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On some extremal problem for certain classes
of close-to-starlike functions

1. Let p denote the class of Carathéodory functions, i. e. of funetions
(1.1) P(z) =1+b,24+ ...
regular in the disc KX = {#: |2| < 1} and satisfying the condition reP () > 0
for every ze K.

Next, for any arbitrary fixed number a, ae[0,1), denote by gp(a)
its subelass of functions of order q, i. e. of functions P(2) such that reP(z)
> a for ze K.

Moreover, for ae (0,1] let go((a)) be the class of all funetions (1.1)
regular in K and satisfying the eondition

(1.2) |P(2)—1] < a|P(2)+1]
for every ze K.

Evidently ¢ ((a)) S ¢ and p((1)) =p. It can easily be verified that
it P(2)ep((a)), then the values of P(2) for every ze K belong to the disc
with the centre ¢ and the radius ¢, where
14 a? 2a
1—a?’ 1—az’

DErFINITION 1. A function P(z) regular in K and satisfying (1.1)
is of type a, ae (0, 1], if and only if satisfy (1.2) for all z in K.

Denote by 8 the family of funetions

(1.3) J(2) =z+a,22+ ...
regular in K and by 8%(a), ae[0,1), its subclass of functions starlike
of order o in the dise K, i.e. of all functions of form (1.3) such that
2f'(2)
e
f(2) N
It is known that any function f(2) of S belongs to S*(a) if and only
it zf’(z)ep(a)‘
f(2)

¢ =

é:

> o for every ze¢ K.




386 J. Kaczmarski

Next, denote by S8*((a)) the subelass of functions of 8 such that

o (2)
—r
fy — 1@

for some P(z) in g((a)) and all z in K.
Evidently 8" ((a)) represents a subeclass of 8%, where 8” is the class
of all functions (1.3) starlike in K.

DEFINITION 2. A function f(2) regular in K and satysfying (1.3)
is starlike of type a, ae (0,1], if and only if it satisfies (1.4) for some
P(2) in p of type a.

Now we consider the following four clasess of funections (1.3)

(1.5) S(a, B), Sl (B)y,  S((a) By  S{(a) (B)

defined as follows:
DEFINITION 3. Let f(2)e 8 and let

(1.6) f(z) = F(2)-P(2)

(1.4)

for some F(z) in 8* and P(2) in g. Then
1° f(z)e S(a, B) if and only if F(2) is of order « and P(2) is of order §,
2° f(2)e 8(a, (ﬁ)) if and only if F(z) is of order a and P (z) is of type p,
3° f(2)e 8((a), B) if and only if F'(z) is of type a and P(2) is of order f,
4° f(z)e 8((a), (B)) if and only if F(z) is of type a and P(z) is of type .
Thus families (1.5) represent a subclasses of the family 8 of all
functions (1.3) close-to-starlike in K introduced by Read {2}, i.e. of functions
satisfying (1.6) for some F(z) in 8* and P () in f. Evidently

8(0, 0) = 8(0, (1)) = 8((1), 0) = S((1), (1)) = 8.

Every function of each family (1.5) is starlike and hence univalent
in a neighborhood of the origin. In this paper we determine the exact
value of the radius starlikeness for every family (1.5) of close-to-starlike
functions.

2. We denote at present the arbitrary family (1.5) by S({a}, {#}) and
the corresponding families of starlike functions and of Carathéodory
functions by 8*({a}) and @ ({8}), respectively, where {a} designes a or ()
and {8} designes B or (). '

Let T be an arbitrary subeclass of 8. It f is in 7, then r.s. {f}, the
radius of starlikeness of f is '

r.s. {f} = sup [7‘: Tre S )

f(?)

