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Some boundary value problems with transformed argument

In this paper we shall present a method of solving of a class of boundary 
vaine problems with deviating argument. This method is showed just 
on few simple examples, but its applications for more general equations 
are obvious and the proofs are going on the same line.

1. Let Sa be a rotation through the angle a of the plane R2, i. e. 
a linear operator defined by means of the matrix

g  _  /cos a — sina\ 
a ~~ \sina cos a/'

In sequel we shall consider only rotation through an angle commensurable 
with 2tc. Without loss of generality we can assume that

(1.1) a = 2tv IN.
Under this hypothesis

(1.2) $ 2rc/iv = I, where I denotes the unit matrix.

Indeed, by an easy induction we have = 8ka for к = 1, 2, ... 
The last formula justifies assumption (1.1). So that S^njN = Sn.*kIn 
= S2n = I.

A domain E cz R 2 is said to be invariant with respect to the rotation 
Sa if SaE  = E.

Consider the Laplace equation

(1.3) . d2u d2u
Aw= ^ + i r ’ {x,y) ’

where E is a domain invariant with respect to the rotation S2nlN, with 
a boundary condition of the Dirichlet type :

N - 1
(1-4) lim ^  aku(S%niNp) = Ъ(ръ), p = { œ yy )eE ,

P-*-Pq Jc= o

where p 0 belongs to the boundary dE of the domain E.
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We are looking for complex-valued functions, continuous on Ë — 
= E udE , satisfying equation (1.3) inside E  and condition (1.4) on the 
boundary dE.

Denote by X  the space of all twice continuously differentiable 
functions in E. In the space X  we introduce a linear operator Sa induced 
by the operator Sa in the following manner:

(1.5) (8au )(P) = u (®aP)i where u e X  and p — (x, y)e E.

P roposition 1.1. For all a the operators Sa commute with the Laplacian 
on the space X.

Indeed, let p = (æ, y) e E  and p ' = Sap = {x', y '). Then

{ASau){p) =
d2u (Sap)

dx'2
d2u (8ap) 

dy'2
d2u (S ap) 

dx2
d2u (S ap)

dy2
= (8aAu)(p)

for all UeX  and ре E.
The operator S2n/N is an involution of order X  on the space X. Indeed, 

since (1.2) holds, then (S 2̂ jNu)(p) = ^ (S ^ jNp) = u(p) for all u e X  and 
pe E. Thus
(1.5) SfnIN = I  on X .

Observe that the operator S2n/N induces also an involution of 
order X  defined in the same manner as the previous one on the space 
X  of all continuous functions on the boundary dE. We can denote this 
involution by the same letters $2Tt/iV, because it does not lead to any 
misunderstanding. We thus have (S2n/Nu)(q) — u (S2njNq) for all ue X  and 
qe dE. Since S2njN is an involution of order X  on both spaces X  and X, 
we have X  disjoint projectors giving a partition of unity (see [1]):

JV

Лт-1
V ,/ ;

fc=o
kj ok _

KJ 2nlN
k=0

2nk/N ? where e = e2mlN ( j  = 1, .. ., X ).

Thus, if p  = (x, y) belongs either to E  or to dE, we have

N- 1
1 VI

N- 1 
1 VI

(1.6) ( Fj U) ( p )  — £ ki(®2nklNU)(P ) — ~ïÿ s  kl’U(®2nk/NP)
к—0 k=0к—О 
N- 1

1 W!V  e  kju  Iæcos
X  A jk=0

2 tzTc

~n "
2 iih 2nlc 2n lc\

asm— + y cos —  I

( j =  1 , 2 , . . . ,  X ) .
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Both spaces X  and X  are direct sums 
I  = X  = X 1® .. .® X N, where X ,= P ,X ; X j= P jX t
such that 82n/Nu — sj u for u eX j (resp. for ueX j) (j  = 1 ,2 , . . . ,N ) .  
Therefore Proposition 1.1 implies that equation (1.3) with the boundary 
condition (1.4), where the function b(q) is continuous on dE, is equivalent 
to the system of N independent Laplace equations
(1.7) Aliy) = 0  in E, where — PjU {j  = 1, 2, .. ., N)
with the boundary condition of the Dirichlet type for the j-th equation :
(1.8) lim uU)(p) = bj(p0), p QedE ( j  = 1, 2, ..., X ), 

where
1 ~ v - i

(1.9)  b j= —-Pjb, provided that bj = JT1 akeki Ф 0 ( j  = 1, 2, ..., N).
k=о

In the last conditions deviations of argument do not appear.
We obtain the following
Theorem 1.1. Let E a  R 2 be a domain invariant with respect to the 

rotation S2njN with the boundary satisfying the Liapounov condition. I f
N - 1

bj = ffj akeki Ф 0 for j  = 1, 2, .. ., X, where e = e2n!N and if  the function
k = 0

b(p) is continuous on dE, then there exists a twice continuously differentiable 
in E and continuous on E solution of equation (1.3) which satisfies the 
boundary condition (1.4). This solution is of the form

N

u(t) =
i=i

where Uj is a solution of the j-th equation (1.7) with the j-th condition (1.8).
The proof follows immediately from the fact that the j-th equation 

(1.7) with the j-th boundary condition (1.8) is the classical Dirichlet 
boundary problem, which has a unique solution having the required 
properties.

