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Two estimates for continuous functions

1. Notation. Let M and N be convex N-functions complementary
in the sense of Young and let M _; and N_; be the inverse functions to M
N respectively. Let L}, be the Orlicz space of all measurable, 2w-periodic
funetions f such that

2n

[ M(sf®)di< o for a k> 0.
[
As well known, two equivalent norms may be defined in L},, namely

21

e = 1 @ar = s | [ gz [ ¥lgwjar<1),

0

1flany = 1 ()l (ar = int {k> 0: f ( )dt 1}

The function N is said to satisfy the condition (4,), if there exists a number
% > 0 such that ¥ (2u) < #N (u) for all » > 0. 1t is easily seen that if N sa-
tisties the condition (4,), then there exists an increasing function x(u) > 0
defined for # = 0 such that N (uv) << x(u)N (v) for all u, v > 0 (see [3],
p. 16-22, 35, 85, 95).

Let fe Ly, and let F(i), G(t) be two non-negative, non-decreasing
functions defined in <0, 2x>. The following conditions will be of importance:

(1) 1f(t+R)—fOlu < CLF(R),
(2) ILf(2+v) —f(@+ )1 < C.G (v)

for h, ve {0, 2D, we (— o0, o), where C,, €, are positive constants and
%o(t) is the characteristic function of the interval (0, v>. We set

1
F(t) f G(v)

L) = 2N _, (1]1) T e 1

dv  for te (0,2n).
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2. Generalization of a theorem of Hardy and Littlewood. This theorem
may be formulated as

TuroREM 1. If f is a continuous, 2w-periodic function, satisfying
conditions (1) and (2), then

max |f(z+h) —f(@)] < C2 Q(R)2)  for he (0, 4r),

with C3; = max(4C,, 4C,).
Proof. Clearly,
@+ h)—f (@) < [f(w+h)—flo+k[2)|+ f(@+1[2) - f@)].

We shall estimate the second term at the right-hand side of this inequality;
the first term is estimated in the same manner. Starting with the identity

A v

f(@) :—}ff(xw)dt—f%{f[f(w+v>—f<m+t>}dt}dv

0 0

(see [2], p. 129), we have

1 A
fla+hj2)—f(@) < < [ [f@+hf2+0)—f@+ 0+

v

A
+0f(—j;0fJf(oH—h/Z-H))—f(w+h/2+t)|dt)dv+

+0f(v_126{]f(w—}—v)—f(m+t)|dt)dv =dJ,+Jy+Js,

whenever Ae (0,27, xe(—oco, o©). By Holder’s inequality and (1),

1 F(h/2)
J, < = Ri24+1)— t Ay <20, ————
1< 1f(2+ /2 +1t)— f(z+ )l ullxo (Dln VIV D)
(see [3], p. 2b, 89, 91).
Analogously, the Holder inequality and (2) lead to

G(v) dv

A A
J9<2026f h—‘——"‘**d'v; J3<2sz“";m .

0
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For example,

A
1
e e [FICE IR CRR PHOTM PHOTI

A

< 2021‘ G (v)

—_—— _dv
v2N_,;(1/v)

Putting 1 = h/2, we get at once the desired assertion.
In particular, if M(u) = ¥?/p, F({t) =G({H) =1 (p>1, ap > 1),
then
hi2 a
(2 v

974 o -
QM) = o Of Ty

dv = po-1?

1
p ¢
Hence Theorem 1 gives

fle+h)—f(z) = O(h"~7),

uniformly in #, and we obtain a theorem due to Hardy and Littlewood
[1] (see also [2], p. 131).

3. Generalization of ZiZiashvili's theorem. As in [4], p. 77 and 94,

let us denote by o%(2) {(a> —1) the Cesdro means of the Fourier series
of f, with the kernel

n
Ki(t) = D ASTLD, ()] 45
=0

We shall prove the following

THEOREM 2. Suppose that the 2n-periodic function f(t) is continuous
i (— oo, o0), satisfies conditions (1)-(2),
(3) nF(r/n) =9 (n=1,2,...), where o, = const > 0,

and that Q(t) is non-decreasing in {0,n> for some positive n < 2.
Consider a function N (u) satisfying the condition (A,) and & number fe (0, 1).
Then if

n+1
1 u'=? du -t N_,(n/r)
o ] )it e st
) (n=2,3, )
N_(n[w)