>0, 2 < r]
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and r. 8. T, the radius of starlikeness of 7, is

r.s. T =inf[r. s. {f}].
feT

If T is compact, then problem of finding r. s. T is reduced to finding
the greatest value of 7, 0 << r < 1, for which

4'(2)
@ =0

for every |z| < r and every funetion f(2)e T. It is easy to prove that every

family S({a}, {8}) is compact, hence r.s. S({a}, {#}) equals the smallest
root 7y, 0 < ro << 1 of the equation w(r) = 0, where

(2.1) w(r) = min {1‘e z;(g) : 2] =7 <1, fe8({a}, {ﬁ})}.

re

Let f(2)e 8({a}, {#}). Then in view of Definition 3
(2.2) f(z) = F(2)-P(2)
for some functions F(2)e 8*({a}) and P(2)ep ({6}).
Differentiating (2.2) we obtain
zf' () 2 (z) 2P'(2)
&)~ F@ T PE
Thus, on {2] =7, 0 <r < 1, we have
(2.3)
#f' (2)
f(z)
Next, for arbitrary fixed numbers 4,B, —1 < A<1, -1<B< A,

denote by ¢ (4, B) the subclass of ¢ which contains all functions P(z)
such that P(z) is in g (4, B) if and only if

oF' (2)
F(z)

re

> min {1‘6 : Fe S ({a})} +min {re ZIZ:;S) : Pep ({ﬂ})} .

1+ A4-9(2)
T 14+B-%(2)

P(2)

for some function #(z) regular in K, satisfying the conditions ¢#(0) = 0,
[9(2)] < Lforze K.

The family @ (A, B) has been introduced by Janowski [1].

It is easy to prove that

(2.4) ple) =p(1—2a, —1)
and
(2.5) (@) =p (g, —a).

6 — Roczniki PTM — Prace Matematyczne XVII.
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According to Theorem 3 of [1], for all P(z) in g (4, B) and 2] = 7,
0<r<1,
2P'(z) [ Y.(r; 4,B) for 0 <r< 1%,

2.6 YN
(2.6) "P@ 7| Yur; 4,B) for *<r<l,
where
) o _ (a-Byr
(2.7) s 48) = — 4 —dna—5n’
7 VUB—(1—4Bry)  A+B 7
(2.8) Y B =2 iy TA-B

(2.9) A =9A(r; 4,B) = (1 —B)(L+Br2), B = (L—A)(1+Ar?

and
(2.10) r* =1*(4, B)

is the unique root of the polynomial
(2.11) g(r; A,B) = —ABr*+2A4Br3—(24+2B—AB—1)r2+2r—1

in the interval {0, 1].
The bounds (2.6) are sharp, being attained at the point 2z = ¢-r,
le] =1, by
1—Aez .

(2.12) P*(z; A, B) = Ty for 0 <r<r

and by
for ”* <r<1

1—(1—A)dez — Ae?2?
1—

oL = = =
(213) P7(2; 4, B) (1 —-B)dez — Be?2?

respectively, where
1 (1 —-Br¥)s—(1— Ar?)

T B)s—(i=4) s = VBUA L

(2.14) d =d(r; A, B) =

Let 8*(4, B) denote the subclass of S which contains all functions
F(2) such that f(2) is in 8*(4, B) if and only if

2F' (2)
2.15 =P(z
(2.15) T 1@
for some P(2) in p (4, B) and all z in K[1]. Evidently,
(2.16) 8*(a) = 8" (1 —2a, —1)

and
(2.17) S ((a)) = 8*(a, —a).
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It is easy to verity that if P(2)ep (4, B), then

Q4 A)p)+1—4
(2:18) PO = Bpe)+1-B

for some p(2) in g and all 2z in K. Since every function p(z) in g is subor-
dinate to

142
Po(?) = 1_2’

i. e., p(?) 3 po(2), it follows that P(z) 3 Py(2), where P(z) is given by
(2.18) and :
_ 144z

T 1+Bz

Therefore, the images of the closed disc |2| << r under all the transfor-
mation w = P(2), P(z)ep (A, B), are contained in the closed disc with
the centre ¢ and the radius g, where