Without any change of the proof we can consider the boundary 
condition (1.4) with variable coefficients ak such that
(Ll°) ak{S2n,NP) = ak(p) for р еЁ  (к = 0 ,1 , .. ., W - l ) ,  
because the operator of multiplication by such a function commutes with 
the involution iS2njN on X  and X. Indeed, if a (S 2njNp) = a(p), then

[ ( ^ v a - ^ 2K/Jv)^](l>) = <*’{S2n!NP)u(S2niNP)-(t’{p)u(S2KiNP)

= [а(^2я/^Р)-«(Р)]«(^2Я/лг1>) = 0.
N-l

It is enough to assume that bj(p) — ak(p)ekj Ф 0 on dE.
k— 0
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Now consider the boundary vaine problem of Neumann type for 
equation (1.3). It means that we are looking for complex-valued functions 
continuous on E  twice continuously differentiable in E, satisfying equation 
(1.3) in E and the condition

( 1.11) lim
P-+P0

N - l

2
A = 0

du(q)
dn V=S2nklNP

b(Po), p 0e d E ,p e E ,

where by d/dn we mean the derivative in the direction of the interior 
normal to the domain E. We assume that b(p) is a continuous function 
on dE. In the same manner, as for the Dirichlet problem, we conclude 
that equation (1.3) with the boundary condition (1.11) is equivalent to 
N independent equations (1.7) with the boundary condition for the j-th 
equation :

N - l

(1.12) lim V  = bj(p0), p atdE, p eE  (j =  1, 2 , N),
0 n  9=^2 nklNP

where
1 ~ v - i

l i = — Pjb and bj(p 0) = £  ak(p0)ekjФ 0 for p 0edE ( j  = 1, 2 , . . . ,  N).
°3 k =0

Observe that
(1.13) f h (P )dS = °  foг j  = 1 ,2 , . . . ,  N - l .

dE

Indeed, let us denote by Ek and dEk these parts of the domain E 
and of its boundary respectively, which are contained in the angle 
2rz(k — l)IN  < <p <2rc&/N. It is obvious that

N

j h ( P ) dS = J h ( P ) d S -
dE k = l dEk

Eut Ek = SknjNE1, because of the property S2njNE = E. Hence 
-Ei = S2nkINEk and

V  N

f  i f (p)dS = ] ?  f  h (p )d S  = f  y  ] ? b w ( S l INp)dS
dE *= 1 dEk dEi * k = l

N  N

=  f  y  =  f y [ ^ ^ ] ( P i » ) ( l > ) A 8
dEx * fc=1 dEl  * k = 1

/
9EX

~r Ôn, j h )  (p)d8 — ôNt j
Oj

f  b,{p)dS
dEx

0 for j  = 1, 2 , . . . ,  N - l ,
fb j(p )d S  for j  = N

dE
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(ôNtj being the Kronecker symbol) in virtue of Formula 1.6 of Chapter II.
Therefore for an arbitrary beX  we have equalities (1.13) and writing 
~ N ~
b(p) = £ b (p )  we obtain

i
(1.14) jb (p )d 8 = j b N(p)dS.

dE dE

Since all previous considerations are valid for functions ak(p) invariant 
under the rotation S2tzIN, we obtain finally

Theorem 1.2. Let E  cr R 2 be a domain invariant with respect to the 
rotation S2n!N with the boundary dE satisfying the Liapounov condition. 
Let the functions a0(p), . . . ,  aN_y(p) continuous on E be invariant under 
the rotation S2njN, i . e .  ajc(S2n!NP) = <*>k(P) (h = 0 ,1 , . . . ,  Ж — l )  and let

N - 1
(i) bj{p) — ak(p)ekj Ф 0 on dE, where e — e2mlN,

k=о
(ii) fb (p )d8 = 0, where b(p) is a continuous function on dE.

dE

Then there exists a function u(t) continuous on E, twice continuously 
differentiable in  E and satisfying equation (1.3) in  E and condition (1.11) 
on dE. This function is of the form :

N

u(p) = ^ U j(P ) ,
3 = 1

where U j ( p )  is a solution of the j-th equation (1.7) satisfying the j-th boundary 
condition (1.12).

