let W ^X) be uniformly 
convergent for a < x < A, 0 < у < У Зое, and let the functions /1?/2 be con­
tinuous and bounded on the positive half-line, the function u(X ) defined 
by (8) is harmonic in  the region a  < x < A, 0 < у < V 3x — a.

Proof. Proceding as in the proof of Lemma 7 ane can prove that 
the integrals W^{X), i  = 1, 2, 3, ic — 0, 1, 2, 3, 4, are uniformly convergent 
for a < x < A, 0 < у < l/Зх — а.

Therefore u(X ) is of class G2 in D. By (8)
CO

Av(X) = L j f t {8)Ax G(X, T) !,_„* + 
0

du
dy

6
£ w l ( X ) ,
ï= 1

Ax G(X, Y)\t=r3sds = 0,
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where

where

OO yds
( s - x ) 2-\-y2

Wl(X)  = -  f  M s )
7C J

y - ~ - s ) d s

0 ' ï +æ) + ( i r ^

Wl
oo

m  = | - J / i W

Ÿ3 s + 2/U-s

¥ +*l + l 4 “*+y
OO

w i(X )  = -  f  Ш
7Г J

w 25

( y —V 3 )d s  

(s  — x ) 2 +  ( V 3 s — y ) 2

1  ( y - sr Vr3 s )d s
(X ) =  — M s ) ------— -------  ,

те / (e -a )a + (]/3s + y)a
OO

„ 1  Г y d sэ д = - / /г(8) (2 8 Д ~ ,

=  i h s  —  — =  V  p,.(X),
d n  2  [  d x  d y  J ^

Ui(X) 

u t (X)

US(X) =

VAX) =

^38 — у
ds,

тс /  (s- ^ ) 2 + ?/2

1 л° ^3s + V3x — у
= t / " s) s \2 / 13

?  H  + к - » - »

j  ш
\3x — у

( ï +æ) +f ï s+î/

ds.

ds,

1 r 3̂x ~ У
— M 8)--------------- 1=-------  ds ’
к  J (s — x ) 2 +  (V 3s — y )2



498 E. lâliwinski

u sm

Щ Х )

о
оо

= -  Г /.(*)тс J

V3x — у — 2}/3s 
(s — х)г -\-(]/3s + у )2

2V3s +  |/Зж — у
-------------------- ds.(2s х)2 + у 2

ds,

L emma 1 1 . Let the functions f{(s), i  = 1 , 2, satisfy the assumptions
of Lemma 1 0  ; then

du(X)
(9) lim—-----

dy = /i(®> <*>* У

.. duX
(1 0 ) lim-------

dn = /аИ «* у

Proof. By Lemma 3 Wj(X) as y -> 0+,

[W l(X) + W23 (X)] -> TT2 (X, 0) + W2(X, 0) -> 0,
[W2(X) + TT52(X)]-> TT2(X,0) + W2(X, 0 )-* 0  and TT2(X)->0

as y -> 0 + since the involved integrals are continuous.
This implies (9). By Lemma 2 foi* у -> ^Зх

^4 (X") ~ > fz (X) i

^TJ1(X )+TJ2(X)'\~> U1(x1V3x)Jr TJ%(x,V3x) = 0 , Z7(X)->0as у-^За?,

[Z7S(X)+ ï76(X)]-> Z7s(æ, }/3®)+ Î76(a?, V&r) = 0 .

Lemmas 10 and 11  imply
Theorem 4. Let the functions f i{ s),i = 1 , 2, satisfy the assumptions 

of Lemma 1 0 ;  then the function u(X ) defined by (8) solves the Neumann 
problem in  D with the boundary conditions (9) and (10).