1— ABy? (A —-B)r
CTTi B ST i B

With these considerations we find that for all F(z) in 8*(4, B) and

g =r0<r<1

Py(2)

I (2) S 1—Ar

2.19 >
(2.19) “TFe  1—Br

with equality holding in z = er, |¢] = 1, for
(L—Bee)4—BIE it B =0,

(2.20) F*(z; A, B) = - .
exp (4ez) if B=0.
3. TurorEM 1, Let
Dy ={(a,$): 0<a<1,0< < f(a)),
2 ={(a,ﬂ):0<a<1,ﬂ(a}<ﬂ<1},
where
(3.1) B(a) = (L+VIL24+4M) Y,

(3.2) L = L(a) = 2a*—3a?4-6a-+1, M = M(a)=1—6a.
Then, the radius of starlikeness for the family S(a, B),
ry if (o, B)e Dy,

r. 8. 8(ay B) = rs  if (ay B)e Dy,
where |

(3.3) Py =(2—a—28+Va+4f2—2a—68+3)7},
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r, is the smallest root of the polynomial
(3.4) v(r) = [(a®+20—1)f—a®]*+2(1 — ) [(L +a) B —a]lr3 +
+(e*—da+1)f—(1—a)]r*—2(1—a)fr+ 8

in the wnterval (r*, 1) and v* = " (1 —28, —1) (cf. (2.10)~(2.11)).
Eauality r.5.{f} = 1. 8. 8(a, B) holds for function (2.2), where

(3.5) F(2) = F*(z; 1—2a, —1),
{P*(z; 1-28, —1)  for (a, B)e Dy,
Pz) = e
P (25 1—-28, —1)  for (a, f)e D,

and d = d(ry; 1—2p, —1)(cf. (2.12)-(2.16) and (2.19)-(2.20));

o A1)
f(2)

Proof. a. In view of (2.1)-(2.4), (2.6)-(2.9) and (2.19) we obtain

= 0 for @ = ery, where vy = v, or 1y = ¥, respectively.

(3.6) () =‘“(7")/“1(?”) for 0 <7< 7%,

v(ryu,(r) for v <r<1,
where
w(r) = (1—2a)(1—28)r*—2(2—a—28)r+41,
v(r) is given by (3.4), u,(r) >0 and v,(r) >0 for 0 < r << 1.
Let
Oy ={{e,): 0<a<,0<F<pu(a)},
< ) <

G, = {0, 0): 0<au<], Bia B <1},
where

Bila) = for 0 <a<l.

1--2a

I (a, B)e@y, then u(r) >0 for 0 <r <1 If (a, f)e@G;, then u(»)
has exactly one root 7, given by (3.3), in the interval (0,1) and «(r) >0
for 0 <r <1y

The polynomial v(r) has one or three roots in the interval (0, 1)
for overy ae[0,1) and Be(0,1). Let: 10 (a, fle G,y or 20 (a, f)e G, and
r, = r*. Therefore u(r*) > 0. Hence, because of u,(r) >0, v,(r) >0 for
0 <r< 1 and in view of (3.6) %(r*) and »(+*) must have the same sign.
Thus v(r*) > 0 and consequently »(#) has at least one root in the interval
(r*, 1). Denote by 7, the smallest root of »(r) in this interval.

Hence

r, if (o, f)e@ and r, < ¥,

8. 8 =
T (e £) 7y if (a, B)e G, and r, >1" or (@, f)< Go.
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b. We shall prove that », < »* if and only if 0 < g < f(a) for every
0 < a < 1, where f(a) is given by (3.1)-(3.2).
To this aim we observe first that the funection

(3.7)  g(r) =g(r; 1—28, —1) = (L+7)[(1—-2p)r*—3(1—2p)r*+3r—1]

increases for 0 < r < 1, thus r, < 7* if and only if g(r;) < 0.
If « =% and 0< B < 1, then the polynomial #(r) has the root ry
in the interval (0, 1) and r, = (3 —48)"'. Thus,

glry) = (L+r)r}-(B—1)(882=T8+1)< 0 for < B(})
and in this case r, < r*, Conversely, if « = 4 and r, < 7*, then 8 < 8(}).
Let (o, 8)e G, and a # }. Since u(r,) = 0,

g(r1) — (1—2a )9( 1) 4+ (1—2a—r )“:’7'1) — ar,—b,

71 7 1

(3.8) (1—2a)

where
(3.9) 6 =2[14+202—2af(1+2a)], b =2[1—2a+2a?—2(1—2a)p].

