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Totally bounded uniformities

In this paper we are concerned with extending a certain type of 
ormity from a subspace of a topological space to the entire space. 
; is a generalization of extending to the whole space a particular class 
ontinuous real valued functions defined on the subspace. In the case 
ofmal spaces our results can be applied to give new characterizations 
liese spaces.
1. Definitions and basic results. The notation and terminology 
cides with that of our previous work in [1] (see also Kelley [8]).
For each real valued function f  on a non-empty set X  there is a natural 
dometric y>f associated with f  defined by

Vf(X,y) = \ M —f(y)\ (00,y e X ) .

is a collection of real valued functions on X, then the uniformity 
rated by 51 is the uniformity generated by the collection of pseudometrics 
ssociated with / on 51. A precompact uniformity is a uniformity H on 
merated by a collection of bounded continuous real valued functions 
Led on X.
It should be remarked that the usual definition of a precompact 
>rmity is not the one that we have given. In fact, a precompact uni- 
ity is usually defined as one whose completion is compact. However, 
u be shown that this is equivalent to our definition (see Gillman and 
on [5], 161.1 and 161.2).
Every uniformity H on a non-empty set X  yields a unique topology 
. If Т(Н) agrees with the original topology % of the topological space 
C), then H is said to be an admissible uniformity. If (X , H) is a uniform 
î, then a family (Fa)aeI of subsets of X  is said to be uniformly discrete 

if there is a U in H such that the family of subsets {U[Fa])aeI is 
rise disjoint.
In [9] Shapiro introduced and studied the concept of Py-embedding 
in [1] the authors studied T-embedding. In [3], Gantner defined and 
ssed the notions of •My-embedding, ^/-embedding, R-embedding, 
M0-embedding. It is known that a Wo-embedded subset is necessarily
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P-embedded, a ^-embedded subset is necessarily P^-embedded, a u- 
embedded subset is necessarily P-embedded, a ^-embedded subset 
is necessarily P*-embedded ; also a ^-embedded subset is necessarily 
•^-embedded, a ^-embedded subset is necessarily «^-embedded and 
finally that the subspaces which are wK0'emkedded are the same as those 
which are ^-embedded. It was also shown that none of the implications, 
except for the implication that a ^-embedded subset is ^-embedded, 
could be reversed.

It is now possible to define a subspace 8 to be uT-embedded in  the 
topological space X  if every admissible uniformity on 8 generated by 
a collection of totally bounded continuous pseudometrics on 8 has an 
admissible extension to X.

The following results will be needed. It will be assumed throughout 
that 8 is a subspace of a topological space {X, 2!).

Theorem 1 .1  (Gantner [4]). I f  an admissible precompact uniformity 
on 8 has an admissible extension, then it has an admissible precompact 
extension.

Theorem 1.2  (Shapiro [10]). I f  a y -separable continuous pseudometric 
on 8 has an extension to a continuous pseudometric on X, then it can be 
extended to a у -separable continuous pseudometric on X.

Theorem 1.3  (Alô and Shapiro [1]). I f  a totally bounded continuous 
pseudometric on 8 can be extended to a continuous pseudometric on X, then 
it can be extended to a totally bounded continuous pseudometric on X.

Lemma 1.4. I f  d is a totally bounded continuous pseudometric on X  and 
if  8 a  X , then d\8 x 8 is a totally bounded continuous pseudometric on 8 .

2. Main results.
Proposition 2.1. I f  f  is a bounded continuous real valued function 

on X, then ipf is a totally bounded continuous pseudometric on X.
Proof. Using ([5], 15E.1) it is sufficient to prove that for each pos

itive real number e, X  is a finite union of zero sets of diameter at most e. 
Thus for e >  0, choose an integer h such that f(x )  < (ft+ l)-s for all x 
in X. The finite number of zero sets Zn = {xe X  : ns </(&) < (n + l)-e}  
are of yy-diameter at most e and X  is their union. It follows that yjf is 
totally bounded.

Theorem 2.2. I f  (X, IX) is a precompact Hausdorff uniform space, 
then U is generated by the collection of all bounded real valued functions 
on X  that are uniformly continuous on X.

This theorem is due to Gal and appears in [2].
Theorem 2.3. I f  X  is a completely regular, T1 space, then the following 

are equivalent:
(1) 8 is uT-embedded in  X.
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(2) 8 is u*-embedded in  X.
Proof. (1) implies (2). This implication is immediate by 2.1. In fact 

if U is a uniformity generated by a collection of bounded continuous real 
valued functions 51, then It is generated by which is a collection
of totally bounded continuous pseudometrics.

(2) implies (1). If H is an admissible uniformity on 8 generated by  
totally bounded continuous pseudometrics on 8 , then H is generated by 
the collection P of all totally bounded uniformly continuous pseudometrics 
on (8 , II) (see Kelley [8], 6.15). By Proposition 2.1, for every bounded 
real valued uniformly continuous function / on (8 , II), ipf is a member 
of P.

The uniformity 93 generated by such uniformly continuous functions 
is precompact. Hence by assumption 93 will extend to a precompact 
uniformity if it is admissible. Since II is admissible, it is clear that the 
topology P(93) generated by 93 is contained in the original topology X 
on 8 which is generated by U. On the other hand, for xeG eX , Weil (see 
[11]) has shown that there is a bounded real valued uniformly continuous 
function / on (8 , II) for which f(x) = 0  and f(y )  = 1  if y e X  — G. The 
set W — {y e X : f (y )  < 1} in P(93), contains x and is contained in G. Hence G 
belongs to P(93) and 93 is admissible.