Indeed, the j-th equation (1.7) has a solution satisfying the j-th  
condition (1.12) only if it is satisfied the condition / bj(p)dS = 0

dE
(j = 1, 2 , . . . ,  N). The assumptions and formulae (1.13), (1.14) assert this 
condition to be satisfied.

In a similar manner we can examine the equation Au фай = v in 
with the boundary conditions either (1.4) or (1.11), where a(p) and 

v(p) are continuous for ре E and o>{S2njNp) — a(p).

2. Now we shall consider the following boundary problem with 
rotation of the Fourier type:

To determine a complex valued function и (x, y, t) which satisfies 
(1) the heat equation

(2.1) Au = —— = 0 for j? = (x ,y )e  E  c= R 2 and t > 0, where E  is
(Jv

a domain invariant under rotation iS2njN with the boundary 
satisfying Liapounov condition,
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(2) an initial condition:

(2.2) lim u (p ,t) = v(p) for all peE ',
t^ + о

(3) a boundary condition with rotation:
N - 1

(2.3) lim ak{p,t)u{Sk2n,Np ,t)  = b{p0,t )  for t > 0, p0e d E ,p eE .

We assume that the functions ak(p, t) are invariant with respect to 
the rotation 82n/N:

(2.4) %(^2n/iVp, t) = ak(p, t) for ре Ë and t > 0 (Tc = 0 ,1 , ..., N)

We introduce, as before, the operator 827l/N defined by means of 
the equality

(2.4) (82n/Nu)(p , t) = u (S 2nlNp, t) for all р е  Ë and t > 0 .

Since this operator acts only on the variable p, we can treat the time 
t in our problem as a parameter and solve it exactly in the same manner 
as in Section 1. We obtain the following

T h e o r e m  2 .1 .  Let E a  R 2 be a domain invariant with respect to the 
rotation S2njN with the boundary dE satisfying the Liapounov condition. 
Let the functions v(p), b(p, t), ak{p, t) (k*= 0, 1, .. ., Ж — 1) be determined 
and continuous in  the regions: р е  E-, p e  dE, t > 0-, р е  Ë, t > 0 respectively.

N - l
Let bj(p, t) = £  ak(p, t) skj Ф 0 for p e dE and t > 0 and let condition (2.4)

k=0
be satisfied. Then equation (2.1) with the in itia l condition (2.2) and with the 
boundary condition (2.3) has a unique solution which is of the form

N

u(P, t) =
3 = 1

where Uj(p,  t) is the solution of the j-th equation

(2.6) Au{j)-----for p e E  and t >  0 (j = 1, 2, .. ., TV),
Ov

satisfying the j-th in itia l condition

(2.7) lim u (j)(p ,t) = vm{p) for all p e E  (j = 1, 2, .. ., N)
t-> + 0

and the j-th boundary condition

(2.8) lim u{j)(p, t) = bj ~(p0 , t) for t > 0, p 0 e dE (j = 1, 2, ..., N),



Boundary value problem 457

where
1 i

(2.9) b,(p», <) =

and for an arbitrary function w(p) we denote
N - l

w m(p, <) ‘ ~v w ( s ^ INp ,t )  a  = l , 2 , . . . , jv).
k=0

For the proof we introduce the space X  of all functions twice contin­
uously differentiable with respect to variables x, y and continuously 
differentiable with respect to t for (æ, y) e E and t > 0 and the space X  
of functions continuous for (x, y)e dE and t >t 0.

When the distribution b(p0, t) on the boundary dE changes period­
ically in the time with a period со, i. e. when b(p0, t) = b(p0, t + af) for 
all p0 e dE and t > 0, we can solve the corresponding boundary value problem 
using multiinvolutions (see [2]). In this case no initial condition will 
be admitted because the considered functions will be periodic with respect 
to the variable t with periods commensurable with со. Condition (2.3) 
can be admitted in a more general form :

N - 1 M - 1

Ит E  E  a/cj(P^)U\S2n lN P ^-jP̂ -Po & = 0 j = 0 '
ft)

= b(Po, t), p 0e dE, t > 0 ,

M is a positive integer, akj(p, t), b(p0, t) are invariant under the rotation 
$2ttjN with respect to the variables p e E , p 0e dE respectively and co/M- 
periodic with respect to the variable t. Here the second involution appears, 
namely the shift operator (Su )(p , t) = u(p, t + co/M) for pe E ,t  >  0, which 
is an involution of order M  in the space of to-periodic functions.
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