Sinee (a, f)e G, then a > 0.
Let
G; = {(a, B): 0< a< ay, Pala

G, ={(a,0): ¥<a<], .33(‘1)

B < Br(a)},
B < Bi(a)},

where a, is the unique root of the polynomial 4¢3—2a?-4a—1 in the
interval (0, 3) and

/f\//\

202 —2a-+1 o

Ba(a) = 2a—2a) (@) = 5 i 3ar 1"

It is easy to verify that b < 0 for (a, B)e G5, 0 < b < a for (a, f)e G, —
—(G3UG,) and b > a for (a, )< @,. Hence, because of (3.8) and in view
of & > 0, we obtain that g(r,) > 0 for (a, ) e G3UG,. If (¢, f) e G, —(G;UEG,),
then

(3.10) (1—2a)g—YIl = a(r,—7o),

where r, = b/a and 0 < r,<1. From (3.10) we obtain that g¢(r,) <0
ifr,<rgand a < &, or if #, > 7, and a > . Since u(r) decreases for 0 < r
<1 we conclude that the condition g(r,) < 0 implies

(2a—1)u(ry) =0
for 0 < a < 1. We have
a?u(ry) = (1—2a)(1—28)b2—2(2 —a—28)ab + a?,

where @ and b are given by (3.9).



392 J. Kaczmarski

After some calculation we get
a*u(ry) = 8(2a—1)(f—1)(4Mp2+-2LF—1),

where L and M are given by (3.2). Therefore, if g(r,) < 0, then k(8) < 0,
where

h(p) =4Mp?++2L5—1.
If M > 0, then the inequality h(8) < 0 is equivalent to
(3.11) 0< < Bla).

If M < 0, then, because of h(}) >0 for 0 << a< 1, the polynomial
h(B) has likewise the real root — f(a) and §*(a), where

1
L—VIP+4M

Fa) =

Since f*(a) > f;(a), then the inequality h(8) <0 is also equivalent
to (3.11) in the case M < 0.

Summing, we have proved that the inequality r, < #* implies (3.11).

¢. We shall prove that every point (g, §), where 0 < a <1 and 08
< fB(a), belongs to the domain G, —(G;VG,), 1. e. that inequality (3.11)
implies 7, < 7*. To this aim we observe first that f(a) < §,(a) for every
0 < a< 1. Next, we obtain f(a) < f3(«) for < a < 1. In fact, if g(a)
= fs(a) for some a, then

(3.12) t(a) >aVL+4M,

where #(a) = —2a*-+3¢® —4a® +2a—1.

Since the derivative 1 {a) << 0 for every a, then t'(a) decreases and
because of t'(1) < 0 we obtain that ¢(«) decreases in the interval (0, 1).
Therefore, in view of (1) < 0, we obtain that ¢(a) < 0 for { < a < 1 which
is impossible because of (3.12). “

Let

(3.13) Ala) = L+VIF+4M,
where L = L(a) and M = M (a) are given by (3.2). Differentiating (3.13)
w.r. t. « we obtain
A(a) LL +2M +L'VIE*+4M
a) = po—e———
VIP+4M

Since L' > 0, then A(a) increases if LL +2M' > 0. Let LL +2M' < 0.
In this case A4’ (a) > 0 if d(a) > 0, where

d(a) = 4a* —4d®+5a> —2a -+ 1.
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Since the derivative 6" (a) > 0 for every a, then & () increases and
because of 6'(0) < 0 and & (1) >0 &(a) decreases for 0 < a< a; and
increases for ¢; < a < 1, where «, is the unique root of ¢ («) in the interval
(0, 1). Since 6(a;) may be written in form

1—4a,
16

0(a;) = d(a,)+ &' (a;) = 2(14a} — Vo, + 1),
then d(a) >0 if LL -2M’ < 0. Therefore 4(a) increases likewise in this
case.