Let 93* be an admissible precompact uniformity on X  which is an 
extension of 93. By Theorem 2.2, 93* is generated by the collection of 
all bounded real valued uniformly continuous functions on (X, 93*). Let 
II* be the uniformity on X  generated by the collection P* of all totally 
bounded continuous pseudometrics on X  which are extensions of members 
of P. Becall that 8 is w*-embedded in X  implies that 8 is 0*-embedded 
in X. In [1], Theorem 3.8, it was shown that 8 being (^-embedded in X  
is equivalent to 8 being P-embedded in X. This with 2.1 shows that P* 
is non-empty. However, tt*|$x$ is generated by P =P*|Sx^ so 
If|£ x 8 = II. It remains to show that II* is an admissible uniformity 
on {X, X).

Since II* is generated by a collection of continuous pseudometrics, 
the topology P(U*) is contained in X. Yet if /is any bounded real valued 
continuous function on (X , 93*), then is a totally bounded continuous 
pseudometric. Hence 93* с: U*, X = P(93*) с: T (II*) and II* is an admis
sible extension of II to X, that is 8 is ^-embedded in X.

This completes the proof
Now using Theorem 2.3, it is possible to state some new equivalent 

conditions for a completely regular space to be normal. The definitions 
that are necessary are the following

Definition 2.4. For X  a completely regular Tx space, Цу(Х) is the 
uniformity on X  generated by the collection of all totally bounded contin-
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uous pseudometrics on X. Similarly let ÎI0(X), Hy(X), (£(X), and (£*(X) 
denote the admissible uniformities on X  generated by the collections of 
all continuous pseudometrics on X, all у-separable continuous pseudo - 
metrics on X  (for y an infinite cardinal number), all continuous real 
valued functions on X, and all bounded continuous real valued functions 
on X  respectively.

P roposition 2.6. I f  (X , %) is a completely regular Tx space, then the 
uniformity VlT{X) is admissible.

It is known that 8 is P-embedded in X  if and only if K0(X)|$ x 8 
= Ho($); 8 is (7-embedded in X  if and only if (£(X)|8 x 8 =(£(#); 
and 8 is <7*-embedded in X  if and only if (£*(X)|$ x S  = &* (8 ). More
over, if X  is completely regular, then clearly (£(X) c  USo(X). However, 
it is not known if the converse implication is true. Similarly, if X  is 
completely regular, then by 2.1, (£*(X) a  Vlt{X). We do not even know 
if UT(X) e  (£(X).

It is now possible to state some preliminary results that will help 
in characterizing normal spaces.

Theorem 2.6. I f  (X, ST) is a completely regular Тг space and if  8 с  X  
then the following are equivalent:

(1) 8 is  T-embedded in  X.
(2) HT(X)|$ x 8 = UT{8 ).
(3) Uy($) has an admissible extension to X.
Proof. (1) implies (2). Since HT(X) 8 x  8 is an admissible uniformity 

generated by a collection of totally bounded continuous pseudometrics 
on 8 and since Hy($) is generated by all totally bounded continuous 
pseudometrics on 8 , it follows that Uy (X)|$ x 8 cr Kr ($). Conversely 
for d a totally bounded continuous pseudometrics on 8 there is a pseudo- 
metrics extension e of d to X. Hence for e > 0, the member of UT(8 ) of 
the form

{(x , y)e 8 x 8 : d(x, y) < e} = {(x , y)e X  x X : e(x, y) < e}r\S X S

belongs to UT(X)\8 x 8 .
(2) implies (3). This implication is obvious.
(3) implies (1). Let S3 be an admissible uniformity on X  such that 

23|$х$ = UT($). If d is a totally bounded continuous pseudometrics 
on 8 , then d is uniformly continuous on (/S', UT(8 )). Since 8 is a uniform 
subspace of X  in [10], Theorem 1, it was shown that d has a continuous 
pseudometric extension to X. Using Theorem 1.3, it follows that 8 is 
T-embedded in X. The proof is now complete. '

Corollary 2.7. I f  (X, X) is a completely regular topological space 
and if  8 is a uT-embedded subset of X, then 8 is a T-embedded subset of X.
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Theorem 2.8 (see [4] Theorem 3.25 and [8] Theorem 3.9). I f  X  is 
a completely regular space, then the following statements are equivalent:

(1) X  is normal.
(2) Every closed subset of X  is u*-embedded in  X.
(3) Every closed subset of X  is T-embedded in  X.
(4) Every finite fam ily of pairwise disjoint closed subsets of X  is uniformly 

discrete in  (X,<F(X)).
Theorem 2.9. I f  X  is a completely regular topological space, then the 

following statements are equivalent:
(1) X  is normal.
(2) Every closed subset of X  is uT-embedded in  X.
(3) For every closed subset E of X , UT(X)\E x F  = VLT{F).
(4) For every closed subset F  of X , UT(F) has an admissible extension 

to X.
(5) Every fin ite discrete fam ily of closed subsets of X  is uniformly 

discrete in  (X , tty(JT)).
Proof. By 2.3 and 2.8, (1) is equivalent to (2). By 2.7, (1) implies 

that every closed subset is T-embedded in X. Thus by (2.6), (1) implies (3). 
Obviously (3) implies (4). Using Theorems 2.6 and 2.8, it follows that (4) 
implies (1). Since discrete families of subsets are pairwise disjoint, Theorem 
2.8 also shows that (1) implies (5). It remains to show that (1) follows from
(5). Suppose F ± and F 2 are disjoint closed subsets of X. Then since {Pj, Ff\ 
is discrete there is a UeUT{X) such that

U lF ^ n U lF ,]  = 0.

Moreover, since UT(X) is admissible, U may be taken to be open. Hence 
X  is normal and the proof is complete.
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