272 M. Mikosz

where p,, 05 are positive constants, there exists a constant C, > 0 such that

max oy (2) —f (o)] < 04{g(ﬁ)+}_ [0 4
z 2n n

t2
/N

for n =1,2,...
Proof. Writing

p(z,1) = flw+1)—2f(x)+ f(z—

we have
t/n k]
1 1
o (@) ~fl@) = —| f + /f )@, DI @) d1 = — (Pa(@)+Qul@)-

It is easily seen ([4], p. 77),
K2 < 2n/(1—pB) for m =1,2,... and all ¢.
Hence, by Theorem 1,

m/n mtjn
2n 4C,n t
P, (z)) < —= t)|dt < fQ* dt.
1P, (@) 1_6()[ ot 01 < 27 (2)
Consequently,
4l b1 -
Further ([4], p. 95),
) sin{(n +1 —38)t +3np} 208
K (t) = - =0 ' 61 <1).
w () A,7(28in )7 n(@singyr — OO (01D
Therefore

Q.(@) = [o@, )b, dt4 [ @, )P, (0)dt = I,+1I,.

nin n

Next, it can easily be observed that

sin 1
I, = %wﬂ f(p (z, V)w(t)cosnidt -+ 0% ﬂ fgo (x, t)w(t)sinntdt +
"’ njn " w/n .
cos inl 5
%rrﬂ f(p (x, ) W(t) cosnidt — 5132;}3_ oz, ) w(t)sinntdt,
* min n i
where
cos . gin (3 —1p8)¢t
w(t) = (4 %Tﬂ ,  w(t) =

(2sinit) (2sin}t)—?
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Considering the integral

= fq;(w, t)w (1) cosnidt,

n

we have ([5], p. 492-494)

2H, (%) = f{ga(x, t)—e@(xz, t+7/n)}w(t)cosntdi

T/n

-+ fn(p(w, t4m/n){w(t) —w(t+ = /n)} cosntdt +

N

7T

+ f @ (@, t+ 7 /n)w(t+ = /n) cosnidt —

n—n/n

TN

—f g{x, t+nm)w(t+ x/n)cosntdt = ZR’“ ().

By Hoélder’s inequality,

n

T e \1#
]Rn,l(w)’<ﬂ?/[bq)(ﬁ,t)—(p(w,t—{-;) (Et—) dt
: 7\ x\178 - ‘
<l(p(m7 t)“(p(xyt_l" _,;,;) " (‘27) Xﬂ:/n(t)lN

x\'77
<* (?)

In order to estimate the last factor, let us first remark that

- 1 ” b1 mr—#
fN(tl ’3k)dt mzzlz m(m—1) N(Tcl‘ﬁk)

nin

f(t+%) ~f)

1
l tl_p x:/n(t)!
l (N)

1) W 7 mr=F 1\ P du
<l <sm(=) [ ¥ (5] e
"(k)m% ,m(m—l)N(n‘*") 3’"‘(70)! (n‘"") w(u—1)

Consequently,

n+1 1-8

1 w' du -1 n'=#
”"“(55{2] b} )< o

l T
e Lrin(t) - <

in view of (4).

18 — Roezniki PTM — Prace Matematyczne XVII
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Applying condition (1) we obtain

1‘5& nF (m/n)
g2 Ni(n/m) ’

T

W (o)l < 4 7)
uniformly in ze(—oo, oo). Similarly we may evaluate n°R, ;(x). The
expression n’R, ,(#) is estimated in the same manner as P,(x) and

: ~ofe(¥)+ L o
(6) 0 By (a)] = 0(9(% e /f Q(tf2) 3 dt).

For example, we shall deduce the estimates for R, ;(x) and R, ,(x).
The term R, ;(x) can be rewritten in the form

R.y(@) = [ {p(@, 1+ /) —g(@,t)}w(t+x/n)cos nidt —
T—-nin

- f @z, t)w(t—}—n/n)coshtdt = 8,(%) + 8;(x).

TN
If n>=2, we have

ki

< - ; ; L l_ﬁdt
181 (2)] < f lp (@, t+m/n)—g @ )] 2'/§(t+ﬂ/’"/)]

T—1n

T

3 -4 1
<( ) [ @, (e, ] = @

m nT—7/n
. < 4 .EZF_ " I3 t 1 ™ t)
< (2 @) -+ 7)o 5 7m0
3 \'"? 0,0 P F(n/n)
< 4 ~
< (m) 02N _, (n]x)
Hence
3 \'"? 0, nF(x/n)
P or ) Y mbmm)
7 181(w)|<4(2'/§) 22 N_l(%/ﬂ?) .
Further,

k1

1-8 3 1-8
it < (57;) f/ lp (@, 1)]dt.