Hence, the function 8(a) decreases for 0 < o < 1. Since §,(a) increases
for 0 < a< a, and B(0) < B:(0), then f(a) < fy(a) for 0 < a< ay and
this completes the proof.

COROLLARY. For every 0 <a <1

1 ; O< < 1
r.s.S(a,ﬂ)——-l: Z:ﬂ <ﬁ d
where
(3.14) By =F(0) =0,1, B =p(1) =(1+V5)"
4. Let
ST ror—1
(1) Ar) = —V —r2 4 2r-1
and
(4.2) () = V—r"t6r—1—(1—r)?

2r(1—r)

for re I, where I = {r: V2-1<r< 1}. The functions i(r) and p(r) are
increasing in I and 0<A(r) <1, =272 p(r) < oo for rel. If w(r)
increases from 0 to 1, then the inverse function, w.r.t. p(r), increases
from the value ' to 7', where

4 — —
Y o= 314+V3-V12), ' =3(V6—V2).
Therefore the function
(4.3) Bla) = Ay (@)], O0<a<l

increases from (0) = g to B(1) = B, where

(L4 g =) =Y 1V3)(1 -0, 75)
and
(4.5) B = A(r’) = H{1+V3)(2—V2).
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TaEOREM 2. Let

Dy ={(@p): 0<a<1, fla) <p<1}
Dy ={(a,8): 0<a<1,0<p<p(a)},
where /§(a) s given by (4.3).
Then, the radius of starlikeness for the family 8(a, (B)),

Fod D
s, S(a, (ﬁ)) _ ~1 ’tf (o) B)e 1)
Ty if (0, B)e Dy,
where ¥, is the unique root of the polynomial
U(r) = pA1—20)r*—(f+2)r*—(1—2a+2p)r +1

in the interval (0, 1), 7, is the smallest root of the polynomial

v(r) = —f(f+2a—10r" —4f(1—a)(f+2a—1)r*+
+[8°+28*—(3—2a)*f+2(1—20)]r*—4(1—a)(L—f)r+2(1—§)
in the interval (7*, 1) and ™ = ¥* (8, — B) (cf. (2.10)-(2.12)).
The equality 1. s. {f} = 1. 8. 8(a, (B)) holds for function (2.2), where F (2)
is given by (3.5),
P*(z; B, —B)  Jor (a f)e Dy,
P**(Z; B, —B) for (a, B)e Dy,
and d = d(7y; B, —B), (cf. (2.12)-(2.15), (2.17) and (2.19)~(2.20));
o (2)
AT
where 1y = 71 or v, = T4, respectively.
Proof. In view of (2.1)—(2.3), {2.5)—(2.9) and (2.19) we obtain

P(2) =

0 for z =é&r,,

w(r)fuy(r)  for 0 <7<,

w(r) =

o(r)fo(r) for P <r<1,
where %,(r) >0 and 9,(r) >0 for 0 <7 < 1.
Let
G ={ap:0<a<], Bila) < B <1,
Gy ={(a,f: 0<a<1,0<p<pi(a)
where
~ a

a) = for 0<ax.
ﬁl() 1+]/1+a2




Close-to-starlike functions 395

We observe that
(4.6) B(a) > PBi(a) for 0< a< 1.

T (o, f)e Gy, then @(r) >0 for 0 <r<1. If (a, f)eGy, then %(r)
has exactly one root in the interval (0, 1) and u(r) >0 for 0 <7 < ,.
The polynomial »(r) hat at least one root in the interval (7%, 1).

