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M. M ik o s z  (Poznan)

Two estimates for continuous functions

1. Notation. Let M and N  be convex N-îunctions complementary 
in the sense of Young and let M_x and N _x be the inverse functions to M 
N  respectively. Let L*M be the Orlicz space of all measurable, 27r-periodic 
functions /  such that

2л

j  M(Jcf(t))dt< oo for a &>0 .
о

As well known, two equivalent norms may be defined in L*M, namely
' 2л 2л

Il/Им =  II/OOIU =  supJU f(t)g(t)dtj: f  N(g{t))dt <  l} ,
о 0

2л

11Л1(И) =\\ПЩш) =  mf{fc>0:  J
o ' *

The function Ж is said to satisfy the condition (d2)> if there exists a number 
я >  0 such that N (2u) <  хЖ(u) for all u >  0. It is easily seen that if N  sa­
tisfies the condition (zl2), then there exists an increasing function x(u)>  0 
defined for u ^ O  such that N(uv) <  x(u)N(v) for all u, v ^  0 (see [3], 
p. 16-22, 35, 85, 95).

•Let f e L *M, and let F(t), G(t) be two non-negative, non-decreasing 
functions defined in <0, 2tc>. The following conditions will be of importance :

а )  т + ь ) - т \ \ м ^ с ^ т ,

(2) ш о > + о ) - п я + т х 1 т > 1 < с гв(1>)
for h , ve ( 0 , 2ny, xe( — oo, oo), where Cx, C2 are positive constants and 
Xo (t) is the characteristic function of the interval <0, We set

Q{t)
F(t)

2tN_1(l/t) f
O(v)

v2N_ x(l/v) dv for te (0, 27t) .
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2. Generalization of a theorem of Hardy and Littlewood. This theorem 
may he formulated as

T h e o r e m  1 . I f  f  is a continuous, 2n-periodic function, satisfying 
conditions (1) and (2), then

ma,x}f(x-\-h)—f{x)\ <  C3Q{hj2) for he (0 , 47t>,
X

with G3 =  max(4<7a, 402) - 
Proof. Clearly,

\f{x +  h) - f (x )  I <  \f(x -f h) - f ( x  +  hj2) | +  \f(x +  h/2) -  f (x) | .

We shall estimate the second term at the right-hand side of this inequality; 
the first term is estimated in the same manner. Starting with the identity

Л A V

/(®) =  § f ( x  +  t )dt~ f  ^ { J  №  +  ̂ )-/(я-И )]йг} dv

(see [2], p. 129), we have

л
jf(x +  h/2) - f (x) j  <  — J ]f{x+h/2 +  t ) - f ( x  +  t)\dt +  

o
Л v

+  J  \~tfi f  I / ^/2 +  v) —f(x +  hj2 -j-1)Idt\dv +
0 ' 0 ' 

л V

+  J  J  ]f{xjr v ) —f(x~\-t)\dt\dv =  J  i -f- J 2 J  s ?
0 '  0 '

whenever /U(0,27t>, xe(  — oo, со). By Holder’s inequality and (1),

J i  <  j  !/(*  +  */2 + 1) - }{a> + « I I* l|*J(<)||*<  2C,

(see [3], p. 25, 89, 91).
Analogously, the Holder inequality and (2) lead to

J , <  20 S Г т г G (г?)
,ü2Ar_1(l/'ü)

d-у; J 3 <  202 J"
v2N_x(l/v)

cfa;.
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For example,

0

X

< 2 C2 f

» [/(*+»)-/<*+()] %i (ou ii ximudv

G(v) л
--------------- dv.
v2N_1(llv)

Putting A =  h/2, we get at once the desired assertion.
In particular, if M(u) =  up/p, F(t) =  G(t) =  ta (p >  1, ap >  1),

then

qll9Q(hj2) - J h [ 2Г_ T  v°
h(2/h)lla ' J v2(l/v)1/e ®

Hence Theorem 1  gives

ha~llp

V
=  1).

f  (x +  h) — f  (x) =  0 (Л“ 1/i5),

uniformly in x, and we obtain a theorem due to Hardy and Littlewood 
[1] (see also [2], p. 131).

3. Generalization of Ziziashvili’s theorem. As in [4], p. 77 and 94,
let us denote by aan(x) (a >  —1) the Cesàro means of the Fourier series 
of /, with the kernel

П

* = 0
We shall prove the following
T h e o r e m  2. Suppose that the 2 тс-periodic function f(t) is continuous 

in ( —oo, oo), satisfies conditions (l)-(2 ),

(3) nF(7v/n)'^Q1 (n =  1, 2, ...) , where =  const >  0,

and that Q(t) is non-decreasing in <0 , y} for some positive у ^  2л. 
Consider a function N  (и) satisfying the condition (Аг) and a number fie (0 , 1 ). 
Then if

( 4 )
3т:

n+ 1
du

и (и — 1 ) >  02
X - i W * )

n1-/5

(п —■ 2 , 3, ...),
N_l (n/те)

n <  £з (n  =  1 , 2 ,
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where q2, q3 are positive constants, there exists a constant C4>  0 such that

Зтг\ 1 r Q{t/2)
m ax\on (̂x) —f(x)\ <  C4| æ |-

2 n j ^  n J' t2
njn

dt

for n = 1 , 2 , . . .
Proof. Writing

(p{x,t) =  f(x +  t ) - 2f ( x ) + f ( x - t ) ,

n In n
we have

=  ~ ( f  +  f ]<P(x i t )K nP(t)dt =  ^-(Pn{x) +  Qn{xj),
0 njn

It is easily seen ([4], p. 77),

\K~ (̂t)\ ^  2nf{l — /?) for n = 1 , 2 , . . .  and all 2.