T

S@< | ot t)l{

T—-1n

3r
2 l/é(t + 7w /n)
Since

AnlL
[ wlay lar< ==, where L = max |f(0),
n—n/n " —nst<n
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we geb

3 \'* L
nf |8 <Adn|—F7—
I3 () 7:(2‘/2)

By inequalities (3) and (5),

1 osnF (m[n)
=5 < :
n 01N _,(n/x)
Hence

3 \'? Lo, nF(x/n)
B —_—
n tsz(w)|<4n( . fz) o Wil

and consequently

1Ry (@)] = 0( ni{x/n) )

N_i(n/x)

Next, we write B, ,(#) is the form

Roo(@) = [ {p(@, 1+ m/n) —p(@, )} {w(t) —w(t-+=/n)} cosntdt+

7/n

+ f?’(%, t){w(t) —w(t+w=/n)}eosntdt = U,(2)+ Uy ().

/N
Applying the inequality

M T
lw(t)—W(t+w/%)l<nTz_‘7 for —<i<= (n>2),

where M, is a constant depending only on 8, we obtain

M, [ 1
T@i<=2 [lo(@, t+mjn)—pla, )5 &
wtin
1 ;01 20, M, nf~!
ganMIQ(n/an)—;mj’: a3 U6 < g Qo)
and
20, M,n"!
'l’l,ﬂlU1(-7b‘)|<————-————-0:?1 1; 2(r/2n).
Further

2nfn b4

U,(2) =(f + f)tp(w, 8) {0 (£) — w0 (8 + /n)} cosmtdt = Ty (@) + To(w).

w/n 2n/n
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Changing in T,(x) the variable ¢ into ¢+ n/n and adding two expres-
sions for Ug(x), we get

2nfn

2U(w) = 2Ty(w)— [ @@, t+m/n){w(t+=/n) —w(t+ 27 /n)} cosntdt +

Tn

+ [ {ot@, 1) — (@, t+7/0)}w(8) — w(t + 7 /n)} cosnidi -+

2nin

-+ f o (@, t+ /) {{w(t) —w+ x/n))— (w(t+ =/n)—w(t-+2r/n)}} cosntdt -+

2rfn

+ f p(@, t+m/n){w(i+n/n)—w(t+27x/n)}cosntdt = 27", ( w)+21‘2,

T—7/n
Now, if n >3,

2Ttin

Ty (@) < 2 flqa(w D55 4 <

TN

a7 20, M Q(g%)
Toalol <52 [ Iplo 4 mm)l g < e iy —

TN

20, M, Q(x/n)
1-3=* af ’

20, M, 2(r[2n)

M, | 1
Toa@) <=2 [ ip(@, ) —pla, t-+rjn)l5 @< i

awin

The expression T, ;(x) will be written as

Tos(@) = | (p(@, t+7/m)—p(@, H){{w(t) —w(t+=/n) —

2m/n
—(w(t + m/n) —w(t +2nn))} cos nidt
+ [ (@, ){(w(t) —w(t+m/n)—
anin

—(w(t+m/n) —w(t+2m/n))} cosntdt = Wy (2)+W,(2).

Taking into account the inequality

. (20 (8) —w (8 4+ 7 /m)) — (w0 (t -+ 7 /n) —w (4 2 /n))| < 2t3 —5==F
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where M, is a constant depending on £, we obtain

M, [ 1
Wa@l <=2 [ lp(a, t4m/m)—p(@, )] 5= &

2nin

20, M, Q(xf2n) [ 1 20, M,  Q(x/2n)
S f s 4

=5 28 N
n m (2—p8)(2x) n
M, [ 1 1
Wa(o)l < flqo @ Ol dt = 2 [ lg(@, 0] o 5 @t
n 4 i
27r/n anin
M2 20, M
1) = dt 0Q(t/2) =
27 nf f (@, S o T f (t/ ) .

From the estimates for |W1(w)] and |Wy(x)] it follows that
17 1
P |T, ()] = 0(9(_“_) 4= f Q(t2) = dt).
’ 2n n o t

The expression [7,,(»)] is estimated analogously to |R, ;(z)|]. Taking
into account the estimates for |7)(z)| and |7, ,;(z)| (1 =1,2,3,4) we
get at once relation (6).

Hence
3z\ 1 [ 1
ﬂ p—i e — R —
nPH, () 0(9(%) += n/{!)(t/?.,) - dt),

uniformly in x, and since A;? ~1/{nfI'(1—g)} ([4], p. 77), the first
term in I, is of the order indicated for n’H,(x). The remaining three
terms of I, are of the same order, too.

By Theorem 1,

m2p [ lp(@, )] n20yf [ Q(t[2)
L] < 2n ni 12 UAS n f 1

n

Thus, the proof is completed.
In case when M (u) = u®?[p, F(t) =G (t) =1 (1/p < a < 1), we obtain
Theorem 5 of [5], p. 500.
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