Thus
~ ) o e
v Sl () = |0 @A ST
7, if (e, f)eG; and 71 >7

or (a, f)eGs.

Let (a, /3)€G~1. Since #%(r) decreases for 0 < r < 1; then 7, < 7" if
and only if % (7)< 0.
We have

g(r) = g(r; By —B) = (r2+2r3—r")[22(r) — %]

and
. (1+7)B 1—7"]
L 2y — — 3242 _ .
(4.7) u (1) = 2r(1— % )[a ppy + ar
Since A(7*) = 8, then from (4.7), in view of (4.1) and (4.2), we get
- 1—7*)F* .
w(i*) =4 T(_W*—_—;Tz [a—p(F)].

If p< p, then p(F*) < 0, for ' < f< ' we obtain 0L p(r*) < 1
and finally, if 8> g, then »(#*) > 1. Thus, %(*") <0 if 0<a <1 and
B'<p<lor
(4.8) a<yp(r)

and ' < g < p’. If * satisfy (4.8), then 7* > ¢y~ '(a) and consequently
M) = ALy ()], 1 e = Bla).

Therefore, in view of (4.6) we conclude that #(r*) < 0 if and only
if (a,B)e bl, which ends the proof.

COROLLARY. For every 0 <a<<1

P BT <B<L,
reSla B =1 0 cp<p
5. Let

iy =8
(r) = 2r2(3 —r)
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and
1—2¢

p(r) = E—r)

for re f, where I = {r: 2 V3<r< 1}. The functions /l(r) and (r) are

deereasing in Tand 0 < A <1, —1< 90 < 24+V3 for 7e IL.THw= »(r)
decreases from 1 to 0, then r = wﬁ“(w) increases from #’ to 7’’, where

7 =1(3-VB), ' =31.

Therefore the function

A

(6.1) fla) =A[p7H(a)], 0<a<l,
increases from B(0) = B, to B(1) = B, where f;, and B, are given by
(3.14).

THEOREM 3. Let

D, ={(e,8): 0<a<1,0<B<p(a)},

D2={(a, 1 0<ax, ﬁ(a)<ﬁ<1}’

where B(a) 8 given by (5.1).

Then
7A'1 if (a, B)e Dy,
72 if (a, B)e Dy,

where ¥, is the unique root of the polynomial

r. 8. 8((a), B) =

N

u(r) = a(l—28r—(2a+1—-28)r2—(a+2—4p)r+1
in the interval (0, 1), 7, is the smallest root of
o(r) = —a2fr® +[2(a24+1)—117*—2a(1 — f)r®— (28 -+ a?)r2-+-$

in the interval (r*, 1) (cf. Theorem 1).
Equality r.s. {f} =1.5. 8((a), B) holds for function (2.2), where

(5.2) F(z) = F*(2; a, —a),
P*(z; 128, —1)  for (a, f)e Dy,
P*™(2; 1—26, —1)  for (a, f)e D,

zf (2)
@

P(z) =

=0 for z = er,, where r, =71, or

and d = d(fy, 1 —28, —

ry = 7y, respectively.
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Proof. Similary ag in part 4 we prove that

P, i (a, B)e Gy and ¥, <7
_— S((a), ﬂ} _ A1 . (o, B) e A1 ,1 U A
ry if (a, f)eGy and ¥ >1" o (a, f)e s,

where X
G ={(e, $): 0 < a<1,0< B < (o)),
é2 ={(a, )t 0 < a1, f}l(a)<,3<1}
and
- 1+4a
Bi(a) = 3o

Next, we obtain that #, < »* if and only if «(+*) < 0. Since

g(r) =2 (3—1)[B—A(r)]
(cf. (3.10)) and
R 2* (115 (2—1%)

W) = T b0 —a]

then, because of él =) ﬁl, we conclude finally that the assertion is true.
COROLLARY. For every 0 < a<1

| Fy i 0< B< By
r. 8. 8((a), p) = ¥o  if Ba<B<L1.