Hence, by Theorem 1,

„ 2n r 40oW r t \
\Pn(®)\<  —  ̂  J \(f(x,t)\dt^ y — -̂J

Consequently,

H oc).

Further ([4], p. 95), 

KnP(t)
pm  _  s i n { ( n + j - M ) f + ^ }  | 26 f

J.“^(2sin|C1_̂ w(2sin|C2 Ф»(<)+  «"*(«) ( |в |<1) .

Therefore
7Г ТГ

Qn(v) =  f<p(v, t ) 0 n(t)dt-\- J  <p(x,t)Wn(t)dt = I 1 +  I 2.
njn njn

Next, it can easily be observed that

h  =
sin̂ 7r/9 r c o s r
—— p— I <p(x, t)w(t)cosntdt-i----— p— <p(x, t)w{t)&mntdt-\-

njn njn

cos^nfi

/
sin ~ тс 3 г<p(x, t)w(t)cosntdt------ ~ — (p(x, t) w(t) sinntdt

A-*, 1
where

я„т  cos { \ - \ P ) t  _  s i n ( i - ^ ) t
w(<) =  т п;;-1,й=г> (2sin|f)(2sin±Cw  ’
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Considering the integral
7Г

Hn(x) — j  <p{oc, t)w(t)cosntdt,
rzjn

we have ([5], p. 492-494)
rc

2Hn(x) =  J  {<p(x, t) —<p(x, t+n/n)} w(t) cos ntdt +

TC

+  J  <p{x, t +  v:[n){w(t) — w (t-\-iz[n)} cos ntdt +
7 t/n

7T
+  /  <P (x , t +  n/n) W (t +  TC /n) cos ntdt —

273

TZ I n

Tt—Tzln 
n / n

f <p{x,t +  nln)w{t +  izln)cosntdt =  S  ■R'nJ (*®) '
0 i=l

By Holder’s inequality,
TZ

№п,\(х)\ ^  J'
тс/п

(p(x, t )—<plx, t-\-
П

(p{x, t) —(p \x, t +
n M

TC
2 t

TC
2 1

dt

Xn/»(<)

<  4
/ TC \ 1 w

M pi-0 Xzzlnit)

jy

(N)

In order to estimate the last factor, let us first remark that

ml~p
Ы  * y _ i — W "J \ t x pJc /Li m(m — 1 ) I tt1

rzjn m —2 '

1 p\ du
p } u(u — 1 )

Consequently,

.1—0 Xizln{t) {N)

n+ 1
1  ̂\ du n

P ) u(u — 1 ) J / Q^N-iin/n)

in view of (4).
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Applying condition (1) we obtain

n*\Rn>1(x)\ <  4
7r\J p Gx n F (T:/n )

q 2 N x { n l  7Г)

uniformly in xe(  — oo, oo). Similarly we may evaluate n^Rn>3{x). The 
expression n^Rn>4{x) is estimated in the same manner as Pn(x) and

/  П 4
(6) nf\R„,2(æ)\ = 0  ( û ( | ^ )  +  i  f a m ± d t j .

For example, we shall deduce the estimates for Rn>3(x) and Rn>2(x). 
The term Rn>3(x) can be rewritten in the form

Rn>3(x) =  f  (<p{x, t +  njn) — <p(x,t)}w(t +  'Kln)cosntdt —
7t—7t/n

7Г

— j  (p(x,t)w(tJr nln)cosntdt =  S1{x)Jr S 2(x).
гг— Tt/w

If n >  2, we have
7Г

j  \<p{x, t +  7ijn)-<p(x,t)\

<  4

7t— Tt/n

Зтс ^

Зтс
2j/2(t +  Tc/w)

*TC О 1
J И я, t +  Tz[n)<p{x, t)\-jprt

' тс— n/n

dt

Зтг i-fi
\\f(t +  7zln)-f(t)\\M

<  4

2^2

I Зтс \ w  Cx F (tzfn)

— P Xrc/n(t ) (N)

Hence
\ 2 / 2 /

. ,. . ./ nF(nln)пр |«1(я)| <  4

Further,
7Г

TX—Tz/n

Зтс

2 V/2 / £>2 F-i(njn)

5 / 3 у-^ Л
d £ < | —vH I |ç>(æ,

' * тс—п/n
Since

2l/2(< +  7T/w)