6. Similary as in parts 4 and 5 we obtain the following
THEOREM 4. Let

Y =
11—7 r* 4 61* — Vo —1
P14V 6 —1

Blo) = Al @], O0<a<l,
where A(r) is given by (4.1),

(r)=— <r<l,

-2

b1 = {(a, £ 0 < a1, Bla) < B < 1}
and
D, ={{g,B): 0<a<1,0<p<pf(a)}.
Then
,;:1 if (a7 ﬂ)eDly
o if (g, B)eD
where 7, is the unique root of the polynomial

w(r) = af2r*—B(B+2a)rt—(2f+a)r+1

r. 5. 8{(a), (8) =
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in the interval (0, 1), 7, is the smallest root of the polynomial
9(r) = —dB(L—pPr°+2af(1—f")7° +
+ 1+ (" —1) F — (3’ +1) f+2a%]r¢ 4 20 (f2—5)r* +
+@A -+ A+ —2(1+a?)]r*+2(1—p)

in the imterval (7*,1) (cf. Theorem 2).
Equality 1.8. {f} =r.8. 8((a), () holds for fumction (2.2), where
F(2) is given by (5.2) and

IP*(z; By —B)  Jor (a, B)e 131,

P(2) = -

P**(z; B, —B)  for (a, ﬂ)e,Dm

and d = d(Fy, f, —B); Te z;;g) =0 for z=g¢r, where ry="+, or

Ty = T4, respectively.
COROLLARY. For every 0 < a<1
foif BB,
. i 0B,
where ' and "' are given by (4.4) and (4.5), respectively.

r. 8. 8{(a), (B)) =
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F-1(); f(x) %= 0 signifiera que la fonction f(x) n’est pas identiquement
égale & zéro dans aucun intervalle de son domaine de définition.

Considérons & présent une équation différentielle linéaire avee une
perturbation en forme (IT) dans laquelle les fonetions a(p), b(p), ¢(p)
et p(u) sont données et continues dans des intervalles convenables. L’équa-
tion (1I) comprend comme cas particuliers beaucoup d’équations diffé-
rentielles qu’on trouve dang la monographie de Kamke [2] p.e.: les
équations linéaires, les équations & variables séparées, les équations de
Riceati, V’équation généralisée de Bernoulli, une certaine sous-classe
d’équations non-linéaires.

Considérons maintenant le probléme suivant:

ProBLEME I.1. Soit donnée une famille de fonctions u(p, C) satisfaisant
& Déquation différentielle (I1) et & la condition

1.1) Uy (p, C) # 0

pour chaque pe P et O fixé. Soient les fonctions a(p), b(p), c¢(p) de la classe
C dans Vintervalle P et la fonction y(u) de la classe C* et telle que y, (u) # 0
le long de chaque solution w(p, O) de Véquation (II). Considérons la famille
de fonctions

(1.2) z(p, 0) = 1/’(“(]’7 O))7

de variable p avec paraméire C. Soient les fonctions de la famille y(p, O)
définies & Uaide de Uidentité

(L.3) Yp(p, C) = @,(p, O)p,

remplie pour chaque peP et C fixé. Nous avons donc définie une famille
en forme paramétrique

(1.4) z=x(p,C), y=y(p 0).

Le probléme consiste & trouver la forme de la famille (1.4) et son équation
différentielle.

Nous formulons le théoréme qui donne une solution partielle du
probléme I.1. Une certaine restriction résulte du fait que nous imposons
& la fonction a(p) une certaine condition qui rétrécit la classe d’équations
(IT) & certaines sous-classes y compris celle des équations linéaires.

T TmiorBME L.1. 8i les hypothéses suivantes sont remplies:

1° les fonctions b(p) et ¢(p) sont de la classe C pour pe P, la fonction

a(p) est de la forme

(1.5) a(p) = —exp [ b(p)dp,

2° u(p, C) est la famille de solutions de Véquation différemtielle (1I),