л 4tc_Z/
|ç>(æ, t ) \ d t ^ ------ , where L — max \f{t)\,

J Vb —rcsCisTTirTt—'ти/n
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we get

n^\Sz{x)\ ^  47c
3 V-* L

2 V2 I n1̂ '

By inequalities (3) and (5),

Hence

1  QsnF{nln) 
nl~p Q1N_1(nln) *

| $ 2 (x) I <  471
3 y - p L qs nFjn/n) 

2 V2 J Qi
and consequently

n p |-Rn>s(a?)l =  О
nF(v:jn)

Next, we write Rn>2{x) is the form

7T

Rn2(x) — J {<p{x t t +  Tzjn)— (p{x, t)}{w{t) — w{t-\-Ttln)}coBntdt +
n /n

+ J  <p(x, t){w(t) — w(t-\-nIn)}c o b ntdt — U1{x)+ TJz(x).
n/n

Applying the inequality

\W(t) — w(t +  n/n)I <  ~ p-p f°r — <  t <  к ( w > 2 ), 

where Mx is a constant depending only on /?, we obtain

TC

3 / 13/1 r  , 1Ux( x ) \ ^ -------  \<p(x , t  + nln)-<p{æ,t) l - jz ;
7b J Z

n l n

7Г

1  Г 1
^ 2 C 3M1Q(nj2n)—

n J t p

dt

2C-,M1nf- 1 Q{nj2n)

and

Further

^  I P i(*)I <  Q(*l2n).
1 —P

( 2n In n

/  #){гс?(̂ ) — гс?(̂  +  7c/^)}c°sw<^ =  (a?) +  Д7*(я?).
■njn 2tcIn 7
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Changing in T z(x) the variable t into t + n/n and adding two expres­
sions for TJ2(cc), we get

2тс/п
2Uz(x) — 2Тг(х) —  J  <p(xf t + Tzfn){w{t + nIn)—w{t +2 tzjn)}cosntdt-{-

П/П

-f f  {<p(œ,t)—<p(æj t +  njn)}{w(t) — w ( t +  %/п)}cobntdt-{-
2тг In

-f- J  <p{æ,t-\-7zln){(w(t)—w(t + n Jn)) — (w(t-l--к/n) — w(t-\-2n] n))\cos ntdt +
2 nln

+  J  <p(x, t-j-n/n){w(t-j-ти/n)—w(t+ 2к/п)} cosntdt = 2Тг(х) + ] ? T 2:i(x).
■n—njn i =  1

Now, if n >  3,

2nln
M x c s 1 , 2С8Ж г203Ж ! Q(Tzjn)

Tzjn

2njn

-P ^  ’

/Зтт
£ -----

2 0 ^  \2w
(.1—/?)тт1-̂  n/> »IÏm W K —  f  +n J I й

n  In

Mx r , 1 , 2C3M1Q(n[2n)
\T 2ti ( ^ ) \ < —  J  \<p(æ,t)-<p(œ,t + n l n ) \ dt <  ■ ' ’

The expression T2>3{x) will be written as

ï 2)3(®) =  J  (?>(0, г +  т ф ) - ^ ,  t)){(w{t) — w{t +  %Jn)) —
2rt/n

—[w{t-\-Tzjri) ~ w  (t +2ъ}п) )} cos ntdt -j-
TC

+  J  <p(a?, t){(w(t) —  w (£ +  7t:/w)) —
2rt/n

— (w(t-\-Tzjn) —  w(t-\-2Tzjn))} cosntdt =  W'1(a7)-fT72(;r). 

Taking into account the inequality

J ( w ( # )  —  гс($ +  7ф)) — izjn)— 2tzJn))\ <
Ж,

*г2г3~^’
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where Ж2 is a constant depending on /?, we obtain

M2 r 1
l ^ i W K - T  \<p(æ,t +  n/n)-<p(æ,t)\-zz re dtJ t p2nln

2GsM2Q(v:j2n)
n‘ I f -

271/n

dt < 2 0 3Ж2 Q(Tzj2n)
8 ^  (2-/5)(2тг)2-  ̂ W* ’

71 TCJ\£ г 1 № г 11
^ - Г̂ J И®, 01 J И®>01р=г"̂ г<й

2тт/п 2tt jn

M, 1 r , 1  , 2C9M2 1  r ~ 1
(2^ V n

2n/n 2 n/n

From the estimates for |Жх(а;)| and \W2(x)\ it follows that

= o ( û ( ^ \  + - i  f  am jd t
The expression |T2t4 (a?)| is estimated analogously to \Rnti{x)\. Taking 
into account the estimates for \Tx(x)\ and \T2>i(x)\ (i = 1 , 2 , 3 , 4 )  we 
get at once relation (6 ).

Hence

nfHa(x) =  0
Зтс \ 1
2n / n f û ( t / 2)

тс/n

uniformly in x, and since A ~8 ~  1 /{п8Г (1 — /?)} ([4], p. 77), the first 
term in I x is of the order indicated for n8Hn(x). The remaining three 
terms of I x are of the same order, too.

By Theorem 1,

njn
Иа>> <)1

t2
n2C3fi r Q(t/2)

n J  t2
dt.

Thus, the proof is completed.
In case when M(u) — upjp, F(t) =  G(t) = t a (1/p <  a <  1), we obtain 

Theorem 5 of [5], p. 500.
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